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ADVERTISEMENT. 



The following Treatise of Plane Trigonometry and 
Mensuration is the third of a series which is to con- 
stitute a General Course of Mathematics for the use 
of the gentlemen cadets and the officers in the senior 
department of this Institution. The Course, when 
completed, will comprehend the subjects whose titles 
are subjoined:- — I. Arithmetic and Algebra.* II. 
Geometry.* III. Plane Trigonometry with Mensu- 
ration.* IV. Analytical Geometry with the Diffe- 
rential and Integral Calculus, and the Properties of 
Conic Sections. V. Practical Astronomy and Ge- 
odesy, including Spherical Trigonometry.* VI. The 
Principles of Mechanics, aad VII. Physical Astro- 
nomy. 

Royal Military College, 
1845. 



Published. 
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PREFACE. 



The direct object of Plane Trigonometry is the discovery 
of the relations which subsist among the sides and angles of 
rectilineal triangles. Whether the investigation of these re- 
lations is conducted geometrically or analytically, the values 
of the results immediately deduced from them are nmnerical. 
The processes also of deducing the expressions of the results, 
and of combining them to obtain formulae for the solutions in 
complex propositions, are algebraical or arithmetical 

The applications of Trigonometry in the higher branches 
of mathematical and physical science are purely analytical. 
For these reasons, and to preserve imiformity of method, it 
has become the usual practice to treat the whole subject of 
Plane Trigonometry analytically. 

In Mensuration, the general problem is, to determine the 
relation which any proposed geometrical magnitude bears to 
an arbitrary unit of the same kind. This relation is nume- 
rical. If general, it is expressed by algebraic symbols: if 
particular, by a number. The processes of combining the 
quantities and deducing the values of the results, as in plane 
trigonometry, are algebraical or arithmetical. Hence the 
analytical seems likewise the most convenient method of 
investigating those relations of magnitude which are contem- 
plated in Mensuration. It is, therefore, adopted in the sec- 
tions relating to this subject, as well as in those which relate 
to trigonometry, in the following treatise. 

The whole work is divided into nine Sections. 

Of these, the first and second are devoted to the consider- 
ation of the manner of expressing geometrical magnitudes by 
numbers. The investigations of a considerable number of 
important trigonometrical formulae and series are given in 
the third. The fourth contains rules for the computation of 
the trigonometrical tables. 
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VI PREFACE. 

The appKcatlon of certain formulas of Section III. to the 
resolution of plane rectilineal triangles, and the calculation, 
by logarithms, of particular examples in each of the cases of 
plane trigonometry, are contained in Section V. 

In Section VI. are described the instruments generally 
used in the measurement of heights and distances, and in 
surveying. 

Section VII. contains applications of trigonometry to the 
measurement of heights and distances, and the determination 
of the positions of stations by angles taken at the extremities 
of a measured base ; and also by angles taken, at the stationB 
themselves, between objects whose posations »re previously 
known. 

Formulae for the calculation of the areas of plane figures 
bounded by straight lines and the circumferences of circles 
are given in Section VIII. 

Section IX. contains similar formulaa for the calculation of 
the areas of the surfaces and the volumes of solid figures 
bounded by plane surfaces, and also of the cylinder, cone> 
and sphere. 

Subjoined is an Appendix containing notes and related 
matter which might have seemed out of place in the text. 

In the formulae of Sections V., VIL, VIII., and IX., the 
values of the required or unknown quantities are expressed 
in terms of the ori^nal data of the respective problems. 
Generally, the formulae are adapted to logarithmic calcula- 
tion ; and the manner of applying them to particular cases is, 
for the most part, illustrated by one or more examples. 

Certain paragraphs and articles which seem the least ele- 
mentary or important are printed in a smaller type than the 
rest of the work. Throughout the volume also, many equa- 
tions and formulae of considerable length are printed in small 
type, that they may be contained in one line. These, how- 
ever> are easily distinguishable from the former. 
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SECTION L 

OP THE NUMERICAL VALUES OF STRAIGHT LINES, PARALLELO- 
GRAMS, TRIANGLES, PRISMS, AND PYRAMIDS. — FIRST PRINCIPLES 
OP THE APPLICATION OF ALGEBRA TO GEOMETRY. — RATIO OP 
THE DIAMETER TO THE CIRCUMFERENCE OF A CIRCLE. 

Article 1. To find a straight line^ which shall be equal 
in length to two given straight lines. A, B. 

Take a straight line CD, termi- a 

nated at C, but unlimited towards ^ 

D : from CD cut off (Euc. i. 3.), CE g ^ 

equal to a ; and from ED cut off ef ^ • ' ^ 

equal to b. 

Then, since CE = a, and ep = b 

CE+ EP=A-|- B 
or CF=A + B. 

a. The continuous length of three, four, , . . m given 
straight lines can be found by repeating the construction 
employed in this article. 

b. If the three, four, . . . . m given straight lines are all 
equal, the result obtained by this process is equal to three, 
four, . . . . m, repetitions of a given straight line. 

2. To find a straight line which shall be equal in length 
to the excess of a given straight line A over another given 
straight line B. 

Take a straight line, c d, terminated a 

at c, but unlimited towards d : from 

CD cut off CE equal to A (Euc. i. 3.) ; p b 

and from EC cut off ef equal to b. ^ ' ^ '^ 

Then, since CE = A, and ef = b 

-vj CE — EF = A — B 

or CF = A — B. 
B 
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a. If B = A, EF = CE, the point F falls upou C, and the 
difference c P = 0. 

h. If B > A, the length a 

B or ef' cannot be cut off ^ 

from the line EC or A, un- ^ ^ ^ 

less EC is produced on the 1 1 

other side of c. 

In this case the difference A — b, expressed by EC — ef' 
or by — (ef' — EC) is a subtractive or negative quantity. 
(Alg. art. 3.) 

c. The positive lines CE, CF in the preceding figure, are 
measured from c in the direction CD; and the negative line 
C f' is measured from the same point c, in the contrary direc- 
tion. The difference of the directions of two portions of the 
same line, commencing from the same points is in this instance 
expressed by a change in the sign of the line. 

d. Since the difference, when a is greater than b, is + c f, 

when A is equal to B, 0, 

when A is less than b, — cf, 

it appears that the line cf, in its change of sign, passes 

through zero. 

e. The excess of a given straight line A over two, three, 
.... given straight lines b,c,d . . . . can be found by making 
C E =: A, and measuring from E, in the contrary direction, 
ef=b; FGrzC; GH = D; &c. 

f. IfB=:C=D— ..., the line A is diminished by two, 
three, .... repetitions of the line B. 

g. Hence, two unequal straight lines being given, it -can 
be found how often the less is contained in the greater, and 
whether there be a remainder : if so, that remainder is mani- 
festly shorter than the less line. 

A. By combining the processes of Articles 1. and 2., a 
straight line may be found which shall be equal to the sum 
of the lengths of any given straight lines, diminished by the 
sum of the lengths of any other given straight lines. 

3. The negative line cf' obtained as the excess of ef' or 
B over EC or A, in the case of b greater than A, is situated, 
with respect to the point c, in a direction contrary to that 
in which the positive line CE is situated. The following 
rule for the change of sign of a line, consequent on the change 
of direction of the line from the right to the left, or from the 
left to the right of a fixed point, is given by Des Cartes : — 

If from a fixed point, or origin, taken in any line straight or 
curved, distances are measured in contrary directions, the con- 
trariety of direction is accompanied with a corresponding con- 
trariety of sign ; so that if lines measured from the point, to 
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the right, are affected with the sign + , then lines measured 
from the point, to the left, are affected with the sign — . 

This rule does not admit of demonstration, but is to be 
considered conventionaL A point being taken as an 
origin, the direction in which lines measured from that point 
are to be considered positive is arbitrary : this being esta- 
blished, all straight lines measured from the origin, in that 
direction, must, during the same investigation, be regarded 
as poffltive ; and those measured from the same origin in the 
opposite direction must be regarded as negative. 

Let x'x, yy' be two straight lines, v 

which intersect, at right angles, in a : then, / 

by this convention, if lines measured from 
A in the directions ax, ay, are considered 
positive, lines measured from a in the direc- 
tions AX', AY', must be considered nega- 
tive. I 

4. To find the expression of the numeri- 
cal value of a given straight line in terms of an arbitrary 
unit of length. 

Let CD be the given straight line, and ab the unit of 
length. 

F 

A I I I L-LJ B 

E P 

cj i \ ^ 1 1 1— HD 

Find how often ab is contained in CD; and let CD= 6 ab 

+ DE (2. g,). 

In the same manner, find how often de is contained in 
AB : and let ab=:3de -f BF. 

Again, find how often bf is contained in de : and let 
de = bf H-dg. 

Suppose, lastly, that dg is contained in bf twice, without 
any remainder. 

Then, since bf = 2dg, and de = bf 4- dg ; 

DE =2dG + DG=:3dG. 

Next,AB=3DE4-BFii:3x3DG-f 2dg=9dg+2dgzi:11dg. 

Lastly, cd = 6ab + db = 6 X llDG-f 3dq = 66dq-+-3dq = 69d6. 

. CD_69DG_g,_ 
• * AB""llDG""^^""^^' 

Consequently, the value of ab being 1, the numerical value 
of the length c d is ^^j. 
Making CD = 1, AB=z^^. 

B 2 
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Making DG = 1, ab = 11, and CD = 69. Therefore ab, cd, 
being two straight lines whose numerical ratio is required, 
that ratio is expressed by the fraction 4f or ^^. 

a. This process, in which the greater line is divided into 
parts equal to the less, the less into parts equal to the re- 
mainder, &c., is like that for finding the greatest common 
measure of two numbers. (AritL Art. 107.) dg, the last 
divisor, is evidently the greatest straight line which is con- 
tained an exact number of times in A B, CD: it is therefore 
the greatest common measure of these lines. 

The investigation of the numerical value of a given straight 
line in terms of an arbitrary unit of length, or the investiga- 
tion of the numerical ratio of two given straight lines, conse- 
quently involves the investigation of the greatest common 
measure of the given line and linear imit, or of the two 
given straight lines. 

The numbers 11 and 69, which express the ratio of the 
lines AB and CD, are prime to each other. (Arith. Art. 109.) 

In the process of this article, two cases may occur : — 

h. After a less or greater number of partial divisions, a 
remainder may be found which is an exact measure of the 
preceding remainder. In this case, the two straight lines are 
said to be commensurable : and the greatest common measure 
being made 1, the ratio of the proposed lines is expressed by 
the ratio of two whole numbers ; or, 

c. It may be impossible, however far the partial divisions 
are carried, to find a remainder which is an exact mea- 
gre of the preceding remainder. In this case the two 
straight lines, having no assignable common measure, are 
said to be incommensurable with each other. Since the 
exact value t)f the ratio of the two straight lines cannot be, 
in this case, expressed by a fractional number, it becomes 
necessary to have recour^ to an approximation as far ex- 
tended as possible. In this approximation one of the re- 
mainders given by the successive operations (and which may 
be rendered less than any assigned line, Euc. Prop. A. Pro- 
portion) is neglected, and the corresponding quotient is re- 
garded as being complete. 

The degree of approximation to the true value of the ratio 
or of the straight line (if one of the lines compared = 1) is 
close according as the number of partial operations is con- 
siderable, and the remainder neglected is small. 

5. To render the investigation of Article 4. more general, let the 
straight lines, whose numerical expressions are require^ be denoted by 

A, B. 
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Let B be contained in a, q times with a remainder b. 

K. • aBfy* • aB* 

a' . . . B, i'' . . . r'\ 



b''. . . b', 5^^' 



A B 

Therefore A=j'B+B and -=?-h- . . 1. 

B B 



B ..b' 



B=5r'B+B', and -=/+- . . 2. 

A B 



B "" 



B=/V+B^and-,=/'+^ . . 3. 



b' ... . b'^' 



B'=g''V'+B'^and-7?=g^''+^. . 4. 

J» B 

Now, (eq. I.) ^"J+J and 5=W?=i^(5. +!:)=_!_, (£^.3.) 

Again |^=1+ j„ and p=«"+ jr (Eq. 3.) 



B' 



And-=y+ 

B 



?'+-^ 



«"+F 



Whence the value of the ratio - is expressed by the continued fraction, 

y+ — r 

When the result is expressed as a continued fraction, if the Iraction 
consists of a limited numoer of integrant fractions, the ratio of the two 
straight lines is expressed by the last conyergent : But if the fraction is 
composed of an umimited number of integrant fractions, or is indefinitely 
prolonged, in order to have the exact value of the ratio sought, the con- 
tinued fraction must be considered imder this indefinite form. 

The approximation to the exact value will be near according as a 
greater nimiber of integrant fractions is taken and a greater number of 
convergents formed from them. 

6. Practically, the length of aline is measured by applying 
continuously along that line a measure equal to the principal 
unit or some multiple of the principal unit of length, until 
the remainder is less than this principal unit : applying, in 

B 3 
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the same manner^ along this remaiiider^ a measure equal to 
the unit, or some multiple of the unit, which is immediately 
inferior to the principal unit, and so on. 

FoUowing this method, and taking yards, feet, inches, and 
lines as the principal and inferior units of length, — if a given 
line contains the principal imit, a yard, 35 times, with a 
remainder less than 1 yard; if this remainder contains the 
second unit, a foot, 2 times with a remainder less than 1 
foot ; if the second remainder contains the third unit, an inch^ 
8 times with a remainder less than 1 inch ; and if the third 
remainder contains the fourth unit, a line, 4 times, without 
any remainder, the length of the whole line is 35 yds. 2 ft. 
Sin. 41. 

The measurement, however, of one line by the direct 
application to it of another line, or by means of compasses, 
cannot be made with great accuracy. For the detail of 
different processes, see Art. 60. ; Appendix, Art. 1. ; and 
Practical Astronomy and Geodesy, Art. 391. 

7. If the numerical values of straight lines are expressed 
in terms of the same unit of length, the numbers which 
express these values contain the unit, or some part or parts 
of the unit of niunber, as often as the corresponding lines 
contain the line or the same part or parts of the line assmned 
as the unit of length (Art. 4.). Whence, 

a. The sum or difference of the numerical values of any 
straight lines has the same relation to 1 as the sum or differ- 
ence of the lines has to the unit of length. Wherefore the 
sums and differences of straight lines can be expressed by 
numbers. 

b. The ratio of two straight lines is a number, which, 
unless one of the lines is a measure of the other, is expressed 
by an irreducible fraction (Art. 4. a.). The ratio of the 
numerical values of the lines is identical with this number, 
whether integral or fractional. Consequently ratios and 
proportions among straight lines can be expressed by num- 
bers. 

c. Triangles and parallelograms have to one another the 
same ratio as the products of the numerical values of their 
bases and altitudes have to one another. For it is proved, 
Euc. VI. 1. Cor. 3. that triangles and parallelograms are to 
one another in a ratio compounded of the ratios of their bases 
and altitudes : that is, if triangles T, t', and parallelograms 
p, p', have bases b, b', and altitudes a, a' respectively, — 

T__ P_ B A 

T'^p'^i/^ F 
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Now the expressions — , — „ are numbers identical with the 

ratios of the numerical values b, b'; a, a' (Art. 7. b.). 
Whence, replacing these lines by their numerical values 
by b\ ay a' : 

T__P_6 a ^ ba 

or, T : T' :: p : p' :: 4a : b'a\ 

d. If b = A and b' = a', b-=za and b^-zia' \ therefore, 

T : T' :: p : p' :: 4^ : b"^ :: d^ : a'^ 

But when b = a and b' = a', p, p' are equivalent to the 
squares of B, b'. Therefore squares and consequently (Euc. 
VI. 20. Cor.) all similar rectilineal figures, are to each other 
as the squares of the numerical values of their sides. They 
are also to one another as the squares of the numerical values 
of their altitudes. 

e. Let b and A, the base and altitude of p, be afty lines, 
and let b', a', the base and altitude of p', be each equal to the 
unit of length. Then since b, a, are any lines, by a, are any 
numbers: and since B'mA'zzthe unit of length, b^xa'= 
b''^ = the square described on the unit of length ; also 
^ =r a' = 1, and i' x a^ = 1 X 1 = the unit of number. Conse- 
quently the proportion b x A or p : b' X A' or p' : : ia : Wa'y 
becomes 

B X A or p : b'^ :: ba : I. 

Assuming the square of the unit of length as the unit of 
surface, it foUows from this proportion, that the rectangle 
under the base and altitude of a parallelogram contains the 
unit of surface as often as the product of the numerical values 
of the base and altitude contains 1. Hence the area (or the 
measure of the surface expressed numerically) of a parallelo- 
gram is obtained by forming the product of the numerical 
values of the base and altitude of the parallelogram. 

f. Since a triangle is equivalent to the half of a parallelo- 
gram which has the same base and altitude (Euc. i. 41.), it 
follows that the area of a triangle is obtained by forming the 
product of the numerical values of the base and altitude of 
the triangle and taking the half of this product. 

g. It is proved (Prisms, &c. Prop. 7. Cor.) that parallele- 
pipeds are to one another as the products of any numbers 
which are proportional to the areas of their bases and to their 
altitudes. Let therefore p, p' be two parallelepipeds, and 
let L, B, H, denote the length, breadth, and height of p, 

lly b', h', the length, breadth, and height of p'. 

B 4 
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Also let 4 ^9 hy denote the numerical values of L^ B, h, and 
f, V^ A', the numerical values of i/^ b', h', respectively. 

Then LB : l'b' :: lb : VV (Art. 7. c.). Whence lb, VV^ 
are numbers proportional to the bases of the parallelepipeds 
P, p'. Also^ A, h\ the numerical values of H, h', are propor- 
tional to H, h' (Art. 4.). 

Consequently, p : P' :: lbh : l'b'h' :: Ibh : VVh'. 

Let L, B, H, the lengthy breadth, and height of P, be any lines ; 
and let L', b', h', the length, breadth, and height of P', be each 
equal to the unit of length. Then since L, B, h, are any lines, 
/, by A, are any numbers : and since L' = B' =: H' = the unit of 
length, l'b'h =l'^ = the cube described on the unit of 
length: also ?= V-=zh^= 1, and Vb^h'=, 1 x 1 x 1 = the unit 
of number ; 

wherefore, p : p' :: lbh : l'^ :: Ibh : 1. 

Assuming the cube described on L', the unit of length, as the 
unit of solid measure, it follows from this investigation, that 
the parallelepiped whose length, breadth, and height are 
L, B, H, is to the cube of the unit of lei^h, as /, b, A, the pro- 
duct of the numerical values of L, B, H, is to 1. Hence the 
volume (or the measure of the solid content, expressed nu- 
merically) of a parallelepiped, is obtained by forming the 
continual product of the numerical values of the length, 
breadth, and height of the parallelepiped. 

A. Since a prism is equivalent to a parallelepiped (Prisms, 
&c.. Prop. 9.), and a pyramid is one third of a parallelepiped 
(Prisms, &C., Prop. 15. Cor. 1.), which has an equivalent 
base and an equal altitude, it follows that the property 
established (Art. 7. ^.) in the case of parallelepipeds is also 
true in the cases of prisms and pyramids. 

8. The relations of the sums, differences, and ratios of 
straight lines being expressible by corresponding relations 
among the numerical values of these straight lines ; and the 
relations of plane rectilineal surfaces and of solids bounded 
by plane surfaces, by corresponding relations of the products 
of the numerical values of the straight lines containing these 
surfaces and solids, it is evident that the relations among 
lines and figures, which are contemplated in Elementary 
Greometry, are reducible to corresponding relations among the 
numericsd values of these lines and figures. 

Now numbers admit of representation by letters : whence 
if the data of a geometrical proposition are expressed in terms 
of their numerical values, and these values are denoted by 
letters ; and if the unknown quantity or quantities involv^ 
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in the proposition are also denoted by letters, and the rela^ 
tions of the quantities, known and unknown, are expressed 
by algebraic symbols, the geometrical proposition is translated 
into the language of algebra. 

It is, in general, necessary or useful to make some con- 
struction connecting the given and the unknown quantities, 
so as to facilitate the translation of the conditions of the pro- 
position into algebraic language, and the deduction of the 
required result from the algebraic representatives of the geo- 
metrical quantities. The following directions have been 
found useful for this purpose : — 

1st. Draw all the lines, known and unknown, mentioned in 
the proposition. 

2d. Draw lines connecting the given and unknown quan- 
tities; and when convenient let the connecting lines be 
parallel or perpendicular to the lines of the figure : because 
the relations of proportionals among the parallel lines, and 
of equations between the squares of the sides of the right- 
angled triangles, are given by these arrangements. 

3d. Consider the connecting lines as auxiliary unknown 
quantities; and form equations connecting together the 
lines of the figure. When the problem is determinate, 
there will be thus obtained a number of equations equal to 
that of the unknown lines, and the solution of the geo- 
metrical proposition will be reduced to the resolution of 
these equations. 

cu As illustrations of the method to be followed in apply- 
ing the processes of algebra to the resolution of determinate 
problems in geometry, 1st, let the numerical values of the 
three sides of a triangle be given, and let it be required 
to find the area of the triangle. 

The triangle being A b c, let the 
numerical values of the sides BG, 
A c, A B, be denoted by a, ft, c, re- 
spectively. From B, draw b d per^ 
pendicular to a c ; denote b d by 
Xy A D by y, and therefore d c by 
ft— y. 

Since the area of the triangle ABC = ^ = -^ (Art. 

7. yi), it is necessary to express b d or a: in terms of the given 
quantities, a, ft, c, or of some of these quantities. Now since 
the triangles A B D, D b c, are right-angled. 
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BD^ = BC^ — DC^ orar^ =a^—(b -y)^ orar* = a^ _ ^2 ^ 2by — y*. . . 1 
liD^=AB2 — AD« . . . ora:^ = c* — y^ ... 2 

Subtracting equation 2 from equation 1 

= a^ - ^>2 _ ^2 ^ 2 ^y 
J2 ^ ^a __ ^2 
Transposing and dividing, y = ^-7 . 

Substituting this value of y in equation 2, the value of x^ 

expressed in terms of «, J, c, is a:^ = c^ — > ^r-^^ ^• 



4*2 



•■-V^'-^^^-J^^^- 



rhe area represented by -^ can be found from this ex- 



rn 



prcHHion : for since 

.•.4*V = 4iV-(J2 + e^_^a)2 
or, 4 J V = (2 bcf — (6^ + c« - a^)^ 

But because (a + i) (a — J) = a^ — &% the second member of 
this equation, which is composed of the difference of two 
H(|uare8, can be resolved into the product of the factors 

2 Jc + &'^+ c^ — a^ 2 Jc — *« — c^ + a^ 
or, J^ + 2 Jc + c*^ - a^, a^ — 52 + 2 & c — c^ 

or, (b + cf - d\ o?^{b — cf. 

Again, for the same reason, 

{b + c)'^ - a^= (i 4- c + a) (J + c - a) 
a^'-(b'-cyT={a-^b^c){a-^c- b). 

Whence, substituting the products of the sums and diflPerences 
of the numbers for the differences of the squares of these 
numbers, 

4 JV = (^» + c + fl) (b-^c-a) (a-f 6— c) (a + c^b) 

or (Arith. Art. 71.) 

4:b'^x^=:(a + b + c) (b-hc—a) (a + c—b) (a + b—c). 

Denoting the sum of the sides, or the perimeter, of the 

triangle by 2 ^, 

a-{- b -^ c = 2 Sy 

but 2 a = 2 « 

.-. by subtraction, 64-c — a=25 — 2a = 2(5 — a) 

In like manner, a-fc — ^ = 2(5 — i) 

rt + ^ — = 2(5 — c) 
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Consequently, by substitution, 

46^a:2 z= 25 X 2 (5 - a) X 2 (s-b) x 2 (5 - c) 
or, 4^2^'^ zr I65 (5 - a) (5 - ft) {s - c). (Arith. Art. 71.) 

Extracting the square root, 

2bxz=4i v^« (« — a) (5 — b) {s — c). 
Dividing both members of this result by 4, because the 

area of the triangle =: -^ 

-^■=. a/s {s—a) {s—b) (s—c). 

If the angle bag is obtuse, 
x^=a^--{b^^y = a^—b^--2by — t/'^ 

^'*^^- 2b ~ 2b 

i^ + e^-a^ *"■ ' 6^ '' 

^'-^=—Jb 

This negative value of y corresponds with the direction, 
AD, which is opposite to the direction ad, in the case of a 
an acute angle. 

Since (— y)^= +yS this difference of sign causes no 
change in the value of x^ = c^ — y^> or in that of the area of the 

triangle deduced from the expression — . 

Since the sum of any two sides of a triangle is greater than 
the third side, (Euc. i. 20.) half the sum of any two sides is 
greater than half the third side : therefore, half the sum of 
any two sides -f- half the third side is greater than the third 
side ; or the semi-perimeter of any triangle is greater than 
any side of that triangle. Consequently all the arithmetical 
subtractions s—a^ s-^b, s^c, can be made, and the product 
s {s—a) (5— i) (s-^c) is such, (being positive, because the 
product of factors which are positive) that its square root 
can be, in all cases, extracted either exactly or with any re- 
quired degree of approximation. 

2nd. Let it be required to find the ratio of the circum- 
ference to the diameter of a circle. 

The circumference of a circle is greater than the perimeter 
of any regular polygon inscribed in the circle, and less than 
the perimeter of any regular polygon described about it. 
But regular polygons of the same number of sides can be 
inscribed in and described about a circle, the perimeters of 
which polygons differ from each other, and from the circum- 
ference of the circle included between them by lines which 
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are less than any assigned lines (Circle^ prop. 6.). This is 
accomplished by inscribing in and describing about the circle 
regular polygons of a certain number of sides ; then poly- 
gons of twice the number of sides^ polygons of four times the 
number of sides, and so on. 

' To resolve the problem, therefore, there are given a circle 
of known diameter and an inscribed polygon the numerical 
value of a side (s) of which is expressed in terms of that unit 
of length by which* the diameter of the circle is measured : 
and it is required to find the numerical values, 

1st. Of the side (8) of the similar polygon described about 
the circle. 

2d. Of the side («') of a regular polygon of twice the number 
of sides inscribed in the circle. 

3d. Of the side (s^) of the corresponding polygon described 
about the circle. 

4th. And to continue* this series of operations until an in- 
scribed and circumscribed polygon are found, the nume- 
rical values of whose perimeters differ by less than the 
number which is to form the limit of the approximation. 

Let BECF be a circle whose diameter is 2r, and let BG be 
the side of a regular polygon inscribed in p 

this circle. From the centre a, draw ad 
perpendicular to bc, (Euc. i. 12.) produce 
AD to the circumference in £, f; through 
£,draw GH touching the circle in £(Euc. ill. 
17.), through A, b, draw a g ; through a, g, 
draw ah; and join be, bf. 

By this construction GH is the side of a 
polygon described about the circle similar 
to the inscribed polygon whose side is bg (Circle, prop. 2.); 
and BE is the side of a polygon having twice as many sides 
as the polygon bg. 

Assuming, then, that BG or « is given, it is required to 
assign the values of GH or s and be or ^, in terms of ae = r 
and BG =8. 

Since BG is parallel to GH, ad : ae : : bg : gh (Euc vx. 4. 
and V. 1.). 




or, AD 






8 



s 



Also, AD= ^/AB* — BD^=; Vab« — Jbg^= V f^ — i S^ 
(Euc. 1. 47.). 



Substituting this value of ad in eq, 1. Vr^ — ^s^ : r : « : 8; 



.-. 8 = 



^/ r«- i 5^ 
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Again, since fbe is a right angle, (Euc. iii. 31.) and bd is 
perpendicular to fe^ 

BE^ = FE X ED. (Euc. VI. 8. and 17.) 



Now, BE = «^ : fs = 2ab = 2 r; bd = ab — AD = r — \/r- — J#*. 



And, s" = V 2r (r - vV^ — i s^). 

Denoting the value of the perpendicular ad, or VV^— i*-, 
by /?, the formulsB which give s, s^ in terms of s and r are 



P 



s^=Vir(r—p)., 



.A. 



It is evident that, in the same manner, from r, ^, can be 
found 



that similarly /?'' can be found from r, «'' ; s'' from r, 5^', p'^ ; 
and that the process can be indefinitely repeated. 



If r = l, p= >v/l-i*^; 



s 



^'zi >v/2(l-;?). 

To apply formulae a to the determination of the approxi- 
mate ratio of the circumference to the diameter of a circle ; 
let BG be the side of a regular hexagon inscribed in a circle 
whose radius is 1 : 

Then, 8 = 1. (Euc. iv. 15. Cor.) 



j9=Vl-i=A/i =.8660254037845 

^- .8660254037845 =^'^^"^""^^ 

Since ^=1, 6^ = 6= perimeter of inscribed hexagon ; 
And since s = 1.15470054, 6s = 6.92820323 = perimeter 
of circumscribed hexagon. 
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The circumference of the circle whose diameter is 2 is 
therefore greater than 6, and less than 6.92820323. 

Next, to find the perimeters of the inscribed and circum- 
scribed dodecagons : 



«' a V2 (1 — p) «> ^2 (1 — 0.8660254037845) « V*267949192431 = .517638090205 ; 



l^'^Vl-i*""- 



-.i/l- 



.267949192431 



= V.933012701892». 965925826289; 



8' = i. 



.517638090205 



p' .965925826289 



= .535898388. 



Hence the perimeter of the inscribed dodecagon = .517638090205 x 12 s 6.21165708246 ; 
And the perimeter of the circumscribed dodecagon » .535898388 x 12 «= 6.430780656. 

The circumference of the circle whose diameter is 2, is 
consequently greater than 6.21165708246, and less than 
6.430780656. 

In the same manner, from the values of r, *', /?', are found 



y^ = a/ 2(1 -y) = .26105238444, 



j/' = Vl'-i y'2 = .991444861374, 



s 



// 



s 



ft 



= — =.2633049957. 



? 



// 



«'', s'' are respectively the numerical values of a side of the 
inscribed and circumscribed regular polygon of 24 sides. 

By continuing this series of operations, the numerical 
values of the perimeters of regular polygons of 48, 96, 192, 
384, 2" X 6 sides, inscribed in and described about the circle 
whose diameter is 2, are found. The results are contained 
in the following table : — 



Xumber of Sides 
of Polygon. 


Perimeter of inscribed Polygon. 


Perimeter of circumscribed Polygon. 


6 


6.0000000 


6.9282032 


12 


6.2116571 


6.4307806 


24 


6.2652572 


6.3193199 


48 


6.2787004 


6.2921724 


96 


6.2820639 


6.2854292 


192 


6.2829049 


6.2837461 


384 


6.2831152 


6.2833260 


768 


6.2831678 


6.2832203 


1536 


6.2831809 


6.2831941 


3072 


6.2831842 


6.2831875 


6144 


6.2831850 


6.2831858 . 


12288 


6.2831852 


• 6.2831854 



Sect. L TO THE CIRCUMFERENCE OF A CIRCLE. 15 

From these results it appears that as the aumber of sides of 
the polygons is increased, the numerical values of the perime- 
ters of the inscribed polygons are augmented, and the nume- 
rical values of the perimeters of the circumscribed polygons 
diminished; so that the ratio of the perimeters constantly 
tends to a ratio of equality ; and each of the perimeters to 
an equality with the circumference which forms the limit 
between them. Hence the figures which are conmion to 
the numerical values of both polygons must necessarily be- 
long to the numerical value of the circumference of the circle. 
The circmnference of a circle whose diameter is 2 is con- 
sequently 6.283185, or (taking the arithmetical mean be- 
tween the perimeters of the inscribed and circumscribed 
polygons of 12288 sides), 6.2831853. 

The circumferences of circles being to each other in the 
same proportion as their diameters (Circle, Prop. 10.), the 
circumference of a circle whose diameter is 1 is ^ of 6.2831853 
or 3.1415926. 

This result is an approximation to the exact value, which 
cannot be expressed by any number of figures. The calcu- 
lation Lis been carried to 150 decimal figures. Of these, the 
first twenty.five are 

3.1415926535897932384626433. 

b. Let c, c, denote the circumferences of two circles, valued 
as straight lines; r, r, their radii; and 2r, 2r, their dia- 
meters respectively. Then 

C : c :: 2r : 2r 
And ^^ ' 



2r 2r 

Hence every circumference contains its diameter the same 

number of times. This constant number, equal to the ratio 

c 

^r- is denoted by tt. 
2r ^ 

c 
Since =r- =7r, c = 27rr. 
2r 

Making r = 1, c = 27r. The circumference of a circle whose 
radius is 1 may consequently be denoted by 27r. 

The numerical value of tt is 3.1415926 -f-. 

c. Denoting by x the diameter of the circle whose circum- 
ference is 1, 

circumf. 3.1415926 : circumf. 1 :: diameter 1 : diam. xi 
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Whence .3183099 expresses the diamet^ of that circle 
whose circumference is 1. 

d. The preceding are instances of the resolution of problems 
by the application of algebra to geometry. K, as in each of 
these problems^ the result sought is numerical, the process 
ends with the deduction of the equation or equations which 
express the unknown in terms of the ^yen quantities. But 
if geometrical results are required, it becomes necessary to 
construct the geometrical equivalents of the niunerical values 
expressed by the final equations. 

Without entering into the details of this subject it may be 
sufficient to explain that a straight line is constructed by 
taking the same multiple of the unit of length as the numeri- 
cal value of the line is of 1 : that lines being, in this manner, 
constructed from their numerical values, their sums and dif- 
ferences are found by Articles 1. and 2. ; third, fourth, and 
mean proportionals by Euc. vi. 11, 12, 13. ; the geometrical 

values of expressions such as xzz, Va^-^-b^i ar= >/«* — ft^ 
or a?^ = a^ -f 4^ ; x^zzo? — i^, by making a, i, the sides about 
the right angle, and ar, the hypothenuse of a right-angled tri- 
angle, in the first instance ; i, one of the sides about the 
right angle, a, the hypothenuse, and x, the other side about 
the right angle, in the second. 

9. Among the geometrical propositions &om which equa- 
tions are commonly derived are Euc. El. Prop. 47. b. i., and 
Props. 12. and 13. b. ii., which give the relations between the 
squares of the sides of triangles : the propositions respecting 
the equivalence of the rectangles and squares of different 
parts of the same line in book ii. ; the propositions which 
establish the equivalence of the rectangles contained by the 
segments of two lines intercepted between the same point and 
the circumference of a circle, being propositions 35. and 36. 
book III. ; the propositions respecting the proportionality of 
the sides of equiangular triangles, and the ratios of surfaces 
in book vi., and the propositions respecting the ratios of the 
volumes of parallelepipeds, prisms, pyramids, cones, cylinders, 
and spheres in solid geometry. 

a. in all these propositions, lines being compared with lines, 
surfaces with surfaces or the squares of lines, and volumes 
with volumes or the cubes of lines, and a line being denoted 
by an expression of one dimension, as a, & ; a surface, by an 
expression of two dimensions, as a&, c? ; a volume, by an 
expression of three dimensions as abc^ a^by a^, it follows that 
any equation derived from a geometrical proposition must be 
composed of terms which are all homogeneous. The algebraic 
processes employed to disengage the representatives of the 
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unknown quantities, and to express them in terms of the 
known quantities, cannot alter the degree of one term of any 
of the equations without altering similarly that of all the 
other terms: whence the result must be also composed of 
homogeneous terms. 

b. There is one case of exception, — when the unit of 
geometrical magnitude, whether line, surface, or volume, 
enters into any of the terms of the equation. This 1, if 
combined by multiplication or division with other expressions 
of niunber, whether particular or general, disappears, and the 
homogeneity of the expressions is destroyed. In this case it 
becomes necessary to multiply the terms which are of dimen- 
sions inferior to the others by such [powers of the measuring 
unit as render the terms homogeneous. For example, the 

expression x = trrs — :n- is not homogeneous, one term 

a — J^^'-f-l . 

of the numerator being of the third degree, and one term of 
the denominator, of the second degree ; it therefore becomes 
necessary to reduce the other terms of the numerator and de- 
nominator to the third and second degree, respectively. De- 
noting the measuring unit by m, 

a^ — 2 am^ + 3 bcm 



the result is arzz 



am^2b^-{-m^ 
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SECTION IL 

OF THE NUMERICAL VALUES OF ANGLES AND CIRCULAR ARCS. 

10. To find an angle which shall be equal to the sum of 
two given angles. 

Let BAG and d be the given angles. 

At the point A (which is the vertex of 
the angle bag), make the angle gae 
equal to the given angle D (Euc 
I. 23.). 

Then BAE = BAG + GAE = BAG + D 

= the sum of the given angles. 

a. It is evident that by repetitions of this construction, an 
angle may be made equal to the sum of any given angles ; 
or (if the angles whose sum is required are all equal to a 
given angle bag) to any multiple of a given angle. 

11. To find an angle which shall be equal 
to the difference of two given angles. 

Let BAG and D be the given angles. 

At the point A, in the straight Une GA, 
make the angle gae equal to d. 

Then bae = bag — gae = bag — d 
= the difference of the given angles. 

a. By repetitions of this construction, 
the difference between one angle and several smaller angles 
may be found : also the number of angles, each equal to the 
less of two given angles, which can be taken from the greater 
until either no remainder is. left or a remainder smaller than 
the less of the two given angles. 

b. In taking the angle d from the angle bag, if D is 
greater than bag, the difference, bag — d, is negative. 

12. By means of the last article and a process exactly like 
that of which the details are given in Article 4., the greatest 
common measure of two angles can be determined either 
exactly when the angles are commensurable, or with any 
required accuracy of approximation when the angles are not 
commensurable. The numerical values of these angles can 
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consequently be expressed in terms of any angle which may 
be assumed as the unit of angular magnitude. 

a. The right angle being divided into 90 equal parts^ one 
of these parts (which is named degree^ and written 1°) is 
assumed as the principal unit of angular magnitude; and^ 
like other measuring units, it is arbitrary. To measure 
angles less than the 90th part of the right angle^ the degree 
is divided into 60 equal parts, of which one is named minute^ 
and written 1' or 1™. The minute is also divided into 60 
equal parts, which are named secoTtds, and written 1'' or 1*. 
Angles less than V^ are generally expressed as decimal parts 
of a seconds An angle of thirty-five degrees, nineteen 
minutes, twenty-eight seconds, and six-tenths of a second is 
expressed in figures as follows: — 35** 19' 28''.6. 

The numbers .by which the value of an angle is thus ex- 
pressed are termed sexagesimal numbers, because 60 of each 
of the lower denominations make 1 of the next higher deno- 
mination. 

b. Another division of the right angle into 100 equal partfi, or grades^ 
of the grade into 100 equal parts or minutes^ and of the minute into 100 
equal parts or seconds^ is employed in many French mathematical works. 
This mvision is termed the centesimal, because 100 of each of the lower 
denominations make 1 of the next higher denomination. 

Denoting centesimal degrees by ^, ; minutes by \ and seconds by ^^ ; 

90°=100«'. 

.■.,.=(VT„d,. .=(!)• 

(90x60/= (100X100)^ 
or 54'= 100^ or 27' = 50^ 

•■•■-=©'-^■■=(1)' 

(90 X 60 X 60)''= (100 X 100 X 100)^^ 

or (9 X 3 X 3)''= (10 X 5 X 5)^^ 

or 81''=250^^ 

•••1 =(-8r) ^^^=(250) 

Hence, to convert sexagesimal into centesimal degrees, minutes, &c. 
Multiply the sexagesimal degrees by ^, 
the minutes by ... . 4^, 
the seconds by ... . ^, 
and add the several results into one sum (attending to the rule for the 
addition of compound numbers) : this sum is the equivalent number ex- 
pressed in terms of the centesimal division. 

Similarly, to convert centesimal into sexagesimal degrees, minutes, &c. 
Multiply the centesimal degrees by -^ 
the minutes by . . . . fj> 
the seconds by ... . -^^ 
and add the results into one sum. This sum is the equivalent expression, 
in terms of the Acxagesimal division. 

c 2 
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Otherwise, centesimal degrees, &c., may be converted into sexagesimal 
degrees and decimal parts of a degree by subtracting -^ : and sexagesimal 
degrees, minutes, &c., may be converted into centesimal degrees, &c., by 
reducing the minutes, &c., to the decimal of a degree, annexing this 
decimal to the number expressing the degrees, and increasing the number 
thus obtained by ^th part of itseu. 

13. If a straight line AB, is made to turn round one ex- 
tremity A, it traces angles of every magnitude from 0° to four 
right angles, or 360°. Having revolved through 360% it 
resumes its original position^ from which it may again be 
turned round and made to trace continually increasing angles. 

In the Elements of Euclid, the greatest 
angle which can be contained by two 
straight lines is considered to be less than 
two right angles, or 180° ; but in Trigo- 
nometry, the magnitude of an angle is not 
restricted to either a half or a whole revo- 
lution, but is considered to be unlimited. 

a. If the angles traced by a line revolving from the position 
A B, in the direction A c are assumed to be positive, then the 
angles traced by a line revolving from a B in the direction 
A c', by a convention like that of Article 3, are considered 
negative. 

14. If a point is taken in the revolving line A b, the point 
describes an arc of a circle. 

The right angle bad, intercepts a quadrant, or fourth part 
of the whole circumference of this circle. 

If straight lines are drawn dividing 
the right angle into 90 equal parts, 
these straight lines divide the quadrant 
also into 90 equal parts (Euc. vi. 33.): 
and other straight lines, drawn so as to 
divide the degree into 60 minutes, and 
the minute into 60 seconds, divide the 
90th part of the quadrant into 60 equal 
parts, and one of these again into 60 
equal parts. Corresponding with the names given to the parts 
of the right angle, the 90th part of the quadrant is termed 
degree, the 60th part of the degree, minute, and the 60th 
part of the minute, second. 

fl. Hence the measure of an angle being given in degrees, 
&c., these degrees, &c., are also the measure of the inter- 
cepted arc of any circle whose centre is at the vertex of the 
angle. And conversely, the measure of an arc being given 
in degrees, &c., these express the measure of the angle at the 
centre. 

h. Wherever the point B is taken in the revolving line, and 
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consequently whatever the length of the radius with which 
the circle is described, the straight lines which divide the 
right angle into 90 equal angles divide also the quadrant into 
90 equal arcs. 

Let B, h be two points taken in the revolving line, and 
BCD, bcdy the circumferences of the circles described by the 
radii ab, a^, respectively. Then, denoting the circum- 
ferences BCD, & erf, by c, c, respectively, 

c : c :: R ; r (Circle, Prop. 10.) 

' * 360° ' 360° •* ^ • ''• (-t^ropor. 1.) 

Consequently the length of the arc of one degree in cir- 
cumference c, exceeds the length of the arc of one degree in 
circumference c, in the same proportion as the radius R ex- 
ceeds the radius r. 

c. Since the circumference of the circle whose radius is 1, 
is denoted by 2 tt (Art. 8. c), and the circumferences of 
circles are proportional to their radii (Circle, Prop. 10.); 

radius 1 : radius AB::27r:'2 7rXAB=: the circumference 
whose radius is ab. 

And since, in the same circle, angles are proportional to the 
arcs on which they stand (Euc. vi. 33.) ; 

angle bag : 4 right angles :: arc bc : 2 tt x ab 

, 4 right ans^les x arc b c 4 right angles arc bc 

.-. angle BAC = — ^ — ^r-^ = — ^ — ^ — x . 

^ . 27r X AB 27r ab 

T^T 4 right angles . x ^ ^i /» arc bc arc bc 

-Now — -^-jr — IS a constant: therefore, or 3— 

2 IT AB rad. 

varies directly as the angle bac (Alg. Art. 182.). Hence 

— 5 — is a measure of the angle bac. 
rad. ^ 

d. In order that the ratio or 5 — may have a 

AB rad. -^ 

numerical value, it is necessary that either the value of the 
arc BC be assigned in terms of a straight line, or that the 
value of the radius a b be assigned in terms of an arc of the 
circle whose radius is ab. 

Now if the number of degrees in the arc bc is expressed 
by the symbol m°, and the length of the whole circumference 
by 2*7r X AB, the numerical value of the arc bc, expressed as 
a straight Une, is given by the proportion, 

360® : wi° :: 2 7r X ab : arc bc =2 7r.AB x ^^tto- 

c 3 
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e. Hence if the radius r of a circle^ and an angle nfi at its 
centre, are given to find the length / of the corresponding 
arc of the circle, 

2'irr'nfi 

360<> • 

If the length / of the arc, and the angle nf at its centre^ 
are given to find r, 

_ Zx360Q 

^■" 2 7rin« • 

And if the length / of the arc, and the radius r, are given 
to find the angle m^ at the centre, 

Zx 360° 



wi^zr 



27rr 



f. To find the number of degrees subtended by the radius^ 
supposing it curved so as to coincide with a part of the cir- 
cumference of the circle. The length of the radius being 1, 
that of the semiclrcumference is 3.1415926, and the number 
of degrees subtended by the semicircumference is 180°: 

therefore, 3.1415926 : 1 : : 180© : ISO© x IVa!^ = 570.29577 « BT® 17' 44".8. 

The radius of every circle being contained the same nimi- 
ber of times in the circumference, it follows that, in every 
circle, an arc of 67°17'44''.8 or 206264''.8 is equal in lengti 
to its radius. Whence, also, in every circle, the arc of 1" is 

equal to the goe^**^ <'''' ""^''^y *« 20^*^) P^ "^ *^® 
radius. 

■vn arc 

N ff. The expression — t-> being a measure of the magnitude 

of an angle, the equality, angle = — t-, may be assumed : or, 
denoting the angle by ^, the arc by a, and the radius by r, 

<!> = -- 

r . . . 

If in this expression the arc a is equal to the radius, 

CL T 

- = - = 1, or the measure of 6 is 1. 

TV ' 

The angle which is subtended by an arc whose length is 
equal to the radius is, hence, the unit of measure when this 
method of expressing the magnitudes of angles is employed. 

It has been found that in every circle an arc of 57°.29577 
is equal in length to the radius. The numerical value of an 
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angle being expressed in terms of this circular measure, the 
unit is consequently 57.29577 times as great as the arbitrary 
unit 1°. 

Hence, to convert the numerical value of an angle, e;t- 
pressed in degrees, &c., into an equivalent number expressed 
in circular measure, it is necessary to divide the number of 
degrees, &c., by 57.29577 : and to convert the numerical 
value of an angle expressed in circular measure into an equi- 
valent number expressed in degrees, &c., it is necessary to 
multiply the ^numerical value in the circular measure by 
57.29577. 

For methods of measuring a given angle, and constructing 
an angle of a given number of degrees, see Appendix, 
Articles 1. and 4. 



c 4 
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15. The difference between an angle and a right angle is 
named the complement, and the difference between an angle 
and two right angles, the supplement of that angle. 

In like manner, the complement of an arc is the difference 
between that arc and a quadrant ; and the supplement, the 
difference between that arc and a semicircumference. 

Thecomplementofanangleorarcof 58° 42' is 90°— 58° 42'= 31° 18' 
Thecomplementofanangleorarcof 96° 25' is 90°— 96° 25'=— 6° 25' 
The supplement of an angleor arcof 130°31' is 180°— 130° 31'= 49° 29' 
Thesupplementof an angleor arc of 219° 12' is 180°— 219° 12'=— 39° 12'. 

Hence the complement of an angle or arc less than 90% 
and the supplement of an angle or arc less than 180% are 
positive. 

The complement of an angle or arc greater than 90% and 
the supplement of an angle or arc greater than 180^ are 
negative. 

Hence also, in right-angled triangles, each of the acute 
angles is the complement of the other acute angle ; and in 
every triangle, each of the angles is the supplement of the 
other two angles. 

16. In the following Articles, the numerical values of the 
angles of a triangle are denoted by the 
letters A, B, G ; and the numerical values 
of the sides which are opposite to these 
angles, by the letters a, ft, c, respectively. 

The ratio of the hmnerical values of the 

sides BG, AG, is expressed by the fraction 

a b 
7 or -. 
o a 

The number of different ratios which can be formed with 

the three sides of a triangle, taken two and two, is six; 

(Alg. Art. 136.), viz. t5 ~5 ~* -, -, r- Like other numerical 
^ ° ^ h a c a c o 

fractions, these expressions may be reduced to the lowest 
terms. 
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a. K the ratio p of two sides of any triangle and the 

numerical value of b g, the side homologous to a in a similar 
triangle, are given, the niunerical value of A G, the side which 
is homologous to b, can be determined. For, denoting the 
value of A G by x, 

a_BG ^ _i.BG 

OX a 

b. If numbers proportional to any two sides of a right-angled 
triangle are given, the number which has the same propor- 
tion to the third side of that triangle is given by one of the 
formulas. 

If the proposed munbers express the numerical values of 
two sides, the number given by the appropriate formula ex- 
presses the numerical value of the third side. 

c. In right-angled triangles, if the magnitudes of the 
acute angles are constant, the ratios 
of the sides are constant. 

Let A B G be a triangle having the 
angle G, a right angle: through c\ 
any point in AG or AG produced, 
let g'b' be drawn parallel to gb, 
and let the intersection of c'b' and 
A B, or A B produced, be the point b'. 

The triangles abg, ab'g', are equiangular (Euc. i. 29.): 
therefore. 




AB \ BG II AB 



AB I AG II AB' 



b'g' (Euc. vi. 4.) 

AG . . • • 



AG I BG II AG . B'G' 



c c' 


a a' 


a~ a'' 


c~& 


c c' 


b V 


b~b" 


c~c' 


b b' 


a a' 



a a 



>' b^V 



If, instead of drawing g'b' parallel to GB, a'b' is drawn 
parallel to ab, the triangles abg, a'b^g, 
are equiangular, and, as before. 



AB I BG II A'b' I B'G 






AB I AC I* A'B' I AG 



AG I BG II A'G I b'C 






b V 

a a 



a 
b 



V 
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Consequently, although the absolute values of the sides of 
the right-angled triangles ABC, ab'c'; abc, a'b'c, are 
changed, the ratios of the sides remain constant, while the 
acute angles are constant. 

d. In right-angled triangles, if the magnitudes of the acute 
angles are changed, the ratios of the sides are made to vary. 

In order that the changes in the values of the ratios of the 
sides, dependent on the variation of the magnitudes of the 
acute angles, may be distinctly traced, it will be convenient 
to make one of the sides of the triangle ABC constant. 

If A B, the side opposite the right angle, is made constant ; 
on A B describe a semicircle ; and let 
a straight line A c, be placed on A b, 
and made to turn round the point A 
as a centre. Also, let a c, a c', ac'', 
be the revolving line in different posi- 
tions, and let bc, bc', bc'^ be joined. 

Then as a c is turned round in the direction b c c'c"a, the 
angle A is increased from (f to 90** ; 

the side a c or & is diminished from A B = c, to 0, 
the side b c or a is increased from to b a = c. 

Consequently (since the side a B or c is constant), if the 
angle A is increased from to 90°, 

C B A fi t* 

the ratio — or - is increased from - to - or from to 1 
AB c c c 

_^ » 

the ratio — or ~ is diminished from - to -- or from 1 to 
AB c c c 

the ratio — or ^ is increased from - to - or from to oo 
AC <^, o 

.AB C..«« C C 

the ratio — or - is diminished from - to - or from oo to 1 
CB a , c 

• A. B C C C 

the ratio — or t is increased from - to - or from 1 to oo 
AC b CO 

And the ratio — or - is diminished from - to - or from oo to 0. 

BC a o c 

If AC, one of the sides about the right angle, is made 
constant, and AB, bc, are made to 
vary with the variation of the angle A ; 
then c B^ is greater than C b ; and 

therefore ab' or Va c^ + Cb'^ is greater 

than A B or Va c^ + c b^. Conse- 
quently, if the angle a is increased, a b 
or c is increased, and bc or a is in- 
creased ; 
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whence (a c or b being constant) the ratio - is diminished, 

the ratio - is diminished. 
a 

the ratio y is increased. 
o 

the ratio \ is increased. 

U 

With respect to the ratios -, -, since a, c, are both in- 

creased or both diminished, according as the angle A is 
increased or diminished, in order to prove that the ratios 

CL C 

-, -, are not constant, it becomes necessary to demonstrate 
c a 

that a, c, are not increased or diminished in the same pro- 
portion. 

For this purpose let B D be drawn parallel to A G ; then, 
since B c A is a right angle, each of the angles bag, b^ a 0, is 
less than a right angle (Euc. i. 17.). But the angle bag is 
equal to the angle abd, and the angle b^ag to the angle 
B'DB (Euc I. 29.), therefore each of the angles abd, b'db, 
is less than a right angle. Now the angles A d b, b^d b, are 
together equal to two right angles (Euc. i. 13.), therefore the 
angle a d b is greater than a right angle, and consequently 
greater than the angle abd: whence A B is greater than a d 
(Euc. 1. 19.). 

Again, since ab is greater than ad, — or - is greater than — . 

B C O BG 

But — = —r- (Euc. VI. 2.). 

BG B'G ^ ^ 

AB AB' C c' 

BG B'G a a^ 

A "r' a h" 
In like manner it can be proved that —j— > —777,. 

B G B G 

LastlVf since the ratio ->->,-, the reciprocal of - is less 
•^ a a c a 

of c' 

than -^, the reciprocal of ~ . Consequently, as the angle a 

C Cw 

C , CL , 

is increased, the ratio - is diminished, and the ratio - in-* 
creased. 



28 



RATIOS OF THE SIDES 



SiBCT. III. 



e. If the ratio of any two sides of a right-angled triangle 
is made to vary, the mag- 
nitudes of the acute angles 
must vary. For, let it 
be supposed that the ratio 

- differs from the ratio 
c 

_/ 

jjf but that the angle A is * 




/ 



Sf 



/ 



c 



equal to the angle a'^ and by consequence b equal to b^ 
Then, since the triangles abc, a^b^o', are equiangular 

- = -, : but this is contrary to the hypothesis ; therefore the 

angle A is not equal to the angle a', nor B to b'. 

/. From the preceding part of this article it follows that if 
in any right-angled triangle the ratio of two sides is given, 
all the ratios which can be formed with the sides, taken two 
and two, can be determined from the given ratio : and that a 
mutual dependence subsists between the acute angles and 
these ratios, such that if either is made to vary, a variation is 
necessarily produced in the other. 

Consequently, to every particular value of either of the 
acute angles of a right-angled triangle, from to 90°, cor- 
respond particular values of the ratios of the sides, and con- 
versely. Whence, if the ratios of the sides are computed for 
all angles from to 90° and arranged in tables, in connec- 
tion with the angles, it will be possible, with the help of these 
tables, to find the ratio of any two sides of a right-angled 
triangle when an acute angle is given, and to find the values 
of the acute angles when the ratio of any two sides is 
given. 

The calculation of the values of the ratios of the sides of a 
right-angled triangle corresponding to the different values of 
an acute angle from to 90'' is made by methods which are 
explained in Section IV. 

In any calculation in which it is requisite to combine 
the numerical values of the sides and angles of triangles, 
the values o^ these ratios are substituted for the numeri- 
cal values of the corresponding angles. By this expedient, 
the numbers which represent the sides and angles are re- 
ferred to the same species of unit. (See the calculations in 
Sect.V.) 

17. The ratios of the sides of the right-angled triangle 
ABC are distinguished by the following names : — 
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a . 



The ratio - is termed the sine of the angle A 



a 

' b 
c 

' b 
b 
c 
b 

a 
c 

a 



tangent . 
secant 

sine of the angle b 
tangent . 
secant 



B 




The angle b being the complement of the angle A (Art. 15.), 
the ratios -, -, -, are also respectively the sine, the tangent, 

C (JL U 

the secant, of the complement of the angle a; expressions 
which are abridged into cosine, cotangent, cosecant of the 
angle A. 

In like manner the ratios -, ^r, p are respectively the 

cosine, the cotangent, and the cosecant of the angle b. 

The expressions, sine of the angle A, tangent of the angle A, 
&c., are written sin. A, tan. a, sec. a, cos. a, cot. a, cosec. a. 

1 — COS. A, or 1 — , is termed the versed sine of the angle A. 
1 — sin. A, or 1 , is termed the versed sine of the angle 

C/ 

B, or the versed sine of the complement of the angle a. 

1 4- COS. A, or 1 + -, is termed the versed sine of the sup- 

c * 

plement of the angle A. 

Versed sine of the angle A is written versin. a; versed 
sine of the complement of the angle A, co. versin. a ; versed 
sine of the supplement of the angle a, su. versin. a. 

Powers of the expressions sin. A, cos. a, &c. are written 
sin.^A; cos.^A; sin.^A; sin.'^A; or, more correctly (sin. a)^ ; 
(cos. a)^; (sin. a)^; (sin. a)^&c. 

-, J- -J. &c., are termed goniometrical or trigonometrical 

ratios. 

18. The angle a being made to increase from to 360°, 
it is required to find the consequent changes in the sign and 
value of sin. a. 
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y 

y a 

X» ^ 

A C 



i- 



Let the rectangular axes ax, ay, 
be drawn, and let the variable angle 
a be contained by the axis ax and 
the line ab : ab being of a constant 
length, and made to turn round the 
point A as a centre. 

a. Beginning in the angle xay; 
if AB is placed on ax and turned 
round until it coincides with ay, the 
angle a is increased from to 90°. 
Let AB (in the annexed diagram) be the revolving line in 
any position intermediate between ax, ay, and let bc be 
drawn perpendicular to AX. 

Ist. To find the sign of the ratio -. The sign of the re- 

volving line ab, which does not coincide in direction with 

either axis, is always to be considered + : whence, assuming 

that in the angle xay the sign of bc is +, the sign of the 

,. BC a . . 
ratio — or - is +. 

AB c 

2d. To find the change in the value of sin. a. 

If AB coincides with AX, the angle A=:0, and b c or 

a = 0, .• . sin. = - = 0. 

c 

If A B is turned round from ax in the direction ay, the 

.angle a is increased, and the perpendicular bc or a is in* 

creased : therefore, since c is constant, sin. a = - is increased. 

c 

K AB falls upon ay, bc coincides with ab, and is equal to 

CL C 

it. In this position A =r 90°, and a = c, .•. sin. 90°= -=-=1. 

Whence the angle a being increased from to 90°, sin. a. 
is increased from to H- 1. 

b. Let AB revolve through the angle yax', and the angle 
A increase from 90° to 180°. Draw bc perpendicular to ax'. 

Then, 1st. The sign of - is +, because the sign of bc 

C v 

or a is +. (Art. 3.). 

2d. If the revolving line ab is 
turned from ay in the direction 
ax', the angle xab or a is in- 
creased, and the perpendicular 
BC or a is diminished: therefore, 

alsb, sin. a = -, is diminished. 

c 
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If AB coincides with ax', a = 180% and BC or a = 0. 



o 



Therefore, sin. 180** = - =0. 

c 

Whence the angle a, being increased from 90** to 180°, 
sin. A is diminished from + 1 to 0. 

Let the angle b'ac' be equal to the angle bac: then 
XAB 4- b'ac'= 180° (Euc I. 13.); and xab z= 180°— b'ac', 
or b'ac'=180°— XAB. 

Again, if b'ac'=bac, and ab^ or </ = ab or c, b'c = bc or 0^=0. 

a a' . • / , 

.•.- = —, or sm. XAB = sin. bac'. 
c & 

Consequently, the angles xab, b'ac', which are each the 
supplement of the other, have the same sine, which is + for 
both angles. 

. • . sin. A = sin. (180° — a). 

c. Let AB fall in the angle 
x^AT', and the angle A increase 
from 180° to 270° Draw bc 
perpendicular to AX^ 

1st. It haying been assumed q 

that the direction ay is positive, ^" 
the direction ay', is negative 
(Art. 3.): therefore the sign of 
BCorttis — ; and the sign of the 

ratio -, also — . 




2d. If the revolving line ab is moved from ax' in the 
direction ay', a is increased: the perpendicular bc or a is 
also increased in absolute value, and therefore, being nega- 
tive, is diminished in relative value (Alg. Art. 3.). There- 
fore, also, sin. a = is diminished. 

c 

If AB coincides with ay', a = 270°, and BC=ABorfl = c. 

.-. sin. 270° = ^=^=- 1. 

c 

Consequently, if a is increased from 180° to 270°, sin. a is 
diminished from to —1. 



If Z BAC= A b'ac', and ab or c = ab' or c', a = a'. •.-=->. 
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Whence the absolute quantities sin. (180°+ a) and sin. A 
are equal. 

The sign of sin. (180*^+ a) being negative, it follows that 

sin. (180** + a), = — sin. A, 

or sin. a = — sin. (180** -f a). 

d. Let AB fall in the angle XAY', and the angle A increase 
from 270** to 360^ Draw bc per- 
pendicular to AX. 

1st. The sign of the ratio - is — , 

c 

because the sign of a is — . 

2d. If the line AB is made to x' 
revolve from ay' towards ax, the 
angle a is increased: the perpen- 
dicular a is dim i nished in absolute 
value, and, therefore, being negative, 
it is also increased in relative value. 




— X 



Whence sin. a. = is increased in relative value. 



If A B coincides with a x, a = 360% and a = 0, . * . sin. 360^ = - = 0. 

c 

Consequently a being increased from 270'' to 3G(P, sin. a is increased from —1 to 0. 

n a' 

If the angle bax is equal to the angle b'ax, a^^cd^ and -=-7. 

Therefore the absolute quantities sin. (360° — a) and 
sin. A are equal : the sign of the former being », 

sin. (360° — a) = — sin. A, 

or sin. a = — sin. (360° — a). 

e. If the angle gab is traced by the line ab turning from 
AX in the direction at^ it is negative (Art. 13. a.). 

Whence if cab' — cab, — = — . 

c c 

But — , = sin. A, and - = sin. ( — a). 

.•. sin. Ar::: — sin. (— A). 

/. From this discussion it appears that if the angle A is 
between 

and 90°, sin. a is between and 1 ; its sign being + . 

90° and 180°, . . 1 and . . +. 

180° and 270°, . . and 1 . . -. 

270° and 360°,; . . 1 and.O 
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19. If the angle A (fig. Art. 18. a.) Is in^eased by 360"*^ 

the values of a, c, and therefore of -, are not altered by the 

change. 

,S sin. A =sm. (360^+ a). 

For the same reasons^ 

sin. A =± sin. (2 X 360^ -f a) 

sin. A = sin. (w x 360°+ a) ; n being any integer. 

Or,8ince«x360''=2wx 180°; sin. A = 8in.(2n x 180° + a). 
Again, since sin. A = sin. (180°— a) ; (Art. 18. ft.) 

and tin. (1800-A)agin. (360o-|-(180ol.A))«sln. (ii.360O-f(180O— A))aMin. (9n.l80<3+(180O— A))«dn. ((te+l)180-.A) 

.\sui.A=8in. {(2n+l)180^-AJ. 

Similarly, from Art. 18. c, dy it is found that 
8in.A= — sin.|(2»+l)180*'+A}* 
sin.A= — sin.[2».180° — a]. 

Hence, if an even number (2w) of angles of 180° is added 
to any angle A, the sign and value of the sine are not 
changed : but, if an odd number (27i + 1), the absolute value 
of the sine is the same, but its sign is changed. 

Besides the values of sin. a found in this and the preceding 
articles, others may be determined. 

a. A being any angle, A and 90°— A are complements of 
each other (Art. 15.), 

.-.sin. A =±cos. (90°— a). (Art. 17.) 

b. Cosec A = -. (Art. 17.). 

- - c 1 a 

.:. 1 -J- cosec. A = 1 -f- - or 



a cosec. a c 



But sin. A = -, O' sin. A := 



c cosec. A 

o* . A 1 h sin. A 

c. Sm. A = - and cos. A 



C C ' COS. A o 



But tan. A=T 

o 



sm. A ^ , » 

7 = tan. A, and sm. A = cos. A tan. a. 

COS. A 
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d. Since sin. A = -, sin. ^a = -^; and since cos. A = -' 
«2 



C C^' Cy 



COS. ^ A = -jr. 



..^....._«^*' «'+*^ 



.*. sm. -'A + COS. ^A = -sH- -s = 



c^ c^ c^ 



But a^+ ^2= c^ (Euc. L 47.). 

And sin. ^a + cos. ^A r= 1. 
Whence sin. ^a = 1 — cos, ^a. 

And sin. A = \/ 1 — cos. ^A. 
Collecting these different values of the sine of the angle a. 

Sin. A — — sin. (_ a) = cos. (90° — a) « sin. (ISO© —a) « — sin. 080°+ a) ta _ sin. (36(P— a) 
= 8in.(2n.l80O + A)=s8in. {(2» + l) l80O_A}«-sia {(2»+ l)180O + A) 

= -sIn.(2«.180-A) = jj^l---=:cos.A.tan.Aa=vl.-«»-'A. 

20. The angle A being made to increase from to 360% 
it is required to find the consequent changes in the sign and 
value of tan. a. 

a. Angle A increasing from to 90^ (Fig. Art. 18. a.) 
1st. In the angle xay, the signs of bc and AC or a and b 

are, by convention, positive ; therefore the sign of the ratio 

a . 

2d. If AB coincides with ax, A = 0, and a = o, 

.'. tan. 0=^ = 0. 
o 

If A B is turned round from ax in the direction ay, a is 

increased : a is also increased, and b diminished : 

. • . tan. A = r is increased. 
a 

When AB coincides with ay, a = 90°; a = c; J = o, 

.'. tan. 90° = - =00 . 



Consequently, a being increased from to 90% tan. A is in- 
creased from to + 00 . 

If A = 45%BC = ACora = i, .-.1 = 1 .!• tan. 45°=!. 

b. The angle A increasing from 90° to 180°. (Fig. 
Art. 18. *.) 

1st. In the angle yax', the sign of « is +, and the sign 

of by — ; therefore the sign of the ratio r is — . 
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2d. By the rotation of ab from at towards ax\ a and b 

are increased^ and a is diminished. The absolute value of v 

o 

18 consequently diminished ; but the sign of the ratio y being 

— , its relative value is increased. 
When AB coincides with AX', A = 180 ; a=:o; b=c, 

.-, Tan. 180^=-= 0. 

€ 

Whence a being increased from 90° to 180°; tan. A is 
increased from — oo to 0. 

It is to be observed that^ tan. a passing through oo, the 
sign of tan. A is changed from + to — . 

If the angles bag, B' AC' make two right angles, bc =B'C' 

and AC = AC', or a = a', ft = b\ Therefore, t = t?> or (re- 

gard being had to the difference of sign) jr = — ^. Whence, 

tan. (180° — a) = - tan. A, or tan. a = — tan. (180° — a). 

c. The angle A increasing from 180° to 270°. (Fig. 
Art. 18. c.) 

Ist. In the angle x'ay', the sign of a is — , and the sign 

of J, — ; therefore, the sign of the ratio t is + • 

2d. If AB is turned round from ax' towards ay', a and a 

are increased, but b is diminished. Whence, tan. A = -^ is 

increased. 
When AB coincides with ay' ; A = 270°, a = c, b = o. 

.-. Tan. 270° = -= 00. 

o 

Consequently, a being increased from 180° to 270°, tan. a 
is increased from to -h oo. 

In this case^ when tan. a passes through 0, the sign of 
tan. A is changed from — to + , 

If BAG = b'ac', it is evident that t =t>« 

or tan. ( 1 80° + a) = tan. a. 

d. The angle A increasing from 270° to 360°. (Fig. 
Art 18. d.) 

D 2 



k 
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l»t. In the angle xay', the sign of a is — ,and the sign of 
by + ; therefore, the sign of the ratio t is — • 

2d. AB being turned round from at' to ax, a and h are 

increased, but a is diminished. The absolute value of t i» 

consequently diminished, and hence (its sign being — ) its 
relative value is increased. 

When AB coincides with AX, A = ^6(f ; azzo; b = c 

.-. Tan. 360^ = - = 0. 

c 

Consequently, A being increased from 270** to 360% tan. A 
is increased from - 00 to 0. 

Again, when tan. A passes through od, the sign of tan. a is 
changed from 4- to — • 

Kbag=b^ac, a=^af^ b:=^by .1 r= — por tan.(360° — a) = — tan. a. 
Hence also tan. (— a) = — tan. A, or tan. A = — tan. (— a). 

Consequently when a is between and 90°, tan. a is between and oo, its sign being + ; 

when A is between 90° and IWP, tan. a is between oo and 0, its sign being — ; 
when A is between I8(F and 270^, tan. a is between and od, its sign being 4 ; 
when A is between 270° and 360P, tan. a is between oo and 0, its sign being — . 

21. If the angle A (Pig. Art. 18. a.) is increased by S6(f ; 

fl, J, and therefore | or tan. a are not altered by the change, 

.•• Tan. A = tan. (360° + A> 

For the same reason, tan. A = tan. (2 x 360° -h a) = tan* 
(3 X 360° + A) = tan. (w. 360°+ a) 

or, since n.360 =27i.l80; tan. A = tan. (2 n. 180 + a). 
In the same manner it is proved that. 

Tan. A =z - tan. [(2n + 1) 180° - a} 

Tan. A = tan. {(2n + 1) 180° + a} 

Tan. A = — tan. (2«. 180° -a] 

a. If the algebraic simi of the angles a, b, is 90°; 

tan. A =cot. B. (Art. 17.) 
ButB = 90°-A> .-. Tan.A=cot. (90° — a). 

b. It is proved in Art. 19. c. that tan. a= — '—: and in 

COS. A 

A rt. 19. cL t hat sin.^A + c o8.^a = 1. Hence, sin. a = 
^/ 1 — cos.^ A, and cos. A = V" 1 — sin .^ A ; and consequently^ 

vl — Sm-^A COS. A 



rr'^^^'^^^Trfw^m. 
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c. Since see. a s= -, see.' a ^ts* and fdnce tan. a » 7> tan.' a^ts. 

O or b or 



. Sec^ A — tan.^ A = 



c^ a^ c^ — a^ 



But c^ - «^ = b\ (Euc. i. 47.) 

b^ 
.\ Sec^A — taii.^A = Y5=l. 

Tan.2 A = sec.^ a — 1 



And tan. A = Vsec.^ A— 1. 



d. Cot. A=-. (Art. 17.) .', — - — =r; but tan. A =;-,*> tan. A = — — . 
a ^ ^ cot. A o ^ cot. A 

e. The different values of the tangent of the angle A^ found 
in Articles 20 and 21 are 

Tan A :is . tan. (— A) a COL (90O — A) B ^ tan. (1800 — A) «i tan. (MOO + a) 
B — tan. (aeOO—A) =tan. (2fi. 180+ a)»— tan. {(2m+1) 180O-. a} 

Btan. {(an + l) 180O-I- a) ».taB.(2n. ISQO^ A) = !^BLji 

= '*°- ^ - VI— COS.«A I 

VI— sln-SA" co«. A =V»ec. a — l^cot. a' 

22. The angle A being increased from to 360% it is re- 
quired to find the consequent changes in the sign and value 
of sec. A. 

a. The angle A increasing from Oto 90°. (Fig. Art. 18. a,) 
1st. In the angle xat, the sign of ft is + ; whence (the 

c 
sign of c being always + ) the sign of the ratio ^ is + . 

2d. When ab coincides AX, A = 0, and AC = ABor& = c 

• Sec. 0=^=-=zl. 
b c 



« a 



If AB is turned round from ax in the direction ay, a is 
increased, c is constant, and b is diminished ; therefore, sec. A 



= £ is increased. 
o 

When AB coincides with ay, a=90°, 5=0, and 

Sec 90° =-=00. 
o 

Whence, A being increased from to 90% sec. a is in- 
creased from + 1 to -h a>. 

k The angle A increasing from 90° to 180^ • (Fig. 
Art 18. b.) 

1st. In the angle yax% the sign of b is—, therefore the 

c 
sign of T is — . 

2d. AB being turned round from ay in the direction 

j> 3 
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axVa is increased, and b is increased. Therefore the ab- 

h . . , . . c 

solute value of sec. a=-, is diminished ; but the sign of t 

c 

being — , the relative value of the expression is increased. 
When AB coincides with AX', A = 180% and i = c. 

.-. Sec 180°=-^=--=:-l. 

— c 

Whence, a increasing from 90° to 180''; sec. A increases 
from — 00 to —1 ; the sign of sec. A having been changed 
from + to — in passing through », ^ 

If b' AC' = BAC, T>= — T5 or sec a = — sec (180**— a). 

c. The angle A increasing from 180° to 270°. (Fig. 
Art. 18. c.) 

Ist. In the angle x'ay', the sign of 4 is — , therefore the 

sign of T is — . 

2d. AB being turned from ax' in the direction ay', A is 

increased, and b diminished; therefore sec. A =7 is increased 

in absolute, but (the sign being — ) diminished in relative 
value. 

When AB coincides with ay', a = 270°, and 6 = 0; 

.-. Sec270° = — -=— 00. 

o 

Consequently, A being increased from 180° to 270°, sec A 
is diminidied from — 1 to — 00. 

c' c 

If b'ac' = b AC, 77 = — ^, or sec. A = - sec. (180° + a). 

d. The angle A increasmg from 270° to 360° (Fig. 
Art. 18. rf.) 

let. In the angle xay', the sign of 6 is -f , therefore the 

sign of ^is +. 

2d. AB being turned round from ay' in the direction AX, 

c 
A is increased and b is increased: therefore sec A =7 is di- 

o 

minished. 

When AB coincides with AX, A = 360° and 6 = c. 

,-. Sec 360° =^ = - = 1. 

c 
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Whence, if A is increased from 270® to 360% sec A is di- 
minished From + 00 to + 1 ; the sign of sec A being changed 
in passing through oo. 

If B' AC = B AC, ^ = ^, or sec. A = sec (360** — a). 

Also, if the angle cab is considered negative, secA = 
sec (—a). 

Consequently when a t« between and 90^, lec. a is between 1 and od, its sign being -f ; 

when A Is between 90® and 180^, sec. a is between oo and 1, its sign being — ; 
when A is between 18(P and 27(P, sec. a is between 1 and od, its sign being — ; 
When A is between ^O^ and 860°, sec. a Is between » and I, its sign being •«■• 

23. It can be proved, as for the sine and tangent in Ar- 
ticles 19 and 21, tnat 

Sec A = sec (2 w. 180'' + a) 

= - sec {(2n + 1) 180** - a} 

= - sec {(2n + 1) 180** -|- a} 

= sec (2 w. 180** — a). 

a. If the angles A and b are complements of each other, 

Cosec b = sec a : but b = 90° — A 

.: . Sec A z= cosec. (90° — a). 

b. Since -= cos. A, t= • But t = sec a 

C ' COS. A 

.'. Sec. A = . 

cos A 

c. Since (Art. 19.c?.)cos.^a=i1-— sin.^ A,cos. a = V'l — sin.^A 

_l 1__ 1 

• ' • ^/va A — /t • — a~r> cr sec. Azz. / z : — o~: • 

COS. A v^l — sm.^ a' ^ 1 — sm.^ a 

d. Since (Art. 21. J), sec^ A — tan.^ A = 1, sec^ a = 1 -♦- 
tau.^ A, 

And, sec a = v/ 1 + tan.^ a. 

e. The different values of the secant of the angle A, found 
in Articles 22 and 23 are. 

Sec. A -• sec (— A) = cosec (90O — a) a — sec. (I80O— a) B ~ sec. (180O -I- A) B sec. (3G0O + A) 
ssec. (2ii. 180O+A)9— sec.{(2ii+l)180O— A}-si-sec.{(9»+l)180O+A}ssec (te.ISQO.A) 

24. The changes in the sign and value of cos. A consequent 
upon changes in the value of the angle A, may be determined 
(as in the cases of sin. a, tan. a, sec. a), &om the figures of 

1 

Art. 18. ; or from the values of the expression ^,whichis 

sec. A 

p 4 . 



j 
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Sbct. UL 



equal to cos, a (Art. 23. 6.). From the expression -- — are 



sec. A 



found the values of cos. a^ exhibited in the following table. 



A being increased con. 
tinuously from 


•ec. A is made to vary 
between 


Theiefore cos. a is made to yary 
between 


Q to 90° 

90° to 180° 

180° to 270° 

270° to 360° 


4- 1 and + oo 
— 00 and — 1 
—1 and —00 
-j- 00 and -f 1 


-r-r and -; — or + 1 and 0. 

and — - or and — 1. 

'-oo —1 

— r and or — 1 and Q. 

— 1 — 00 

- — and -r-rr or and + !• 



fl. It is evident, from observation of the figures of Aiv 
tide 18., iiiat cos. a, cos. (180°— a), cos. (180**+ a), cos. 
(360**— a), cos. (—a), are equal in absolute value ; but that 
COS. (180**— a) and cos. (180** + a) are affected with the 
sign—. 

b. If any number of revolutions (».360° or 2 n. 180*^) are 
added to each of these expressions of the cosine of the 
angle A, it is found that cos, A = cos; (2 n. 180**+ a) = 
— COS. {(2 w + 1) 180^- A J = —COS. {(2 w + 1) 180** + a] = 
COS. (2«.180 — a). 

Other values of cos. a are, 

c. Cos. A = sin. (90** — a). (Art. 17.) 

d. Cos.A=— i~. (Art. 24.) 

sec. A ^ ^ 

e. Since cos. A=: ^^^ and sec. A = Vl + tan.^ A. (Art. 
S!3. d.) 



sec. A 



.'.cos. A 2= 



Vl + tan.^A* 



^ ^ sin. A / » , - ^ X sin. A 

/. Cos. A = x:::^— , (Art. 19. c.) = 



tan. A 



Vsec.^ A — 1 



(Art. 



21. c.) 

g. Co^. A = VI — sin.^ A. (Art. 19. rf.) 

25. The changes in the sign and value of cot. A can be, in 

like manner, determined from the expression , which is 

xan« A 

^qual to fan. A (Art. 21. rf.), thus. 



Skct> III YALTTES OF CO& A. AXD C08EC. A. 



41 



A being increased coo- 
tinuouBly from 


tan. h is made to vary 
between 


Therefore cot. a is made to rtay 
between 


to 90° 

90° to 180° 

180° to 270° 

270° to 360° 


and +00 

— 00 and 
and +00 

— 00 and 


- and -T OP + 00 and 0, 

+00 

and A OP and — oo . 

— 00 

- and -; — OP + 00 and 0. 

+00 

^1 1 

' and ;r OP and — oo . 

— 00 



a. It may be shown afi for the tangent of the angle A^ in 
Art. 21., that cot. A = — cot. (180°— a) = cot. (180^ + a) 
= — cot. (360° - a) = — cot. (—a) = cot. (2 n . 180**+ a) 

= -cot.{(2«+l)180°-A}=cot. {(2a + l)180*'+A} = 
— cot. (2».180°— a). 

ft. Since tan. A= — ^(Artl9.c.); : rorcot.A=— ' 



COS. A 



tan. A 



Bin. A 



c. Since A and 90^ — A are complements of each other^ 
cot. A = tan. (90^ — a). 

c^ ft'^ 

d. Since cosec.^ A = -tt and cot. ^a = -5, cosec.^ a — cot.^ A 

or cr 



a' 



w 



,'. cot.^ A ncosec^ A— 1, and cot. a == ./cosec.^ a— 1. 

26. Lastly, the changes in the sign and value of cosec. A 
can be determined from the expression ^.^ or -, which (Art. 

19. ft.) is equal to cosec. A. 



sm. A 



a 



A being increased con- 
tinuously from 


nn. A is made to vary 
between 


Therefore cosec. a is made to vary 
between 


* 

to 90° 

90° to 180° 

180° to 270° 

270^ to 360° 


Oand +1 
+ 1 andO 
Oand —1 
— 1 andO 


- and -Tpr OP + 00 and + 1. 
^-y and - OP + 1 and + 00 . 
j: and — r OP — 00 and — 1. 
— r and ^ OP — 1 and — 00 . 
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a. Denoting any number of complete revolutions by 
n X 360** or 2 71 X 180% it is found, as for the sine of the 
angle a, in Article 19., that 

co«ec.A=co8ec.(2n.l8(P4-A)scos6C. ((2»+l)180O— a\ =— cosec. {(2n+l)180O+A]B=— cosec. (2 « . 180P— a) ; 

and, by making n = 0, in the last of these expressions, that 
cosec. A = — cosec. ( — a). 

b. Since A and 90° « a are complements of each other, 
cosec A = sec. (90° — a). 



c. Since cosec. A = -: , and sin. a = a/1 — cos.^ A. 

sm. A 

(Art. 19. d.) 

1 



.'. Cosec. A = 



V\ — COS.^A 

d. Since cosec^A — cot.^A = l (Art. 26. rf.), cosec^A=: 
1 + cot.^ A, and cosec. a = -/l + cot^A. 

27. Since sin. a = . sin. a cosec. A = 1 ; 

cosec. A 

tan. A = — - — , tan. A cot. A = 1 ; 
cot. A 

1 
sec. A = , sec. a cos. a = 1. 

COS. A 

28. By means of the preceding formulas, all the six ratios 
can be expressed in terms o{ any one of the six. Let it, for 
example, be required to express tan. A, sec. A, cos. A, cot. A, 
cosec. A, in terms of sin. A. 

rn sin. A sin. A ^ * . «, i \ 

Tan. A = = —====. (Art. 21. b.) 

COS. A ^1— 8in.2A ^ ^ 

Sec. A = — •. (Art. 23. c.) 

Vl-sin-^A ^ ^ 

Cos. A = \/ 1 — sin.^ A. Art. 24. g.) 

Cot. A =S£!:-^ (Art. 25. b.) = V>--g<P-'A ^jj^j^j^ug^ ^os. a = »y\ - »in.s a). 
tin. A ' sin. A ^ 

Cosec. A = -; . (Art. 19. b.) 

sin. A ^ "^ 

• 29. The limits of the variation of the trigonometrical 
quantities versin. A, coversin. A, suversin. a, are exhibited in 
the annexed table. 



Sect. III. SINES, TANGENTS, ETC. OF CIRCULAB ARCS. 43 



The angle a being in- 








1 


creased irom 


Oto90^ 


90° to 180° 


180° to 270° 


270°to360°. 


Sin. A varies between 


Oand +1 


+ 1 andO 


Oand —1 


— 1 and 0. 


Cos. A varies between 


+ 1 andO 


Oand —1 


— 1 andO 


and + 1. 


Therefore, 










versin a, which is equal 










to 1 — COS. A, varies be- 










tween 


Oand+1 


-hland + 2 


-|-2and-t-l 


+ 1 and 0. 


coversin a, which is equal 
to 1 —sin. A, varies be- 










tween 


+ 1 and 


Oand+1 


+ land-h2 


-f2and+l. 


suversin a, which is equal 










to 1 -f cos. A, varies be- 










tween 


-f-2and +1 


+ 1 andO 


Oand +1 


+lajid+2. 




30. The trigonometrical ratios are also defined as straight 
lines connected with any arc of a 
circle whose radius is 1. Let the 
axes AX, AY, and the straight Une 
AB, which makes with ax the angle 
A, be drawn as in the figure of 
Art. 18. From A as centre with a 
radius equal to the unit of length, 
describe the circle dgk ; from b, d, 
draw BC, DE perpendicular to ax: 
from B, G, draw bt, gh, perpendicular to ay ; and produce 
AB, if necessary, to intersect the perpendicular from g in the 
point H. Then, 

a. BC, the perpendicular let fall from one extremity of the 
arc BD, upon ad, the diameter which passes through the 
other extremity, is the sine of the arc bd. 

The line BC falls wholly within the cavity of the arc bd 
(Euc. III. 2.): hence the name, sine, from sinusy hollow or 
concavity. 

h. DE, the perpendicular drawn from the extremity of ad, 
the diameter which passes through one extremity of the arc 
bd and terminated at its intersection in E, with ab, the dia- 
meter which passes through the other extremity of the arc 
BD, is the tangent of the arc bd. 

The line de touches the arc in D (Euc. iii. 16.) : hence 
the name tangent or touching line. 

c. ae, the straight line intercepted between the centre of 
the arc and that extremity of the tangent which is not in 
contact with the arc, is the secant of the arc bd. 

The line ae cuts the circumference in b : hence the name 
secant or cutting line. 

d. In like manner the lines bf, gh, ah, are named the 
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sine, tangent, and secant respectively, of the arc bg. Or, if 
the arc bg (as in the diagram) is the complement of the arc 
bd; then bf, gh, ah, are termed respectively the cosine, 
cotangent, and cosecant of the arc bd. 

e. Since bf = AC (Euc. i. 34. \ AC may be taken as the 
cosine ,of the arc bd, and the cosme of an arc may be defined 
as the part of the radius intercepted between the centre of 
the arc and the foot of the sine of the arc. 

f. CD, the part of the radius intercepted between the foot 
of the sine and the circumference is the versed sine of the 
arc BD. 

Since AD=rad. = 1; AC = cos. of arc bd; and CD = 
AD — AC ; therefore versin. of arc BD =: 1 — cos. of arc bd. 

g. FG, the part of the radius intercepted between the foot 
of the sine of the arc bg (which is the complement of the 
arc bd) and the extremity of the arc BG, is the versed sine of 
the arc bg, or the coversed sine of the arc BD. 

Since AG=1; AF=BC=sin. of arcBD; andFG=AG— AF; 
therefore co versin. of arc bd = 1 — sin. of arc bd. 

A. KC, the part of the diameter intercepted between the 
extremity of the arc bgk (which is the supplement of bd) 
and the foot of the sine of the arc bd, is the su. versed sine of 
the arc bd. 

KC=KA-|-AC : butKA=rad. = l, andAC=cos. of arcBD: 
therefore su. versin. of arc bd = 1 + cos. of arc bd. 

A. Under the hypothesis, radius = 1, the trigonometrical 
quantities sin., tan., &c are expressed by the lines BC, de, 
&c. ; but the quantities sin. of arc BD, tan. of arc bd, &c, 
are still ratios, and their values are the numbers by which the 
lengths BC, DE, &c., are expressed in terms of the length 
AB or AD equal to 1. 

/. If the radius ab is less or greater than 1, then 



the sine of the 


arc BD is 


AB 




tan. 


. • 


DE 
AD 




sec. 


• . 


AE 
AD 




COS. 


• 


FB 

— or 

AB 


AC 
AB 


cot. 


. .' 


GH 
AG* 




cosec. . 


• • 


AH 
AG 
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Now the triangles abc, aed, abf, ahg, being equi- 
angular and similar to each other (Euc. i. 29. and vi. 4.), 
and also to the figure of Art. 17., if the angle bag is equal 
to the angle A of fig. Art. 17. ; it follows that 



BC 
AB 




sin. A 


DE 
AD 


BC 
""AC 


a 


= tan. A 


AE 
AD 


AB 
AC 


c 
-ft" 


— sec. A 


FB 
AB 


AC 
AB 


b 
c 


= COS. A 


GH 
AG 


_AC 
BC 


_b 

""a 


^=cot A 


AH 
AG 


AB 
BC 


c 
""a" 


— cosec. A. 



The sine, tangent, &c. of any angle and of that arc whose 
centre is at the vertex of the angle and whose extremities are 
limited by the sides of the angle, are consequently identical : 
in other words, an angle and an arc which contain the same 
number of dejgrees, minutes, &c., have the same sine, tangent, 
secant, &c. 

Z. Trigonometrical formulae, in which the radius is equal to 
1, are transformed into equivalent expressions in which the 
radius r is less or greater than 1 by dividing each sine, tan- 
gent, &c. of the formulae related to radius =1 by r ; each 
sin.^, tan.^, &c. by r^, and so on for higher powers of the sine, 
tangent, &c. (Art. 9. i.) 

m. The circumference of a circle whose radius is 1, is de- 
noted by 2 TT (Art. 8. J.) : and the same symbol is frequently 
employed to express the number of degrees in its circum- 



ir 



ference. In this sense, 2 tt = 360° ; tt = 180^; ^ = 90^ &c^ 

Employing this notation, and denoting the arc which contains 
the same number of degrees as the angle a, by 0, certain 
formulae of Articles 19. 21. 23, 24. A, 25. «, 26. a, become, 

«Jn* = eos.(|-^^= Bin. (2n* + ^) a sin. ((a«+l) «r-^)« — •in.[(2n+l) r + ^j «- dn.(a»r-^). 
^•♦= cot.(|— ^) = tan. (2fur + ^) = — tan. {(2n+l)jr— ^} « tan.{(2ii+l)flr + ^} = — tan.(2««-- f). 
»«-?=sco8ec.(--*) = iec. (2fnr + ^)=a — 8ec.{(2n+l)r— ^} « — 8ec.{(2«+l) «• + *} -• sec.(2«» — ^). 
«••♦ s »in.(| — ^) =coi.(2««r + ^)a3 — co«.|(2n+l)r--^} =— cos.{(2»+l)r + *} = cos^2na' — ^). 
cot.^ a tan.(|_-^) =cot. (2n«'+^)=3— cot. {(2n+l)r-^} = cot.{(2n+l)5r + ^} =■— cot.(2njr-^). 
«>»ec.f=iec.(| — ^)aacosec. (2njr+^)«cosec. [(2n+l)jr — ^} = — co8ec.{(2n+l)jr + ^]« — coiCC.(2nc— ^). 
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n. It has been shown (Art. 8.) that if regular polygons of 
12288 sides are described about and inscribed in a drde^ 

2 

their perimeters differ by nearly loonoooo^ ^^ ^^ radius. 

The length of a side of the circumscribed polygon therefore 
exceeds the length of a side of the inscribed polygon by 

1 2 

of \ rvr^rx/xr^r^r^ ths of thc radius^ and the difference in the 



12288 10000000 

lengths of the half sides of the polygons is equal to the half 
of this quantity. 

If the mmiber of sides of the two polygons is increased, the 
approximation of the ratio of their sides to a ratio of equality 
is also increased. 

If a regular polygon whose side subtends an arc of 2'' be 
inscribed in and a similar polygon described about a circle, 
the number of sides, viz. 360 x 60 x 30 or 648000, being 
greater than in the instance of Article 8., the approximation . 
of the sides of the polygons to equality with each other is 
also nearer. 

The length of a half side of the circumscribed and inscribed 
polygons being considered equal, the circumference, or arc 
of 1'', which is less than the first and greater than the second 
(Circle, Principle,) must be also considered as equal to either. 
Consequently, if each of the three values be divided by that 
of the radius, the quotients must be equal: wherefore. 

Half side of drcum8crib«d polygon of 648000 gldeg _ arc of 1** ^ half aide of inscribed polygon of 648000 sidei 

radius " rad. radius 

, -„ arc of 1" . 1/, 

or, tan. 1^' = ^ — = sm. 1 , 

rad. 

or, making radius = 1 

tan. r' = arc of V = sin. V : 

T* tan. V^ __ sin. 1" _ . 

^^^^' arcof r'~^ ' arc of V' ^ ^ ' 

And, generally, denoting an indefinitely small arc by A, 

tan. h , sin. h , 

o. Since tan. l" = arc of V'; and the arc of 1" is the 
-th part of the whole circumference; 



1296000 

•360° 



1296000 X tan. V = 1296000 x arc of 



1296000' 
or, 1296000 x tan. 1'^ = circumference. 
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Denoting, therefore, any arc by <f>y 

an indefinitely great number by n, 

and, consequently, an indefinitely small arc by - > 

n tan. - = «. 
n ^ 

p. The length of the arc of 1'^, expressed in parts of the 
radius = 1, is given by the proportion 

lano . 1//..Q i4iw»«M^ J. .314159&C. x 1 .0031415926535897932384626433 + 
180°. I ..3.1415926535+. jgo x 60 x 60 "= 648 

». 00000484813681107992783713371 +. (Art. 14. <r.) 

This result may also be considered equal to the numerical 
value of either of the ratios tan. 1'', sin. 1'^ 

q. When small angles enter into trigonometrical computa- 
tions, they are usually expressed in seconds of a degree, and 
frequently by the corresponding circular arcs, in terms of the 
radius considered as the unit of length ; and it is convenient 
to express the equivalents of the angles in terms of the arcs, 
or the converse, by means of the computed length of an arc 
subtending an angle of one second, viz. 

180 x%0 X 60 ^"^ 206164:8 ^"^ ^^ .0000048481368 + 

Let this be expressed by arc V\ 

Then being an angle expressed in seconds, arc 1" is the 
value of the corresponding circular arc, the radius being 


unity ; and this is manifestly equivalent to ^^ ^^^ ^ . 

Again, being the expression of a circular arc when the 

radius is unity, ^Tf ^^ *^® equivalent angle expressed in 

seconds. 

For arc 1'^, is frequently put sin. 1''; and for =7^, 

arc X 

18 put :r7>. 

^ sm. 1 

31. Let the angle bag contain a% and the angle bad, 
B°. From D, any point in AD, let db be drawn perpen- 
dicular to AB, and DE J)erpendicular to AC: from b let 
BC be drawn perpendicular to AC, and bf perpendicular 
to DE ; and produce de, if necessary, to meet bf in F. 
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SIN. (a ± B). COS. (a ± b). 



Sect. IIL 



By this construction, FE =: BC, and BF = CE 
(Euc I. 34.) ; also, the angle bdf = fba in 
fig. 1. (Euc. VI. 8.), and the supplement of 
FBA in fig. 2. (Euc. I. 13. and 32.) = BAG, 
(Euc. I. 29.) = A, 

And by Article 17, — or — = sin. A 

^ *AB BD 

AC FD 

— or = C0S. A 

AB BD 

BD 

=:sm. B 




-AJB 



AD 
AB 

AD 
DE 

AD 
AE 

AD 



= COS. B 



= 8in.(A±B) 

= cos.(a±b). 




Of these quantities, let sin. A, cos. A, sin. B, cos. b, be given, 
and let it be required to express sin. (a + b), cos. (a± b) in 
terms of the sines and cosines of the angles A and B* 

DE_^EF+FD _BC±FD__BC FD 
AD "■ AD "" AD ""aD"" AD' 

But — = — X — , (Alg. Art 49.)= sin. A cos. B. 

AD AB AD ^^^ ^ 

FD FD BD 

— = — X — =cos.A on. B. 

AD BD AD 

And — = sin. (a + b\ 
AD ^ — ^ 

Whence sin. (a± b) = sin. A cos. b + cos. a sin. B. 

9A AE_ AC + CE _ ACTbF _ ACyBF 
ad"" ad ~ AD ""ad ad* 

XT AC AC AB _ 

Now, = X = COS. A COS. B. 

AD AB AD 

. J BF BF BD 

And, — = — X — = sm. A sm. B. 

AD BD AD 

Wherefore, since — =cos. (a±b), 

Cos. (a + b) ^ COS. A COS. b + sin. a sin. b. 



Sect. III. 



SIN. (a + b). COS. (a + B.) 
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a. In the preceding inyestigation it has been assumed that each of the 
angles ▲, b, A-f b, is less than a right angle. 

Let now the angle g^ab be greater and 
the angle bad less than a right angle. 

From D, any point in ad, draw db per- 
pendicular toAB, and DE perpendicular to 
AE : from b, draw bc perpendicular to ae 
and produce de to meet bf, the perpen- 
dicidar from b upon db in f. 

By this construction, bg = fe, bf = ce, 
and the angle bdf is equal to the angle bag. 

., BC BF . 

Also — or — = sm. a. 

AB BD 

AG DF 
— or — ^ COS. A. 
AB BD 




BD 
AD 



= 8m. B. 



AB 

= COS. B. 

AD 



DE 
AD 
AE 



= sin. (a + b). 

^^ = COS. (A-f b). 
AD V • / 



,y DB, . . . XV FE — FD 

Now — (or sm. (a + b)) = — 

AD^ \ • // ^jj 



BC — FD 
AD 



BC 
AD 



FD 
AD* 



BC BC AB 

= X = sm. A COS. B. 

AD AB AD 

FD FD BD 

— = — X — = COS. A sm. B. 

AD BD AD 



Consequently, sin. (a + b) = sin. a cos. b — cos. a sin. b. 

Since the angle a is greater than 90°, cos. a is negative • hence the 
negative sign of the last term of this result. The equation may be 
written thus — 

sin. (a + b) = sin. a cos. b -|- ( — cos. a) x sin. b. 



. . AE 

Agam, — or cos 
*= 'ad 



, . V AC-f CE AC + BF AC . BF 

L (a -h b) = ' = ■ = , 

^ '^ AD AD AD Wu 



T^ ^ AC AC AB 

But = X = COS. A cos. B. 

AD AB AD 

. ,BF BF BD . 

And — = — X — = sm. a sm. b. 

AD BD AD 

. • . COS. (a -+- b) = COS. A COS. B -|- siu. A siu. B. 

In this result the absolute values only of the expressions are considered : 
but if their relative values also are taken into account, the cosine of the 
sum of the angles, a, b, (which is greater than 90°), is negative. For the 
same reason cos. a, and therefore the product cos. a cos. b, are negative. 
Whence the formula becomes — cos. (a -f b) = — cos. a cos. b + sin. a 
sin. B ; or changing the signs of all the terms, cos. (a + b) = cos. a cos. b 
— sin. A sin. b, ■ 

b. Lastly, let each of the angles b'ac or a, b^ad or b be greater than 
a right angle. 



£ 
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SIN. (a ± b). COS. (a ± b), 



Sbct. UL 



Produce b% ca; from d, any pomt in ad, 
draw DB perpendicular to ab^ and db perpen- 
dicular to AC : also from b draw bc perpen- 
dicular to AG and BF perpendicular to de ; and 
produce db until it intersects ab in b^ 

By this construction the triangles ab^b, abc, 
BDF, are equiangular, and bc is equal to fs 

Whence, 



BD 
AE 

aP 



B^E BC 

-3-=: — =^8m.A. 

B^A BA 



AC 
AB 



, FD 

'bd 






BD 

=8m.B. 

AD 




AB 

ad' 

ED 
AD 



00S.B. 

sin. (a + b). 



= COS. (a + b). 

AD \ ' y 



XT ED EF + FD BC + FD BC . FD 

Now, — =- — ' = ■ = 1 . 



AD 



AD 



AD 



AD AD 



BC BC BA 

:= X = Sm. A C08.B. 

AD BA AD 

FD FD BD 

— = — X — == COS. A sm. B. 

AD BD AD 

. * . sin. (a + b) = sin. a cos. b + cos. a sin. b. 

It is to be observed, that since the angle a is greater than 90% cos. a 
is negative ; that since the angle b is greater than 90% cos. b is negative ; 
and that since the angle a + b is greater than 180°, sin. (a + b) is nega- 
tive. Whence, taking into consideration the relative values of these ex- 
pressions, the formula becomes, 

— sin. (a + b) = — sin. A cos. b — C08. a sin.B. 
Or, changing tiie signs of all the terms, 

sin. (a + b) s= sin. A cos. b + cos. a sin. b. 



4 . • , \ AB CB — AC 

Again, COS. (a + b) = — = 



BF — AC BF 



AC 



r»/ 


AD 




AD 




AD 


BF 
AD 


BD 


BD 
AD 


= sin. 


A sin. 


B. 


AC 

■ 

AD 


AB 


AB 
AD 


= COS. 


A COS. 


. B. 



AD AD 



. * . COS. (a + b) = sin. A sin, b — cos. a cos. b. 

But since the angle a + b is greater than 180° cos. (a + b) is negative, 
and since the angles a and b are both greater than 90°, cos. a and coe. b 
are both negative. 

,', —cos. (a -h b) = sin. A sin. B— (— cos. a) x ( — cos.b), 
or —cos. (a -f B^ = sin. a. sin. b— cos. a cob. b, 
or COS. (A 4- b) = COS. A COS. B — sin. a sin. b. 

The preceding discussion may suffice to show that if the relative values 
of sin. A, COS. A, sin. b, cos. b, sin. (a + b), cos. (a + b) are considered, the 
formulse of this Article are general. 
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32. From the formulaB of Art 31. may be deduced others 
expressing sin. (a ± b ± c), cos. (a + B + c), in terms of the 
sines and cosines of the angles A, b^ c. 

For A ±B±c may be put under the form (a±b) + c; 

.-. Sin(A±B±c)= Sin. [(a±b) + c]. 

Bat sin. {(a ± b) i: c} = sin. (a ± b) cos. c ± cos. (A ± B) sin. o 

as (sin. A COS. B±cos. A slu. b)cos. g± (cos. a COS. Bipsin. A sin. b) sin. c 
or sin. (a ± b ± c) s sin. a cos. b cos. c ± sin. b cos. a cos. c ± sin. c cos. a cos. b— sin. a sin. b sin. c . 

In like manner, cos. (a±b + c)=:cos.{(a+b)±c} 

Cos. {(a±b)±o} sacos. (a±b)co8. c ^^ sin. (a ± b) sin. 

s (COS. A COS B 7 sin. a sin. b) cos. o :p (sin. a cos. b :i: cos. a sin. b) sin. o 
or COS. (A±Bi:c)sBC08. a cos. b cos. onpsin. Asin. b cos. c i^sin. a cos. b sin. c — cos.a sin. b sin. o. 

a. If A, b, c, are the three angles of a triangle, sin. (a + B -h c) 
= sin. 180° = ; and the first formula of this article becomes 

S3 sin. A COS. B COS. c + sin. b cos. a cos. c -I- sin. c cos. a cos. b — sin. a sin. b sin. c 
or, sin. a sin. b sin. c s sin. a cos. b cos. c -f- sin. b cos. a cos. c -|> sin. o cos. a cos. b. 

83. If A=B= c, sin.^ 4=3 sin. a cos.^ a or sin.' a= 8 cob.^a. 
Under this hypothesis, the triangle whose angles are A, b, o, 

is equilateral: therefore each angle is equal to— ^— = 60°. 

Replacing A by this particular value, sin.^ 60° = 3 cos.^ 60°. 

But C0S.2 60° = 1 -sin.2 60° 
.-. Sm.2 60° = 3(l-sin.2 60°) = 3-3sin.2 60 

or, 4 sin.2 60° = 3 ; sin.^ 60 =~ 

4 

And, sin. 60=za/^=— . 

^42 

a. Again, since 3 cos.^ 60° = sin.^ 60°, and sin.^ 60° = 1 - cos.^ 60° 
3 C0B.2 60° = 1 - C0S.2 60°, or 4 cos.^ 60° = 1 

.-. Cos.2 60°=i,andcos.60°= a/T^I. 

4 V 4 2 

b. Sin. 60° = cos. 30°, and cos. 60° = sin. 30°. (Art. 17.). 

V3~ 1 

But, sin. 60° =—^ and cos. 60° =^ 

^3" . 1 

. • . Cos. 30° = — ^, and sin. 30° = ^. 

Q. J, . sin. A . ^.o sin. 30° 1 a/3_ 1 

c. Smce tan. a = , tan. 30 = ^777 = 77-^ k 1^5 

COS. A COS. 30 2 2 a/ 3 

. ^^o sm. 60° a/3" 1_ 
tan. 60 = — — ^ = — ^-r-5=: >v/3. 
COS. 60 2 2 

E 2 
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d. Sm.45°=:cos.(90°-45°)=COB.45^ (Art 17.). 
. •. Sin.245° + cos.245^or,8m.245° + 8iii.245°=l. (Art. 19.rf.) 

1 



.-. 2 sin.2 45^ = 1, and sin. 45° = 



V2 



Also, since cos. 45° = sin. 45° .*. Cos. 45° = -^=. 

V2 1 

Hence tan. 45° = sin. 45° -+- cos. 45° = — = h — = = 1. 

a/2 ^2 

e. The values of the sines and cosines of 45° and 30° being 
determined, the values of the sines and cosines of 45° + 30°, 
or 75° and 15°, can be found by means of the formulae of 
Art. 31. For by substituting the values, sin. (45° ± 30°) = 
sin. 45° COS. 30 ± cos. 45° sin. 30, gives 

Q. ^.o L^'v/'3._1 1 V3 1 V"3 + 1 

C5m. /D _^-2^-2"'^V2^2"-2>/2"^2>v/"2" 2^2' 

c- i;;o__l Z?«^ 1 _ ^^ 1_ A/3J--1 
^m. iD-^2^ 2 a/2 ^2 "2 ^2 2a/2"" 2a/2' 

/. The numerical values of cos. 75° and cos. 15° can be 
deduced in the same manner from the formula, cos. (45° ±30°) 
= COS. 45° COS. 30° + sin. 45° sin. 30°, or more easily from the 
expressions 

COS. 760 a. Bin; (90° - IfP) = gin. 16© : cos. 15© = rin. (9(P - Iffi) = sin. ItP. 

. • . COS. 75° = ——==-, and cos. 15° =r =-. 

2>v/2 2a/2 

34. Expressions which give the sines and cosines of the 
multiple angles 2 a, 3 a, 4 a, &c. in terms of the sine and 
cosine of the angle a, are obtained from the formulae of 
Art. 31., by making successively b = a, b = 2 a, b = 3 a, &c., 
as follows : — 

In the formula, sin. ( A + b) = sin. A cos. B + cos A sin. B, let B = A : 

/ . Sin. (a + a) = sin. a cos. a + cos. a sin. A 

or, sin. 2 A = 2 sin. A cos. A 

a' 
Substituting -^ for a, and therefore a' for 2 a, this for- 
mula becomes 

Sin. A^ =z 2 sin. — cos. -^. 
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ou Similarly^ in the formula cos. (a + b) = cos. A cos. B — 
sin. A sin. B, let B = A : 

.•. COS. (a + a) = COS. A COS. A — sin. A sin. a 

or, COS. 2 A = cos.^ a — sin.^ a. 

a' 
If ^ and A' are substituted for A and 2 a, this formula 

becomes 

A' A' 

COS. A'zrcos.^^ — sin.^^. 

h. Making B == 2 a, sin. (a + 2 a) = sin. A cos. 2 a + 
COS. A sin. 2 a. 

Substituting cos.^A — sin.^A for cos. 2 a, and 2 sin. A cos. a 
for sin. 2 A, 

sin. (A + 2A) = silL A (COS.^ A— silL^ A)-|-C0S. AX2sin. ACOS.A 

or, sin. 3A=sin. A cos.^ A — 8in.^A + 2 sin. A cos.^A 

.• . sin. 3 A = 3 sin. A cos.^ A — sin.^ A. 

c. In like manner, cos. (a + 2 a) = cos. A cos. 2 a — 
sin. A sin. 2 a. 

or, cos. 3 A=cos. a (cos.^A— sin.^A)— sin. A x 2 sin. A cos. A 
or, COS. 3a=:cos.^a— COS.A sin.^A— 2cos.A sin.^A 
or, COS. 3a=co8.^a— 3 cos. A sin.^ a. 

a'' 
rf. If ^- and A" are substituted for a and 3 a, formulas ^, c, 

become 

a'' a'' . a'' 
sin. a'' =3 sin. -^ cos.^ ^ sin.^ ^. 

A'' a" . k" 

COS. a"=cos.^ « 3 COS. ^ sin.^ ^. 

e. The expressions for sin. 3 a, cos. 3 a are immediately deducible from 
the formuka of Article 32, by making a= b = c : thus : 

aio. (A+B+c}asin. A COS. B COS. c+sin. B COS. A COS. c+sin. c cos. A COS. B— sin. a sin. b sin. c, becomes 
sin. (A+A+A)sa:sin. A COS. A COS. A+siu. A COS. A COS. A+sin. A COS. A COS. A— sln. A sin. A sin. A 

or, sin. 3 a = sin. a cos. *a + sin. a cos. *a + sin. a cos. *a — sin. 'a, 
or, sin. 3 a ^ 3 sin. a cos. *a — sin. 'a : 

And COS. (A + B + c) becomes cos. 3 a as cos.^ a — cos. a sin.^ a — cos. a sin.^ a —cos. a sin.^ A, 

or, COS. 3 A = cos. ^a — 3 cos. a sin. ^a. 

Corresponding expressions for sin. 4 a, cos. 4 a, sin. 5 a, cos. 5 a .... can 
be in tne same manner deduced from the formulse of Articles 31. and 32., 
or more readily from the formula of Demoivre, which is given in Art. 43. 

35. To find formulae which shall express the sine and co- 
sine of half an angle in terms of the sine and cosine of the 
whole angle. 

E 3 
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Since cos.^ A + sin.^ a=1, (Art. 19. d.) 
and co8.^ A— sin.^ A=cos. 2 a, (Art . 34. a.) 

by addit. 2co8.^A=l+co8. 2 a .".cos. a=±a/ ^ 



8StrSt.}2'»i°-'A=l-«>8-2A .-.BULArziy^i 



— COS. 2 a 



The only condition which the angles a, 2 a, are required 
to satisfy is, that the first shall be equal to one half of the 
second: if, therefore, the halves of a and 2a are taken, the 
preceding results are still true ; whence 



A A /I + 

2 cos.^^=l-hcos.Aandcos.gOrcos.^A=+ a/ — 
28in. ^^=1— COS. i!i, and sin. ^A=±A/- 



cos.A 



—COS. A 



a. These formulsB can be transformed into others, expressed in terms of 
sin. A. 



For ^L±^- V* (1 + COS. A). ^ l-c^08.A ^ V4(l-co«.A) and cm. A=±^ i„inA. 

.-.COS. i A= ± A /|(1 ± Vl — sin-O 

sin.^A=+^/i(l + A/l-8in.«A) 

36. The sum and difference of the sine and cosine of the 
8ame angle can be obtained from the formulae of Art. 35., or, 
in a less complicated form, as follows : — 

« 

since cos.^ A + sin.^ a=1, (Art. 19. d.) 
and 2 sin. a cos. A=sin. 2 a, (Art. 34.) 

.-. by addition,cos.2A+2sin.Acos.A+sin.^A=l+sin.2A: 
and by subtraction, cos.^ a — 2 sin. a cos. a -f sin.^ a = 1 — sin. 2 A. 

But cos.^ A + 2 sin. A cos. a + sin.^ A =(cos. 'A + sin. a)^ 
and cos.^ A— 2 sin. A cos. A + sin.^ a=(cos. a— sin. a)^ 



.• , (cos. A + sin. a)*= 1 + 8in.2 A ; and cos. a -f 8in.A= + ^1 + sin. 2 a 
(cos.A — sin.A)*=l — sin.2A; and cos. a — sin. a =s+ v^l — sin.2A 

37. FormulaQ expressing the tangents of the sum and dif- 
ference of two or more angles in terms of the tangents of 
the single angles, can be deduced from the corresponding 
expressions of the sines and cosines of these angles. 

For since the tangent of any angle is equal to the sine of 
that angle divided by the cosine, (Art. 19. c.) 
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A COS. B 4- COS. A sin. b 



rvi / \ siil(a+b) sin. 
Tan. (a4-b) = ; -7 < = 

^ — ^ COS. (a + B ) COS. 



A COS. B 4. sm. A sin. b 

This formula is reduced to another of the same value^ ex- 
pressed in terms of the tangents of a and b, by dividing 
every term of the numerator and denominator of its second 
number by cos. a cos. b. 

For^ if the division is made^ the formula becomes 

sin. A sin. B 

± 



, . X COS. A cos. B 

tan. (A ± B) = I 

\ •*- y at 



_ sm. A sm. B 
1 + 



cos. A cos. B 

And if tan. A, tan. b are substituted for their equivalents 

sin. A sin. B 

. 

COS. a' COS.B 

m ^ \ tan. A H- tan. B 

Tan. (a. + b) = y-==-t — =-— r 

^ — '^ 1 + tan. A. tan. b 

a. The expression of tan. (a + b±c), in terms of the 
tangents of the angles a, b, c, can be deduced from that of 
tan. (a ± b) ; or from those of sin. (a + b ± c), cos. (a t b ± c) 
in Article 32. 

Taking only the sum A-f b + C, adopting the second me- 
thod; and dividing every term of the numerator and deno- 
minator of the result by cos. a cos. b cos. c, 

sin. A sin. B sin. G sin. A sin. B sin. C 

^ , ^ cos A COS. B cos. C COS. A COS. B COS. C 

Tan. (a-Hb4-c)=: ».* ■ '.' ^ ' — ^ 1 ^ 
^ ^ sm. A sm. B ^ sm. A sin. c sm. B sm. C 

COS.ACOS.B COS.ACOS.G COS.BCOS.G 

, . .V tan.A + tan.B + tan.G — tan.Atan.Btan.G 

or tan. (A + b4-g) = = 

^ ^ 1— tan.Atan.B — tan.Atan.G— -tan.Btan.G 

In the same manner, tan. (a + b+c + d...) may be found in terms 
of the tangents of the angles a, b, c, d, . . . 

5. If Ay B5 C9 are the three angles of a triangle^ tan. 
(a -f B -f c) =tan. 180^=0: whence the numerator of the 
second member of the equation 37 a, must be equal to : 
that is, tan. A + tan. B + tan. G —tan. A tan. B tan. G=0, 

. .'. tan. A+tan. B + tan. G= tan. A tan. B tan. G. 

38. To express tan. 2 A, tan. Sa, tan.^A, in terms of tan. A 
-in the formula of Article 37., which is, 

£ 4 
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, , tan. A + tan. b , ^ 

tan. (A-f B) = ^i — 7 y let b=a 

^ ^ 1— tan. A tan. B 

^ 2 tan. A 

.*. tan. 2a = 



1 — tan.^ A* 

a. Similarly, if in the expression, 

, , .V tan. A+tan. B+tan. c — tan. a, tan. b, tan. c 

tan. (A + B-f C)=z ^ ^ ^ ■ 7 '—? —: , A=B = C 

^ '^ 1— tan. A tan. b— tan. a tan. c— tan b tan. c 

, _ 3 tan, A — tan.^ A 

tan. oA= — z — ^r- — 5 • 

1— 3tan.^A 

b. To express tan. ^ a in terms of tan. a : in the formula 
tan. 2 A=-= — r~~2~ ^^^ ^^ ^® replaced by A, and A by Ja, 



1 -tan.2 A 



then 



2 tan. i A 
tan. A=::= — 7 — 5^ — 
1— tan.^^A 

A A 

.•. tan. A -tan. A tan.^^ =2 tan. ^ 

A A 

or, tan. a tan.^ «" + ^ ^^' o^ = tan. a, 

n A 2 . A - 

or, tan.^ zr + tan. s^= 1. 

' 2 tan. A 2 

Kesolving this quadratic equation, it is found that 

^ A 1.1 

wi^« 7i = -" I T 7 a/1 -f tan.^ A. 

2 tan. A — tan. a ^ ^ ^ "*"' 

c. The value of tan. j^ a can be also assigned in terms of the sine and 

sin ' A 
cosine of a : For tan. ^ a = — ^^2_ and, by Article 35., 

^ COS. ^a' -^ 

, /I — COS. A , . /I 4" COS. A 

sin. JA=^ JL_-, COS. ^A= ^ _X_ 

.•.tan.AA = . / l -COS. A h- /1+cos.a^ A^cos.a 
' A/ 2 ^ 2 'Vl + cos.A 

If, to simplify this expression, the terms of the quantity under the 
radical sign are multiplied by 1 4* cos. a. 



tan. -g. 



»A= / 1— COS. 'a _ / sin. 'a _ sin. A 

' A/ (1 + COS. a)* a/ (1 + COS. a)« 1 + COS. A 

Or, if the terms of the radical are multiplied by 1 — cos. a, 

tan.»A= A / 0-co3.a 1^^ /(r^;^^2_i__cos.A 
^ A/ 1 -COS. 2a 'V sin.«A sIHTa • 



S^. III. Sm.(A + B) + 8IN(A-B) 

SIN. (a + B) — SIN. (a — b) 

39. Since sin. (a + b) rrsin. a cos. b -}- cos. A sin. b. (Art. 31.) 

and sin. (a — b) = sin. A cos. b— cos. a sin. b. 
by addition, sin.(A+B)-|-sin.(A— B)=2sin.Acos.B 1 

traction [ 8in.(A + B)— sin.(A— B)=2cos.Asin.B 2 

Again, since cos. ( a — b) = cos. a cos. b -h sin. a sin. b, 
and COS. ( a + b) =r cos. a cos. b — sin. a sin. b, 
by addition, cos.(a — b)-|-cos.(a4-b)=:2oos.acos.b 3 

tract'o" }'COS.(a— b) — cos.(AH-B)=2sin.Asin.B 4 

K the first formula of this article is divided by the second 

sin. (a + b) + sin. (a— b) 2 sin. a cos. b sin. a cos. b ^ 1 tan. a 

sin. (A + b) — sin. (A— b) 2 cos. a sin. b cos. a sin. b ' tan. b tan. b 

And if the third is divided by the fourth, 

COS. (a — • b) + COS. (a -h b) 2 COB. A COS. B COS. A COS. B 

\ ~ 7~ I X "^~ e% * * *""* ~ " "^ """ COl. A vOv. B. 

A — b) — COS. (A + b) 2 Sin. A sin. b sin. A sin. b 

40. If A, B, denote two unequal angles, of which A is the 
greater: then ^(a + b) and ^(a— b) denote the half sum 
and half difference of these angles. 

If the half difference is added to the half sum, the residt, 

whichisJ(A+B) + ^(A--B),or 2+2+ 2"" 2' ^^ 2"*"2'^'^' 
is equal to the greater angle a : 
Aiid if the half difference is subtracted from the half sum, 

the remainder, which is J (a + b)— ^ (a— b), or ^+ ^— -+ - 
or ^ -f ft 5 or B, is equal to the less angle b. 

Now since a » i (a+b)+| (a — b) ; sin. a ss sin. J (a+b) cos. } (a — b)-|-cos. | (a+b) sin. |(a — b) 
And since b s | (A-hB}--| (a — b) ; sin. b a sin. « (A-f b) cos. { (a — b)— cos. | (a+b) sin. { (a — b) 

. • . by addition, sin. a + sin. b ^ 2 sin.^ (a -f b) cos. ^ (a — b) . . 1 . 
And, by subtraction, sin. a — sin. b = 2 cos. ^ (a -f b) sin. J (a — b) . 2 . 

Dividing formula 1 by formula 2, 

sin. * + sin, b 2 sin. ^ (a + b) cos. | (a ■— b) _ sin. A (a + b) cos. ^ (a — b ) tan. ^ (a -f b ) 
sin.A — sin. b^2cos.|(a+b) sin. ^ (a — b) ~ cos. \ (a + b) ' sin. |(a — b) "^ tan. |(a — b) 

a. Since a»Ha4-b)+1(a— b) ; cos. As=co8.i(A+B) cos. Ha— b) — sin. A (a + b) sin.^ (a — b) 
8ndsinceB=s|(A4-B)— }(a — b); cot. bbscos. |(A-f b)cos. | (a— B) + sin.| (a + b) sin.f (a — b) 

Therefore, by addition, cos. a -f cos. b = 2 cos. ^ (a -|- b) cos. J Ta — bJ . . 1 . 
And, by subtraction, cos. b — cos. a = 2 sin. ^ ( a -f b) sin. ^. (a — b) . . 2. 

Dividing formula 1 by formula 2, 

COS. A -f COS. B COS. i(A-fB) COS. -^ (a — b) ^ , • , \ x , / \ 
— =- Y; , ;. i -f) < = COt.i(A-fB)cOt.^(A— b). 

COS. B — COS. A sm. J (a H- b) sm. ^ (a — b) ^ ^ '^ ^ 
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b. Since sin. A + sin. b=2 sin. ^ (A-f b) cos. ^ (a— b) 
And COS. A + cos. B=2 cos. J (a + b) cos. | (a— b) 
Bin.A + ein.B ^ 8in.j(A-t.B^ 

C08.AH-00S.B C0S.^(A + B) *^ ^ 

In the same manner it is found that 

sin. A" sin. B 



COS. A + COS.B 



=tan.^(A— b) 



J xi_ X sm. A + sm. B X 1 / — \ 
and that = =oot. i (a + b). 

COS. B — COS. A * ^ ^ 

The formula of Articles 39 and 40 are employed to change 
the sums and differences of certain functions of angles into 
the products or quotients of either the same or of different 
functions of these angles5 and by consequence to adapt to 
logarithmic calculation the numerical values of these fonc- 
tions, or of the functions by which they are replaced. 

41. Let 72 be a whole number^ a any angle, and let A, b, 
in the formulas of Article 31. be replaced by (w— 1) a and a : 
then 

8m.(rn — l)AH-A^ = 8m.(n — 1)a co8.a + co8.(r — 1)a siii.A 
And Bm.{(» — 1)a— A} = 8in.(n — 1)a cos.a — co8.([»— 1)a 8in.A. 

Therefore, bj addition, tin. {(»—!) 4+ ^j-f sia. {(n^l) a — A}BK2«in. (n— 1) Acoe. a. 
and by subtraction, sin. {(n — 1)4 + a}— sin. {(»— 1)a— a} b2cos. (ft— I) Asin. a 

Or, since Tn— 1Ja + a«jia; (n— 1)a — a=(»— 2)a, 
8in.nA + 8in.rn— 25A = 28in.(n — l^A COS.A . 1. 

8in.nA— sin.Qit— 2)a=:2co8.(ii-*i)a sin.A . . 2. 

Similarly, oo8.(rn— nA + A)sBC06.rn— 1)a 008.a — 8in.rn — I^a bula, 

COS. Un — 1; A — A} = COS. f n — l) a cos.a + sin. (n — 1) a sin. A. 

Therefore, by addition, cos. n a -f cos. (n — 2) a == 2 cos. ^n — 1 ) a coe. a . . 3. 

And, by subtraction, cos. (n — 2) a — cos. n a = 2 sin. (n — 1 ) a sin. a . .4. 

By means of these formulse^ the sines and cosines of the 
multiple angles, 2a, 3a, 4a ... . can be expressed in terms 
of the powers of the sine and cosine of the angle A.' 

a. For, if in formula 1., n=2, sin.2A=2sin.A cos.a. 

If »sb3, sin. 8 A-f sin. amSx sin. 2 a x cos.am2x 3 sin.A cos. a x cos. a b4 sin. a cos.' a 

.*.sin.3A=4sin.A cos. 'a - sin. a : 
or substituting 1 — sin. ^ a for cos. ^a ; 

sin. SABx4sin.A(l— sin.'A)— 8ln.Aa4sin.A— 4sin.SA— sin. AaSsin. a— 4 sin.^A. 

If ii:=4, sin.4A + s]n.2A=2sin.3 A co8.a. 

If, in tliis expression, sin. 2 a and sin. 3 a are replaced by 2 sin. a cos. a and 4 sin. a cos.' a — sin. a 

the result is sin.4A=8sin.A cos. 'a — 4sin.A co6.a. 

And if sin. 3 A is replaced by 38in. a — 4sin.^A, the result is 
sin.4A=4sin.A cos.A — 8sin.^A cos. a. 

This expression maybe deduced from the other by putting 8 sin. a 
COS. 'a or 8 sin. A cos. A COS. ^ A imder the form 8 sin. a cos. a (1 — sin.^A), 
and making the necessary reductions. 

K n=5; sin.5A= 16sin.A cos. ^A — 12 sin. A cos.'A + sin.A. 
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Again, 
if in formula 3., n = 2 ; cos. 2 a + cos. (2 — 2) A = 2 cos. a cos. a = 2 cos. *a, 
or, since cos.Oa ss cos.O s 1, co8.2 a + 1 = 2 co8.% 

COS. 2 A = 2 cos.'a — 1. 

If «bb3, COS. 3 A + COS. As2 X C0S.2 A X COS Ab 2 (2 COS. ^A-^I) COS. kmt\ COS.' A — 2C0S. A 

.'. cos.3a=4cos.^a — 3COS.A* 

If n=4, cos.4a + cos.2a = 2cos.3a cos.a, 
or cos.4a-|-2cos.*a — l = 2(4cos.^A — 3co8.a) cos-a, 
or COS. 4 A -f 2 cos.*A — 1 = 8 cos. '♦a — 6 cos. *a, 
.•,cos.4a=8co8.'*a — 8cos.*A + 1. 

• ••••• 

By means of formula 4.^ cos. n a may be expressed In terms 
of the powers of sin. A. 

42. If (n— 1) A and A are substituted for A, b, in the for- 
mula, 

, . ^ tan.A + tan.B 

tan. (a -f b) =/i — 7 7 . 

^ ^ 1— tan.Atan.B 

f/ i\ I ^_tan.(n — l)A-f tan.A 

tan. {(» — 1) A + a} =:i — 2^^ — r •i\ J, • 

*^^ / • J 1— tan,(n— l)Atan.A 

tan. (n — 1 ) A -h tan. A 

or, tan.nA=-= — -^^ — 7 — ^-^r — 7 . 

' 1— tan.(n — 1)a tan.A 

_- . . . . o -L o — tan. A + tan. A 2tan.A 

If, in this expression, n=2, tan.2A=r — =_ — - — b-- 

' r -7 ' 1 — tan.A tan.A l~tan,*A 

2tan.A , ^ 

+ tan.A 



„ ^ « tan.2A + tan.A _ 1— tan.'A 

If n=3, tan.3A== — - — ^ — i = o*.>^ > 

' 1— tan.2A tan.A , 2tan.A 

1— tan.*A 

2tan.A + tan.A— tan.^A 

or, tan.3A= i_tan.«A-2tan.^A ' 

3 tan. A— tan. ^A 

or, tan.3A=-^ ^r: « — ^ 

' • 1— 3tan.*A 

4 tan. A — 4tan.^A 
Similarly, if n=4, tan.4A=^__g^^ ,^_^^^^^ 

-- - X e Stan.A— 10tan.3A + tan.^A 

If n=o, tan.oA^ — = 777-7 — « — . » . — tt'* 

' 1 — 10tan.*A + 5tan.'*A 

...... 

43. Let ^ and 9 denote two arcs which measure t he a ngles 
A, B, respectively : then, if the expression cos. (p + -%/ — 1 sin. f 
is multiplied by cos. fl + a/^ si n. 9, the product is 

COS. 9 COS. fl — sin. 9 sin, fl + >/ — 1 (sin. <f> cos. 9 + cos. <p sin. fl). 
But COS. (p COS. 6 —sin, ^ sin. 9 =cos. f ? + 9) 1 (^^^ 31 \ 
and sin. (p cos. 9 -*- cos. <p sin. 9=sin. (<p + 9) J ^ 
.•.(cos.0-f- V^ 8in.0)(cos.04-A/^ sin.e)=cos.(^+6>)-i-\/^sin.(0+0). 
Hence, it appears that if two expressions of the form 

♦ For the application of this formula to the solution of a cubic equation, 
see Appendix, Art. 9. 
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COS. ^ + >/ — 1 sin. ^ are multiplied together^ the product is a 
similar expression in which the two arcs are added together. 
To multiply the product by a third factor of the same form 
it will be sufficient, therefore, to add the third arc to the two 
other arcs, and so on, whatever be the number of factors. 

Consequently, if each factor is equal to cos. p + V — 1 sin. p, 
and the number of factor is n, 

(cos. ^-f a/ — 1 sin. 9)"=cos. n<}>+ >/ — 1 sin. n^ . . . 1 
Substituting - for f , formula 1 becomes 

fcos. --f '^ — 1 sin. -) =cos. f+ 'v^ — 1 sin. «. 

Extracting the nth root of both members of this equation, 
COS. ? 4- \/ — 1 sin. ?=(cos. ^ + V'— I sin. «)% 



n n 

1 

x _ . - / — . . \ 

or 



(cos. (p+ ^ — 1 sin. <f))"=cos. -+ V' — i sin. - . . .2 



Again, 
since (cos. -f a^— 1 sin. 0)"= cos.»i0 + V— 1 sin. m0. (Form. 1.) 

and (cos. ^ + v^— 1 sin. 0)» = cos. -+ 'v^ — 1 sin. -. (Form. 2.) 



n n 



.*. (CO8.0+ a/ — 1 sin. 0)»=:cos. — + 'v — 1 sin —0 .... 3 



n ' n 



Lastly, if COS. n(p+ V^l sin. n^ is multiplied by cos. nf — 
V — 1 sin. TKfy the product is 

cos.^w^ + sin.^w<p. 
But COS.2 TO(p + 8in.2 71^ = 1. (Art 19. d.) 
.-, l=(cos. 7i^+ \/— 1 sin. n(p) (cos. wp— V — 1 sin. nf). 

And . — - . =cos. w«— '^ — 1 sin. n^ 

COS. w^ + V — 1 sm. n^ 

But COS. »0 + >v/^ sin. n0 = (cos.0 + V^ sin. 0)". (Form. 1.) 

1 / . 

.". 7 ; — / — =- r- = cos. w(p— V — 1 sm. nf 

(cos. <p + V — 1 sm. <p)" 

or (cos. ^ + V — 1 sin. f ) =(cos. tk^ — v^ — 1 sin. ti^ 

or, since cos.ii0=cos.(— W0),andsin.w0=— 8in.(— n0),(Art8.24.a. 18.c.) 

— « 

(cos. (p+ >/ — 1 sin. 9) =co8. (^n<p)+ -/— 1 sin. (— n<p) . . 4 



Sect. III. DE MOIVRE's FOBMULA. 61 

Consequently the formula, (cos. p-f i^ — 1 sin. p)''=cos.ii^ 
-I- >/— 1 gin. n^ is true for any value of n^ whether positive 
or negative. This is the formula of De Moivre. 

a. Formula 2., (cos. ^ + ^^— 1 sin.^)" = cos.- -f '^~^\ sin. -, 

n n 

or v^cos. -I- V'— 1 sin. = cos. ? + 'v/ — 1 sin. -, 

being a radical, whose index n is integer and positive, ought 
to have n dijfferent values (Alg. Art. 165.), whilst the second 
member has only one apparent value. By the substitution, 
however, for ^ of all the arcs which have the same sine and 
cosine as <f , the number of values of the second member is 
rendered equal to that of the first member, viz. n. The ge- 
neral expression of these arcs is mx27r-t-(f or 2wi7r + <f (Art. 
30. !».): and the second member of formula 2. by the sub- 
stitution of this expression for <p, becomes 

COS. + ^ — 1 sm. -!— ^ 

n n 

This expression has precisely the same values as 
v/cos. ^ + \/— 1 sin. f. For since n is a whole number, 
f COS. H- V —1 sm. -] = COS. {2mir + <p) -♦- 

a/ — 1 sin. (2 m TT + ^) and suppressing the circumferences, 2 m tt, 
which have no effect on the value, 

(coi.?2»^ + V=r»in.^^^)"«co«.^+V^«ln.^ = ( y cos. ^ + V^l sin. ^)" 
Also the dlflbrent values of cos. -^^ — ^+ V^Tsin. — are in Dumber «. 

For if 7?i=0, the original value, cos. - V — 1 sin. -isob- 

tained. 

^c 1 XT. 1 • lx27r + <p ^ / — ^ . Ix27r + <p 
It m=:l, the value is cos. + '^ — 1 sm. ; 

2x27r + </) , /— ^ . 2x27r + </) 
?n=2, . . . cos. ^+'^— Isin. ^; 

, (w — l)27r + <P . / — T . (w— l)27r+(p 

7W=:w — 1 . COS. ^^ ^- + V — 1 sm. ^ '- ^ 

n n 

These values are all different; for 0, 1, 2, . . . . w— 1, 

T.- ui ^v, *!, , 0, 27r, 2x27r (w-l)2 7r 

bemff each less than w, the arcs - — ' * • • 

° n n n n 
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are different, and each is less than a circnmference : the values 

p - . ? . ♦ 2ir+(p . 27r+(p 

of the expressions cos. -, sin. - ; cos. , sin. . . . 

*^ n n n n 

(w — l)27r+(p . (w— l)27r + <p ^ ^ xi n 

COS. i^ ^ ^--^, siiL ^ ^ are consequently all 

12 n 

different ; and their number is n. ^ 

If to m are given continually increasing values m=ny 

ni=n+ 15 &c., the preceding values are reproduced. 

(»+l)^'r + * /o . 2w4-^\ 2ir-|-0 
ifm=n + I, COB. ^— ^— ^ i-^=cofl. i2ir + — XZi=co8. -^-^ 

* \ H / A 

Similarly, iln. — ^— iin. ij sin. ^ — !-— ^sin. — ^i See. &c. 

Consequently, the second member of formula 2. contains 
all the values of which the first is susceptible, if the arc is 

successively made equal to (^, 27r + ^> 2 x2v+f 

(n — 1) 27r + ^. 

b. The preceding observations are also applicable to for- 
mula 3., tike n different values of which are obtained by 
successively replacing p by 1 x 27r + ^, 2 x 27r + ^, • . . • 

(n—1) 2w + fy in the expression cos. — ^+ 'v/ — 1 sin. - f. 

In using this formula, it is necessary to reduce the frac- 
tional expression — to the lowest terms. 
44. In the formula, 



cos.n0 + '/— TBm.n0 = (cos.0 + '\^-.l sin.^)", . . . , 1. 
let n be integer and positive. 

Then if the arc ^ is changed to — 0, cos. (— 0)=co8. 0, sin. (—0)= —sin. ^ ; 
and the formula becomes 

cos.n0 — a/— 1 sin.n0 = (cos.0 — V— 1 sin.^)" . . . .2. 
Subtracting Eq. 2. from Eq. 1., 



. . ^ (cos. <p -f \/— I wn. 0)" — (cos. — a/— 1 sin, y^ 
8m.n9 ^ >v/iri~ .... 3. 

And adding Eq. 2. to Eq. 1., 

(cos. + ^ -^T sin. 0)" + (cos. — a/^ sin. 0)" 
cos. n0^ 2 L£^ .... 4. 



Form ing the powers of (cos. ^+ V ^l sin. f)", (cos. ^— 
v^ — 1 sin. ^)"by the Binomial theorem (Alg. Art. 139.); and 
omitting the terms which destroy each other, it is found that. 
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Formulae 5. and 6. express the sine and cosine of the mul- 
tiple arc n^,m powers of the sine and cosine of the arc f. 
The law of the terms is evident: and they are continued 
until a term is found which is equal to zero. 

45. To express the sine and cosine of any arc in terms of 
the arc. 

Let n be a whole number, so assumed that n^ is equal to 
any arc x. 

Then, since n^=x, 

X 

f 

f -V X fX V X ,x — c. ar(jr— ^) 
n (n— !)=-( — 1)=~ ( -) =-^^ — j-^. 

In the same manner, 
«(«-l)(n-2)(«-3)-?fc^)fcMi^:i3f), 

,(,-l)(n-2)(n-3)(n-4)=''(^-»)<''-^»)<^-»»)<'-'*»). &c. 

Substituting these values for n^, w, n(n— 1), n(n— 1) 
(n— 2), &0., in equations 5. and 6. of Art. 44. 

CO.. ,=co..- ,-f0 CO.. »-%.in.^+ ?'7W.^^*!t?^ ««• """^ -J^-"* -» *«• 
orco..x-co..-^.f^>co,.*"%'i^' + |<^^ 

K now ^ is indefinitely diminished so as scarcely to differ 
from 0, n must be indefinitely augmented so as scarcely to 
differ from 00, in order that the arc n^ or a? may have a finite 
magnitude. These are conditions which must be admitted in 
every investigation in which it is sought to express the sine 
and cosine of an arc in terms of that arc. 

Now when ^ is indefinitely diminished cos. ^ z= 1 and 

\J -=• 1 (Art. 30. 7^.). Admitting that the powers of 

cos. A and * ^ are, under these conditions, also each equal 

9 
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to 1, </) and n as well as the powers of cos. ^ and — -^ dis- 
appear from the formulae, which are reduced to 

_ x^ 3^ x' o. 

siaar-ar ^ g.S"^ 1.2.3.4.5 1.2.3.4.5.6.7"*" 

^'- ^ = ^-1:2 •*" 1:2:3:4 ■"1.2.3.4.5.6 + *^ 

a. If the series which expresses the value of sin. x is 
divided by the series which expresses the value of cos. ar, the 
result is the expression of tan. x in terms of the arc x. 

. .tan.g»— -« ^n "J^ " *^^ 3^8.6^3.3.5.7^**°- 

. 46. To express any arc in terms of the sine of that arc. 

Let the arc be denoted by ^ ; also let x = sin. <^, and there- 
fore v^ 1 — a:^ = COS. if> : 

And assume the indeterminate series ^ = a + sa; + coi^-f- D2r'+, &c 1. 

in which when ar = 0, ^ = 0, and therefore a = 0. 
Subtracting 2 from 1^ 

— 0'=B(a:— ar')-f c(a?* — a?^)H-D(a:3 — ar'3) + B(ar*— 3?'*)+, &c. 

Dividing both members of the result by ar — a/ ( Alg. Art. 22.) 

X 
Noir. »_,'=iin.4>-rfn. ♦'-(,- p;^ + j-5^^_,fte.)-(4K- j^ +jpj^[ij-j_,4c. Urt.45.) 

^ ^ 1.2.3 ^1.2.3.4.6 °* 

^ ^ 1.2.3 ^1.2.3.4.5 
1 



^ ~ lis (**+ «^' + /') + i.2.3.4.g (»*+ 0V+**^'*+#^''+/*), &c. 

Substituting this value o f^~ % in equation 3, 

— — T— — — ^— =B + C(« + *') + D(«« + ««' + ;r«)+,ftC.... 4. 

Making <^'=<^, and consequently x' = x, equation 4 becomes 
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= B -f 2 Car + 3 Dar^ -f 4 Ear^ + &c. 



1.2^1.2.3.4 



B = 


1 


C = 





D=: 


1 
2.3 


E = 





p — 


1.3 
2.4.5 


G = 





H=:: 


1.3.5 



*~ 1.2''* 1.2. 3. 4 
And (l-*»)~* = l + ^** + 0'* + riil**+*<^- (Alg.Art.m.) 

I g 14 1 

Since this equation is true for every value of or, the co- 
efficients of the same powers of x^ in the two members must 
be equaL (Alg. Art. 174.) 

Hence b= 1 
2c= . 

3d=. i . 

4e= . 

^^- 274- 
6g= . 
__ 1.3.5 

^^~2.4.6' • ""2.4.6.7 

It has been abeady found that A n 0. Substituting these 
values of a, b, c, &c. in the series 

^ = A + bo: + Cx'^ + IDa^ 4- Ear* + Far* + Gx^ + Har^ + &c. 
^ = ^ + 273^+2^75^+0:0"' + ^^ 

a. To express arc <f> in terms of the powers of cos. ^. 

Let X = cos. A; \/l—x^:= sin. 6 ; and assume the inde- 
terminate series 

^=A + Baf+ca?+Da:*+ &c. ; ^'^A + ax' + cx^ + i>x^+ &c. 
in which, when a:=0, or cos. 0=0, arc 0= ^, and therefore a = ^. 

If the series <^' is subtracted from the series <f>, and both 
members of the result are divided by ar — a/, 

^"" % = B + C (ar + ar') + D (ar^ + arar' + a:'^) + &c. 

And if for ar — a:' is substituted the value of the equivalent 
expression cos. ^ — cos. <^', which is 

- i (^^ - f ») + ^-2^ (^* - ^'*) - &c (Art 45.), 
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and the terms of the result are divided by ^ — ^', 

1 



-*(♦+*')+ 1:2!874 ^^ •*■ **^+ ♦♦'*•+ ^^ - **"• 



tB + c(« + «') + D(*«+««'+*^)+ Ac. 



Making ^=</>' and therefore xzzz^, this expi^ssion becomes 

1 



" ^"^rXs"" 172X475 + *''• 



= B + 2car + 3Da:* + 4Ba:'+ &c. 



But 



1 1 



+ &c. 



-^ (Art.45.)«z;^^^— (1-^H 



And-(l-i:»)-*= -l-i:c*-l^af*-l^a:«-&c. (Alg. Art. 175.) 

.-. -1— ^a:*-^ar*-i4^f«6— &c.=B + 2car + 3Da?«4-4Ba:»+ &c. 
'' 2.4 2.4.6 

Consequently^ as the co- efficients of the same powers of ;r 
are equal (Alg. Art. 174.) 

B=— 1; 0=0; D=— — ;b=0; p= — 2X5'*^' Also, A=|. 

If these values are substituted for a, b^ c^ &c. in the series 
^ =: A -f bo: + Cx^ + &c 

IT 1 , 1.3 s 1.3.5 -^ « 

or 0=^-CO8.^- ^COS.»^-2^^C08.«^-^-j^^ COB.^^- &c. 

b. The arc whose sine is x is frequently denoted by the 
symbol sin.~^ x and in like manner the arc whose cosine is x, 
by cos."^ X ; the arc whose tangent is x by tan.""^ x^ &c. 

Employing this notation, the formulae of this article are 
expressed thus : 

8m.-ix=x + ^x3+^x*+^i^yx^+&c.; ... 1. 

1 IT 1 - 1.3 - 1.3.5 « « -» 

C08.-lx= s—3?— ^r-rg^— - . g g^— ft >. a w a?^~ &c. . .2. 
2 2.3 2.4.5 2.4.6.7 

jSy x^9 &c denoting sin., sin.^, &c. of the arc in formula 1, 
and COS., cos.^, &c. of the arc in formula 2. 

In the second members, x is expressed in terms of radius ; 
and consequently the first member will be the value of an 
arc whose radius =: 1. 

If the first members be required in seconds, it is manifest 



Sect. III. POR COS x ; SIN. X ; TAN. X. 67 

that the sums of the terms in the second members must be 
divided by arc V or sin. V. 

47. Ifmtheexpre8sion8.*=l+f+J+^3+^ + &c.l 

_, - a:. x« a:» , ar* ^ f Art. 10.) 

X is replaced by x -v/— 1 and — ar by —x v/ — 1, the results are 

*V^--i ar^/— 1 g^ a;^^— 1 ar^ rr^V— 1 ^. 

' + 1 1.2 1.2.3 ■^1.2.3.4"^1.2.3.4.5 

^—x^—i _ .. arV— 1 gg ar^/y/ZIj ar* g^V— 1 __ « 

■" 1 1.2"^ 1.2.3 ■^'l. 2. 3. 4 1.2.3.4.5 

Adding the second of these expressions to the first ; then 
subtracting the second from the firsts and dividing the results 

by 2 and 2 V — 1 respectively, 

: ^ 1 -I- -^ 1- &c 1 

2 1.2^1.2.3.4 1.2.3.4.5.6^ 



2>v/-l ""'*' 1.2.3 "^1.2.3.4.5 ^ 

The second members of formulae 1, 2, express values of 
cos. X and sin. x respectively (Art. 45.) : 

.•.C08.:r=' ^ =^{a'^-' + a-^-^) ... .3 

Sin. X 
Dividing Eq. 4. by Eq. 3., and substituting tan. x for — ^ 

COS. * 

tan. X = . ( — = : — ;== 1 o 

or, multiplying both terms of the second member by fi'^"S 



tan. 






a. K 72 or is substituted for x in formulae 3, 4 and 5, 

COS. war = 1^ (g nW^ -f g-n«V-l ) 
1 
a/' 



2V — 1^ ^ 



1 /fi»*V^l — 5-»*V-i\ 1 

tan . nxzz—-=r { = ]:= — 



P 2 
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b. If both members of Eq. 5. are multiplied by a/— 1, 

sin. ar s '^^* -- €-'V=i 



COS. or e*V-i-|.g-*V-i' 



V — I tan. ar = \/— l 

C. Let € - = 0, € =:- ; 

Then, 2 coi. « » + ^ (Art. 47. Form. 3.) ; and 2v^l sin* ' » 9—g' (Art. 47 . Fonn . 4.) 

Also, 2» cos."ar=; (» + ^) = (| + ^) * 

1 • ^ 
1 1 w(n — 1) 1 , « ^ o 

Adding eq* 1, 2, together, and observing that 2 (2" cos. *x) = 2"'*"'cos."jr ; 

But 0" + 7ii» whatever be « =2 cos. nx. 

.• . 2« cos.'*a?=cos.?ur 4- n COS. (n— 2)arH- , ^T cos. (n— 4)a: + &c. 
d. 2\/^sin.a: = 0-^.-.2''(A/^)"8in."a:= (^— ^)"» or = 

i f « — 1 , the positive sign being used when n is even ; the negative 

sign, when n is odd. 
When n is even, (\/— 1)» disappears, and 

2" sin."ar=gn-n9»-^+ ^(^""^^ 0»-*~ &c. 

Adding, and proceeding as before \ 

2» sin. »ar = cos. nor — n cos. (n — 2)ar +^-^^ — ^-^ cos. (n — 4)ar — &c. 

When n is odd, 2*(A/=n)«sin.*»ar=0"-«0"-«+^!^^^ ^-*-- &c. 

Adding the series together, 
2»+i(>v/ZT)« Bin."ar=0»-I^^n(0»-2-. JLg) -j- &c. 

=2^—1 sin. war — 2nV— 1 sin. (n — 2)ar + &c. 

or, 2» (^^r-l)**~^ 8iri.»a: = sin. nx — n sin. (n — 2)a: + &c. 
in which (V— 1)**""^ disappears because n — 1 is even. 
The co-eflicients of the cosines and sines are identical with those of the 
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binomial theorem, and those which are at equal distances from the ex- 
treme terms are equal to one another. 

When n is even, one of the co-efficients of a; is ; and in this case 
twice the sum of the terms from cos.nx to eos. Ox, is the sum of the whole 
series or the value of 2» cos. "or. 

When n is odd, the term containing cos.Ox is the middle term: in which 
case, twice the siun of the preceding terms together with the middle term, 
is the sum of the series 2" cos.»x. 

e. Since s*"^ + g-^v^^i = 2 cos. x (Formula 3.) 

And €^^^ — £^V=4 _. 2 ^Ziri gin. ^ (Formula 4.) 
.•.by addition, 

2^*V— 1 — 2cosar-f2/\/— 1 sin.ar, and€'^~^^cos.ar+ a/— 1 sin.*. 
And by subtraction, 

2€"^^~^=2cos.a: — 2-/— 1 sin.ar, and €^*^""^ = cos.af— V^— 1 sin.a: 

*viir / — . 

. « %sy/^i cos.a: + v — l8m.a? 

«~*^--* cos.ar— V — lsui.ar 

or, dividing all the terms of the second member of this equa- 
tion by COS. a:, 

COS. X , / — — sin. X 



2 X ^_i COS. a? cos, a: 1 + a/ — 1 tan, x 

~' a/hi 55i^^1 — A/--1 tan. x 



cos. a; 



cos. X COS. X 

Taking the logarithms of both members, in Napier's sys- 
tem (Appendix, Art. 10.), 

/ 2* v^\ ^ 1 + V-^l tan. x \ . 

H« J=Hl_V^tan.J 

But the logarithm of the first member, in Napier's system, 
is 2x -\/— 1 (App. Art. 10.); and the log. of the second is 

J VZrr tan. X ^ ( V^HTtan. xf ^ ( V^^ tan, xf _^^^\ 

C 1 3 5 J 

Dividing every term of this expression by 2 V — l, 

tan. X ,■ , — =-.2 tan.^ar . , , — r^^ tan.^a: , ^ 
:p=:— y— +(^/-l) — 3— -h(A/-l) — g— .+ &C. 

Now, (Vin')s«-.l ; (\/i:r)4=(-l)x(-l)=+l; (\^^)6=:(-l)x(-l)x(-l)=-l ; &c. 

tan.®ar . tan.^ar tan.^x ^ 

.'. ar =tan. ar ^ — + — = = h &c. 

o o 7 

This is Gregory's formula. It may be employed in the cal- 
culation of the value of tan. ~^x^ when tan. x iai known. 

Let X be an arc of 30° : 

p 3 - 
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Then x =?|^=^ : tan. a: = tan. 30° = -^ (Art. 33. c.) 
6 o V 3 



^^6=71~373 



1 1 o 

^■^6^73^""VVF"*" 
1 1 



^ 7r_ 1 _l 

6 -^Tl'^ 3.3 >v/3 6.3^ V^ 7.33 V3 "^ *®- 
_2v^ 2v^¥ 2^3^ 2^/3 

•'•'^"""T 3.3 "^Xa^ 7.33+^^- 

On account of the radical quality, 'v/3, the labour of de- 
termining TT from this series is very considerable. 
If X is an arc of 45°, 

X = —T—> =2 ^^^ *^^- ^ = ^^^'^' 45°= 1 (Art. 33. rf.) 

5_ 1 1_1 11. 
•'•4""^ 3'*'5 7"*'9"ll"*"^^' 

This series converging too slowly to be of any practical use ; 
suppose that the arc 45° is divided into two arcs A and b : 

Then, since tan. (a + B)=f— i y~ — (Art.37.)> and tan. (A-f B)=tan.45^=l' 

- _ tan. A + tan. B 

"~ 1 — tan. A. tan. b' 

.•. 1 — tan. A. tan. b = tan. A -f tan. b. 

1 — tan. A 



and tan. b = 



1 + tan. a' 



Giving to tan. A the arbitrary value ^9 

1 1 

tan. b = T — 1^ = i -T- 1 =r 4. 

Consequently the length of the arc A is given by the series. 



A = T-s — ;r-iTir + 



— s-^ + 



1.2 3.23^5.2^ 7.27 ^9.2^ 
and that of the arc b by the series 



— &c. 



b = 



' + 1 



-TT^^ 



1.3 3.33 ' 5.3* 7.37^9.39 



— &c. 



TT 



Whence, since the sum of the arcs a, b is 45° = -y 



' + ' 



^ +J^-Sic 



9r = 4 



1.2 3.28 ■ 5,2* 7.27^9.29 
^U.3 3.33^5.3* 7.3' ^9.39 "^/, 
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The yalue of tt can be found more easily from this than 
from the preceding series^ which involves the radical quan- 
tity Vs. 

48. The numerical values of the sines and cosines of 15% 
30^ 45^ and 15% which are given in Art. 33. may be em- 
ployed to test the accuracy of the trigonometrical tables. 
The values of the cosines of 36** and 72** are useful for the 
same purpose. 

Now, from the definition of the sine of an arc (Art. 30. a.), 
and from Euc. iii. 3. it follows that the sine of any arc is 
equal to half the chord of twice that arc. Therefore the 
sine of an arc of 18** is equal to half the chord of an arc of 
36°. But an arc of 36** is the tenth part of the whole cir- 
cumference : and therefore the chord of 36** is equal to the 
side of the inscribed decagon. Again, it may be inferred 
from the construction of the problems Euc. iv. 10. and vi. 30., 
that the side of a decagon inscribed in any circle is equal to 
the greater segment of the radius of that circle, divided in 
extreme and mean ratio. 

Hence, making rad.=: 1, and side of decagon = ^, 

x^:=l (1— ar)=l— ar 
Consequently (Alg. Art. 119.), x=k( ^5-l)=rchordof 36% 

.-. sin. 18**=i.(^5"-l) 

••. COS. 72**=J('v/5-l)• 
Next, to find COS. 36° =cos. 2 x 18** = cos.^ 18** - sin.^ 18°. 
(Art. 34. a.) 

C08.n8**=l— 8in.n8°=l— (i(V'5~l))«=l— -V(5— 2v^5+l)=^(10-f2V^5) 

.-. COS. 18°=1v/10 + 2a/5 

4 

Andcos.36°=A(10+2V5)--A(5-2V^+l)=A-»-Av'5^K^5-|-l). 

Whence also sin. (90** -36°) or sin. 54**=^( ^^5^+ 1) 

a. In this section are investigated a considerable number 
of the more important trigonometrical formula3. The variety 
of trigonometrical expressions is, however, endless ; and un- 
known formulas must, in consequence, be often met with. 
The easiest method of testing the accuracy of such is to 

F 4 
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verify them by means of other and known relations of the 
quantities of which they are composed. 
Thus, to verify the expression 

sin, (a+b) sin. (a— b) =sin.^ A— sin.^ b ; 

if sin. (a + b) and sin. (a-b) are replaced by their known 
values (Art. 31.), 

sin. (a + b) sin. (a— B)M(iiB.AC0B. b + ooi.a 8in.B}(Bin.Acof. b— oos.a sin. b), 

=sin.^ A cos.^ B — cos.^ A sin.^ b. 
Next, if 1 — sin.^ b, 1 — sin.^ a, are substituted for cos.^ b, 

OOS.^ A, 

8in.(A-|- b) sin.(A— B)=sm.*A(l — sin.*B) — sm.*B(I — sia.*A)=sm.*A--8m.*B. 

The expression proposed is therefore reduced to the iden- 
tity sin.^ A— sin.^ B=sin.^ A— sin.^ B. 

To verify the expression cos. a=ytt — Vf~ > 

1 -r tan. -^ A 

If for tan.^4 A, is substituted its known value — * ^ , the 

^ C0S.2^A 

, , cos-^iA— sin.^4A J .1 J . . 

numerator becomes ^ — s-i ^— , and the denommator 

COS.^^A 

2 1 A I o:*i 2 1 



cos.'*|^A4-8m.-*^A 



cos.^^ 



1 —tan, ' jA _ co8. 'j A—sin, '|A co8.'|A4-sm.^^A co8.^^a— sin.'jA 

•l+tan.*^A cos.*^A C08.*|A cos.*|A-fsin.*^A' 

But cos.^ ^A— sin.^|A=:cos. A (Art. 34. a.) ; and cos.^|^A 
•f sin.2 1 A=l. (Art. 19. d.) 



cos.^ j^A— sin.^ ^A __COS. A 
cos.^ ^ A + sin.2 ^ A "" ~~T 



-, and the expression cos. A =r 



1 — tan.*"^ ^ A . 

r-TT — *o T is reduced to the identity cos. a=:cos. a. 

1+tan.^^A -^ 



73 



SECTION IV. 

OF THE CALCULATION OF THE TBI60K0METBICAL TABLES. 

49. In the sixth proposition of the tract on the circle (Euc. 
page 176.), it is prov^ that the perimeter of a regular po- 
lygon of a very great number of sides, circumscribed about or 
inscribed in a circle does not sensibly differ from the circum- 
ference of that circle. Now, by assuming a value of tt, 
which is correct to 25 places of decimals, it has been found 
in Art. 30. /?., that the length of the arc of 1" (the radius 
being 1) is •00000484813681107992 +, and from this result 
(assuming that the arc of 2'^ does not differ £rom its chord), 
that the same number expresses the value of the sine of V\ 

The accuracy of this determination can be tested by the 
formula of Art. 45. 

sin. ?= ^--Ig + 2^4:5-2.3.15.6.7 + **^ 

For, putting the second member of this series under the 
form. 



^i'-i+m-^-^^^) 



And considering the part 1 — ^4- :^ — ^f.^ -f &c. : if 

^=0, this expression is reduced to 1 ; and if ^, without being 
0, is a very small arc, for example V\ the first term 1, which 
expresses the numerical value of an arc of 57^.29577 H- 
(^t. 14. /.) must exceed the value of all the remaining 
terms of the series. Hence it is evident that, when 9 is a 

very small arc, the value of each term of the series f — i- -f 

o 

^j~r— &c. is greater than the sum of all the succeeding 

terms. 

Consequently, the signs of the terms being alternately + 
and — , the value of sin. p is less than that of the sum of any 
odd number of terms of the series, and greater than that of 
the sum of any even number of terms of the series. 
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Denoting therefore by f an arc of V\ 

sin. (p < (p, 

sm. (p > (p— ^. 

Now (f =.00000484813681107992783713371 + 

and I- =.0000000000000000189921 1577633 + 
o 

.-. ^-|-=.00O00484813681106093572135738±, 

The value of sin. 1" is therefore comprehended between 
two numbers which have the first sixteen figures common^ 
and differ by less than two Units of the seventeenth figure. 
These sixteen figures consequently belong to the true value 
of sin. 1''. 

in the twenty-ninth ^lace, affects only the last figure of the 
last preceding approximate value of sin. V\ 

The value of sin. V^ being determined^ that of cos. 1'' is 
obtained by substituting the numerical value of sin.^ 1" in 

the formula cos. ^:= Vl — sin.^ (p. 
Making this substitution^ 

COS. 1''= ^l -.0000000000235044305387650261383236 -h 

or COS. 1"=: V.9999999999764955694612449738616764 

or COS. l''=.9999999999882477847 + 

Sin. 1" and cos. V^ being determined^ sin. 2^' and cos. 2'' can 
be found by substituting the numerical values of sin. 1'' and 
COS. 1'' in the second members of the formulae 

sin. 2a=2 sin. A cos. A ; cos. 2 a=co8.^ a— sin.^ A, which 
thus become 

sin. 2''=2 sin. V cos. V; c<ft. 2''=cos.2 I'^-sin.^ 1^ 

Or, more generally, the numerical values of sin. 2'^ cos. 2^', 
sin. 3'', cos. 3^', sin. 4'^, cos. 4'^ &c., can be found from those 
of sin. V\ COS. V^ and from each other, by means of the for- 
mulas 

sin. (a + b) =sin. A cos. b + cos. A sin. b : 

COS. ( A -f b) = COS. A cos, B — siu. A siu. B. 
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From these formulae are thus successively obtained^ 

sin. (I'^-f I'O =■ sin. V cos. I'^ + cos. 1'' sin. 1" 
or sin. 2^''=2 sin. V cos. 1'' 

COS. (l'^+ l")=cos. 1'' COS. l''-sin. 1" sin. V 
or COS. 2"=cos.^ I'^-sin.^ V 

sin. (2''+ l'0=8in. 2'' cos. I'^ + cos. 2'' sin. V 
or sin. 3''=:sin. 2" cos. l'' + cos. 2" sin. 1'' 

COS. 3''=cos.2" COS. F'— sin. 2" sin. 1'' 
sin. 4"=sin. 3^' cos. F' + cos. S'' sin. V 

COS. 4''=cos. 3'^ COS. 1''— sin. S'' sin. 1'' 
&c. &c. &C. 

a. The calculation of the numerical values of the sines and 
cosines of angles is made with less labour by means of two 
formulae^ which are found thus^ 



=rsm. A COS. B +COS. A sm. B 
A COS. B— COS. A sin. B 



to sin. (A-f- B^rrsin. 
add sin. ( a — B) = sin. 

.*. sin. (A + B)+sin. (a— b)=z2 sin. A cos. B=2 cos. B sin. a. 

Transposing, sin. (a + b)=:2 cos. Bsin. A— sin. (a— b) • . . 1 

In like manner, 

from the formula cos. (a+b)=co8. a cos. B + sin. A sin. b, 
it isfoundthatcos. (a + b)=2cos. Bcos. A— COS. (a— b) . . 2 

The angles or arcs A— B, A, A + B, are three terms of an 
arithmetical progression, whose ratio is B : denoting a— B, a, 
A + B, by ty Py f, respectively, formulae 1, 2, become 

sin. f^=2 COS. B sin. ^— sin. t .... 3 

COS. f' = 2 COS. B COS. ^ — COS. t .... 4 

Whence, if two consecutive terms, sin. t, sin. f or cos. ty 
COS. ^ are known, the third term sin. ^' or cos. f^ is obtained 
by multiplying the second term, sin. f or cos. ^ by 2 cos. b 
and subtracting the first term sin. f, or cos. f, from the 
product. 

Consequently, making b = 1'' and denoting the numerical 
values of sin. 1", cos. V^ hjs and c, the sines and cosines, 
from second to second, are given by the following formulae, 

sin. =0 

sin. V'=s 

sin. 2''= 2 c sin. V 

sin. 3''= 2c sm. 2" -sin. 1'' 

sin. 4"=2c sin. 3'' -sin. 2'' 
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COB. =1 
COS. l''=C 

COB. 2" =2 c COS. 1''— 1 
COS. 3^'=2 c COB. 2''— COS.- V 
COS. 4''=2c COS. 3^'— COS. 2^ 

b. The calculation of the numerical values of the sines and 
cosines from these formulae is still susceptible of some abridg- 
ment. 

For since c=.9999999999882477 + 
1 -c=.0000000000117522 + 
and 2 -2 c=. 0000000000235044 + . Denoting this dif- 
ference by dy 

rf=2— 2c, and 2c=2— rf. 

Substituting 2— rf for 2 c in formulas 3. and 4, 

sin. f'=(2 — d) sin. f—sm. t 
or sin. ^'=2 sin. t'—d sin. <'— sin. t 
or sin. ^'— sin. ^=(sin. ^— sin. ^)— rf sin. <'.... 5 

This formula shows that if the difference between the 
known terms sin. f and sin. t is diminished hj the product 
d sin. ^, the result is equal to the difference sin. f' — sin. f. 
Now since sin. t/ sin. t and d are known, this difference, 
sin. ^' — sin.^ can be found: then adding it to sin f, the 
result is sin. t/' 

The only laborious process by this method is the calcu- 
lation of d sin. fy an operation which must be repeated for 
every sine. The labour may, however, be abridged by 
forming at first a table of the products of the significant 

figures of dy viz. 235044, by the figures 1» 2, 3 9, and 

employing this table in the manner pointed out (Arith. 
Art. 61.). ^ 

The cosines may be calculated in the same manner from 
the analogous formula 

Cos. <" — Cos. ^^ = (Cos. ^^ — Cos. f) — rf Cos. ^ 6. 

If the numerical values of the sines and cosines are cal-* 
culated, not from second to second, but from ten seconds to 
ten seconds, it will be necessary to substitute the numerical 
values of sin. 10'' and cos. 10" for sin. 1'' and cos. 1" in the 
preceding formulas : and if they are calculated froni minute 
to minute, the substitution of sin. 1', cos. 1' for sin 1'', cos. 1" 
will, in like manner, be necessary. 

c. When an angle exceeds 60**, the numerical value of its 
sine may be obtained by adding together the values of the 
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sines of other angles which are each less than 60^ For, in 
the formula, 

mn. (b + aW sin. (b — a) = 2 cos. B. sin. a (Art. 39.), 
or sin. (b + a; = 2 cos. B. sin. a + sin. (b — a), 
if B = 60% COS. B =cos. 60*^=^ (Art. 33. a).; 

.'. sin. (60° + a) = 2 X ^ sin. A + sin. (60^* — a), 
or sin. (60° + a) = sin. A. + sin. (60° — a). 

Hence to find, for example, the sine of 65° or sin (60° + 5°), 
it is only necessary to add the sine of the angle 5° to the sine 
of the angle (60° — 5°) or 55"^ , and the sum is the sine of the 
proposed an^rle. 

^e numerical values of the sines from to 90° being 
computed, those of the cosines are given by the formula 
cos. A = sin. (90° — a). 

d. If the numerical values of the sines and cosines of all 
angles from to 30° are computed, the values of the sines 
and cosines of angles from 30° to 60° can be obtained from 
them by addition and subtraction. For, if in the formulae, 

sin. fn + aW sin. (b — a) = 2 sin. Bcos. A (Art. 39.), 
COS. (b — A) — COS. (B H- a) = 2 sin. B sin. a, 

B represents an angle of 30°, sin. b =z ^ (Art. 33. b.) ; 

therefore 2 sin. B =: 1, 

and consequently, sin. f 30° + a) + sin. (30° — a) = cos. a ; 

COS. (30° — a) — COS. (30 + a) = sin. a; 
or sin. f 30° -f a) = cos. A — sin. (30° — a) ; 
COS. (30° + A) = COS. (30° — A) — sin. A. 

Making A = 1° ; sin. (30° + 1°) = cos. 1° - sin. (30° - 1°), 

or sin. 31° =cos.l°— sin. 29° 

Making A = 2° sin. 32° = cos. 2° -sin. 28° 

..... 

Similarly cos. 31° = cos. 29° — sin. 1° 

COS. 32° = COS. 28° - sin. 2° 

..... 

It is not, however, necessary to continue the determination 
of the values of the sines and cosines, by this process, beyond 
sin. 45° and cos. 45° ; for these being known, the values of 
the sines and cosines from 45° to 90°, are given by the 
formula3 sin. A = cos. (90° — a) ; 
COB. A = sin. (90® — a) ; 
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SO. The numerical values of the tangents and cotangents 
of angles from to 45% may be computed from the ex- 
pressions 

tan. A = — '— (Art. 19. c\ 

COS. A ^ ^ 

cot A = . (Art 25. b\ 

sm. A ^ ^ 

The tangents and cotangents of angles greater than 45® 
are determined from the cotangents and tangents of angles 
less than 45 , by the formulas 

tan. A = cot. (90** — a) ; 
cot. A = tan. (90^ — a). 

Otherwise ; the tangents of angles from to 90** may be 
calculated by the formula tan. A = — - — ; and the cotangents 

COS. A 

determined from the tangents by the formula cot A = 
tan. (90°— a). When this method is followed, it is only ne- 
cessary to calculate the values of the tangents from to 45° ; 
after which the calculations may be abridged. 

For since tan. (b + a) = =-^=^- — =——^ — (Art. 37.), 

^ — ^ 1 -f tan. B tan. A ^ ^\ 

and since, if B = 45° ; tan. b = 1 (Art 33. d), 

.X /ARO , \ 1 + tan. A 

.•. tan. (45 + A) = - zr^ 

^ — ^ 1 + tan. A 

. «. /^eft . N * ^Atn V 1+tan. A 1— tan. A 4 tan. a ^ 2 tan. a 
.^tan.(460+A)-tan.(460-A)=^^:^^^-p^:^J^-J-^^^^ 

But 2 X :j — ^^'\ = 2 X tan. 2a (Art. 38.), 
A ^■~ xan. A 

.-. tan. (45° + a) — tan. (45° — a) = 2 tan. 2 A, 
or, tan. (45° + a) = 2 tan. 2 a + tan. (45° — a). 

Consequently the values of tan. A from to 45° being 
known, the values from 45** to 90** are obtained from them 
by giving to A values from to 45°, thus 

tan. (45° +1°) = 2 tan. 2x1° + tan. (45^ - 1°) 
or, tan. 46° = 2 tan. 2° + tan. 44° : 
similarly, tan. 47° = 2 tan. 4° + tan. 43°. 

a. The numerical values of sec. a from to 90° may be 
found from the formula 

sec. A = (Art. 23. b.); 

COS. A ^ '" 
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and those of cosec. a from the formula 

cosec. A = sec. (90°— a). (Art. 26. b.) 

The values of the secant and cosecant are not given in the 
trigonometrical tables. 

51. It appears from Articles 49* and 50. that the values 
of all the trigonometrical ratios from to 90°, proceeding 
irom second to second, or in any other progression, may be 
derived from the values of sin. 1'', cos. V\ and sin. 2'^ by 
addition, merely. If this method is followed, an error in the 
value of the sine of any angle must of necessity affect all the 
results which follow it. It consequently becomes necessary 
to have some independent mode of testing the accuracy of 
the determinations. The numerical values of the sines and 
cosines of certain angles, determined in Articles 33. and 48., 
may be employed for this purpose. If the values of the sines, 
&c., of these angles agree with the values of the sines, &c., 
of the same angles, obtained by the processes of Articles 49. 
and 50., it may be concluded that the results are accurate. 

The most general formula of verification is obtained from 
the expression 

sin. (b + a) — sin. (b — a) = 2 cos. b sin. A. (Art. 39.) Thus, 

1st. Let 36° be substituted for b, and the numerical value 
of COS. 36°, which (Art. 48.) is i( V 5 -|- 1), for cos. B, 

.-. sin. (36°+ a) - sin. (36°- a) = ^( ^^5 + 1) sin. a 1 

2d. Let next, 72° be substituted for b, and the numerical 
value of COS. 72", which ib l{ 'v/5 — 1) for cos. 72° ; 

.•.sin.(72°+ A)-sin.(72°-A) = ^(^/5'- l)sin.A 2 

Subtracting equation 2. from equation 1., 

sin. (36° -I- a) — sin. (36°— a) — sin. (72° + a) + sin. (72°— a) = sin. a, 
or, sin. A -f- sin. (36°— a) + sin. (72°+ a) = sin. (36°+ a) + sin. (72° — a). 

This is the formula in question. In using it, different 
numbers expressing degrees, or minutes, or degrees and 
minutes, &c., are substituted for a ; thus. 

If A = 1°, sm. 1° + sin. 35° + sin. 73° = sin. 37° + sin. 7 1°. 

Then adding the numerical values of sin. 1°, sin. 35°, and 
sin. 73° into one sum, and the numerical values of sin. 37° and 
sin. 71° into another, if the two results agree, it may be con- 
cluded that the sines of 1°, 35°, 73°, 37°, and 71° are ac- 
curately determined. 



sin. x-rzx-^ 
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Similarly, 

if A = 2^ sin. 2° + sin. 34° + sin. 74** = sin. 38° + sin. 70°. 
62. The values of the sines and cosines from to 90° may 
also be found from the series 

x^ x^ ^ l_ o 

17273"^ 1.2.3.4.5 1.2.3.4.5.6.7 

by assuming tt = 3.14159 +, makmg a: = -. g, and assignmg 

successive values to — , so that — .^r may be made to express, 

in succession, angles of V\ 2'', 3'' ... 1', 2' ... 1°, 1 1 , 
&c 

If — .^ is substituted for a:, the series for sin. x and cos. x 
become 



3 ifi m* TT^ 



m IT m IT tn .. ..- 

^"^^ n'2-w*2~n5'i.2.3.23"''n*'*1.2.3.4.5.2* 

^'•^•2 =^ "^•1:2:2-^ "^^-1. 2.3.4.2* •*^- 



- &c 



TT TT^ 



By the substitution of numerical values for ^9 ^7272^* 
■ 3 , &c., these series are reduced to the following ex- 



pressions : — 

Sin.? .900= 1.57079632679489619. . x - Cos.?. 900=1.00000000000000000. . x ^ 
- .64596409760624625 . . x ^ -1.23870065013616983 • • X -, 






+ .07969262624616706 • • X ^ + .25366950790104801 . • X -;jj4 

- .0046817641S631869 • • X ^ - .02086848076335296 • . X ^ 
+ .00016044118478736 . . X ^ + .00091926027483943 • • X -;^ 

- .00000359884323621 . . X ^ - .00002620204237306 . . X "j^ 
+ .00000005692172922. • X ^ + .00000047108747788 . . X 7^ 

— .00000000066880351. . X ^ — .00000000638660308 . . X ^ 

•m17 m^* 

+ .00000000000606694. . X -;^ + .00000000006566963 .. X "^ 

•«19 fl»^B 

— .00000000000004877. • X -jps - .00000000000052944 . . X "j^ 
+ .00000000000000026. • X -j^i + .00000000000000344 . . X -j^jo 
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From these series are obtained the values of the sine and 

cosine of V^ by making — =z -.^ -^^ ; the values of the sine 

•^ ° 71 324000 

" , m \ 

and cosine of 1' by making — =: ^^^^ ; the values of the sine 

•^ ^ n 5400 

W2 1 

and cosine of 1° by making — = — , &c. 

Since it is sufficient, for the completion of the trigono- 
metrical tables, to know the sines and cosines of angles 

from to 30° (Art. 49. d\ the fraction — need never be 

greater than ^, These series must consequently converge 
very rapidly. 

a. The values of the sines, cosines, &c., of arcs or angles, 
determined by the processes of Articles 49, 50. and 52. are 
called natural sines. The sines and cosines of angles from 1'' 
to 89° 59' 59'', the tangents of angles from 1" to 44° 59' 59", 
and the cotangents of angles from 45° 0' 1" to 89° 59' 59" 
(each inclusive), being less than 1, their values, if expressed 
decimally, contain no integer figures. In order that the 
values of all the ratios may be partly expressed by integer 
figures, the values which are given in the trigonometrical 
tables have been multiplied by 10000. The results, thus ob- 
tained, are said to be calculated to a radius of 10000. 

53. In most of the calculations into which the trigono- 
metrical ratios are made to enter, the numerical values of 
these ratios are not themselves employed, but their logarithms. 
The values of many of the ratios being less than 1 (Art. 
52. a.) their logarithms must have negative characteristics. To 
obviate this inconvenience, the values of the sines, &c., are 
multiplied by 10000000000 = 10^^ or the logarithms of their 
values are increased by 10. By this means the characteristics 
of the least numbers of the tables are rendered positive. For 
example, the natural sine of 1" being .000004848 +, the 
characteristic of log. sin, 1" is — 6. Increasing the charac- 
teristics by 10, that of log. sin. 1" becomes + 4. 

On account of the 10 added to the characteristic of the 
logarithm of every natural sine, cosine, &c. (or the multipli- 
cation of the value of the sine, cosine, &c., by 10^^), the 
logarithmic sines of the trigonometrical tables are said to be 
calculated to a radius of 10000000000. 

The logarithms of the natural sines may be f6und from 
tables of the logarithms of numbers ; or the logarithmic sines 
may be calculated immediately from the formulae 

G 
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^'"•''^''"rXS ■'"1.2.3.4.5" 1.2. 3. 4. 5. 6. 7"*" ^"^ 

COS. ^=1-172 "^1.2.3.4'"1.2.3.4.6.6 "*" *''• 

The series which expresses sin, x may be put under the 
form 

«'°- ^ = K^ - rti + 172X475 - *^ )• 

Then, if sin. ar = 0, ar may be equal to or tt, or 27r, or 
Stt . . . or 71 TT, {n being any whole number) : or x may be 
equal to — tt or — 27r .... or — wtt, &c. 

Regarding the series 

8in.x(=0) = x(l-3-^ + j-2^^ - ^"^ 

as an equation, 0, tt, 27r, Stt, &c, — tt, — 27r, — Stt, &c., 
are its roots. 

If - is substituted for x. and the equation is reduced to 

y 

the form 

Or, 

Or, dividing by y", 

2.3.y* 2.3.4.5.y* \ wy/\ vyl\ 27ry/V ^icyi^ 

Or, replacing - by ar, -^ by ar^, &c. 

y y 

Hence, sin. ar = arri 2) C^ ""Z""^)' ^^' 

Or, substituting — . ^ for ar, 

»•»• « • 2 -¥ • 2(*-4Jr«j(^-i6i?)(l-36^;' *"• 
Taking the logarithms of both members of this equation 



Sbct. IV. LOGABITHMIC SINES AND COSINES. 83 

in the system whose base is 10, and denoting the logarithms 
of this system by the abbreviation, log. 

log. sin. f .|=log. . +log.g + log. (l-^) + log. (l-jg) + &c 

or, ilnce log. 2^aIog. m-4og. 2->log. », and lince 1— ^ «■ ^^, a ^ — ^^ -^ 

.-.log. (l— ;^) =log.(2n-i-m)+log.(2n— m)— 21og.2r~21og.fl, 
. ' b^ substitution, 
log.sin.— .^=log.ir+log.f»— 3log.2— 3log.n+log.(2n4-ft)+log.(2n~)n), 

+ log.(l-£) + log.(l-^,)+&c 

(jj|2 \ / ^8 ^4 ll|6 \ 

^■~?^V = ~V4^"*"2:4^*"^3:4^6''" &c-j-(^PP-Art-10.) 

Similarlj, log.(l-^)= - m(^^+2^+^)+ &c 
, l\—m^\ / »i' . m* . »i® . \ 



In the same manner are found 

.2. , «„2 



log.cos.^,|=log. (l - ^) +lpg. (l - ^,) -flog, (l - ^)+ &c. 
log. COS. ^.^=log.(»-m)+log.(»+m)— 21og.n+log. (l — ^A 

•t 

log. (1 - 53^) = - M (s3;j3 + 273%* + 273^;? + &C.) 



Now, in the series which expresses log. sin. — • -5* it is 

W^ Wl^ Wl^ 

evident that the terms -r^-5, ^:r-:» ^t-">5 &c«* niay be written 

4^n^ o'W' o''»^ 

G 2 
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(42 + g2 + 32^- 102 + ^^') ^5 whence, since all the 
terms of this part of the expression are multiplied by — M, 

the coefficient of —5 is — M f^ + ^+ 8^ "^ 10^ "^ &c. \ 
Similarly, 

the coefficient of -4- is — ^m^j^^ 64"^8^"^ 10* "*" ^7 

nfi . 1 /I 1 1 1 . \ 

^is-;M(^+g,+ gB+io-^ + H 

^^ ' 1 /I. 1.1. 1 .Q.\ 



1111 
The value of the series 42+62+02+10^+ ^^-^ ^^ 

• 1612335167120566 +, and the product of this number by 
M, (or. 43429448 + , Alg. Art. 214.), is .070022826605901 + : 

this is the value of the coefficient of —^. 
The coefficient of — r, found in the same manner, is .001117266441661 



m 



6 



^, . . . . .000039229146453 



The value of log. sin. — . -, contains two terms which may 

be expressed by their logarithmic vajues : viz. log. ir and 
— 3 log. 2, or — log. 8. The 10 which is added to the log. 
sines to render their characteristics positive may be combined 
with log. TT and — log. 8. 

From 10 + log. ir = 10.497149872694134, 

take log. 8 z= . 903089986991944, 

.• . 10 + log. TT — 3 log. 2 = 9. 5540598857021^0. 



Substituting this value for 10 -f log. tt — 3 log. 2, the 
values of the coefficients of —2, ^, &c., for the numerical 

series ^ M (^ + gr, + 55+ &c). 



n^ TV 



i 
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111' 

- ?m(44+ 64+ ^4 + &c)» &c., and ^ 90« for J. |; 

Log.sin. — .90°=log.m. -f log.(2w-?n) + log.(2w + »n)-3log. n, 

+ 9.694059885702190.. . .(a). 

- .070022826606901.. x^ .(b). 

- .001117266441661.. x^ .(c). 

- .000039229146453.". x^ . (cT). 

- .000001729270798.. x^ . (A 



- .000000084362986.. X 



- .000000004348715.. X 






- . 00000000023 1 93 1 . . X ^ 

- .000000000012659.. x^ 



- . 000000000000702 . . x -W 

1 o 
20 



^1« 



- . 00000000000003 9 . . X '^ 



w^<> 



From the expression. 



log. COS. — . q^=:log. (»— m) + log.(n + m)— 2log. n, 

- «(33+5-+f2+ &c)-5, 

-fM(3-4 + 54+7i+&c.)^' 

• t • / i ■ 1' . 1 D \ »»® 
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may be obtained^ in nearly the same manner^ the result 
following: 



m 

+ 10.000000000000000. 



Log. COS. ^ 90^ = log. (w — m) + log. (» + m) — 2 log. «. 

7v 



m^ 



- . 101494859341892. . x -^ 

- .003187294066461.. x^ 

nr 

nfi 

- . 000209486800017 . . x -^ 

nr 

- . 000016848348597 .. x -g 

n 

- . 000001480193986 . . x -tq 

n 

- .000000136502272.. x ^ 

- .000000012981716.. X -ri 



- .000000001261471.. X 






- . 0000000001 24667 . . x -^ 



- . 000000000012456 . . X 



„.8 



n^^ 



.000000000001258.. X 

71 

. 000000000000128 . . x ^. 

. 00000000000001 3 . . X ^ 

n 



The log. sines and cosines may be computed from these 
tables to 15 places of decimals, provided the logarithms of the 
numbers my 2 n — m/ 2n-\-my &C.5 are taken to fifteen places. * 

Since the value of*- need not exceed ^« and the value of 

* The logaritlims of numbers, to 20 places of decimals, may be found 
by means of Tables I., 11., m., given at the end of Gardiner's Tables of 
Logarithms : edit Lond. 1742. 
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n, in seconds, is 90x60x60=324000, therefore mis not 
greater than 162000; 2 n— m not greaterthan 486000; 2 n 4- m 
not greater than 8 10000, &c. The values of these consequently 
consist of not more than six figures. 

54. The log. sines of the tables in common use do not 
contain more than six or seven places of decimals. To have 
this degree of approximation, it is not necessary to take the 
logarithms of wi, 2 w— w, 2 w + m, &c., or the coeflScients of 

— 5> -4> &C., to more than six or seven figures, except in 

finding the log. sines of very small arcs, when it will be con- 
venient to employ a greater number of figures than seven. 

As an example of the application of these tables to the calculation of the 
log. sine of an angle, let it be required to find the log. sine of 9°, to ten 
places of decimal figures. 

In this instance, since — 90°=9®, —=77: ,".m=l, n=10: 

' n n 10 ' ' 

2n — m=19; 2n + OT=21; 3 log. »= 3 log. 10; -^=Joo' ^°- 

Log. m=log. 1 =0 

Log. (2n— wi) = log. 19 , . , . = 1.2787536009 

Log. (2n + OT) = log.21 = 1.3222192947 

(a) (table, page 85.) = 9.5940598857 

12.1950327813 (a) 

— Slog. n= — 3 log. 10 .... =—3.0000000000 

— .07002282 + . X T^ .... = — 0.0007002282 

— . 001117.. Xttt^ctt =—0.0000001117 

— . 000039... XTTnrirnnr .... = — 0.0000000000 

— 3.0007003399 (b) 

The diff. of the absolute numbers marked (a), (b) is 9.1943324414: 
and this is the log. sin. 9° to ten places of decimal figures. 

56, Since tan. a= — '— ; log. tanw A=log. ( — '—] =log. sin. a— loff. cos. a : 

COS. A ° ° VCOS.A/ ° ° 

J . ^ COS. A , . , /cos. A\ , , 

and smce cot. a = —, — , log. cot. A=log. I -; I = log. cos. a — log. sm. a. 

oIU. JL \SxU. Af 

The log. tangents and log. cot. may consequently be ob- 
tained from the log. sines and log. cosines, by subtraction. 

a. As the log. sines of the trigonometrical tables may be 
found by taking the logarithms of the natural sines, and 
adding 10 to the characteristics, so the natural sines may be 
found from the log. sines of the trigonometrical tables, by 
subtracting 10 from the characteristics, and taking the 
natural numbers which belong to the remainders, considered 
as the logarithms of numbers. 

G 4 
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h. The logarithmic tables in common use are, — 

Sherwin's, which contain the logarithms of numbers from 1 
to 101000 ; and the natural and logarithmic sines, tan* 
gents, secants, and versed sines to every minute of the 
quadrant. 

Gardiner's, which contain the logarithms of numbers from 1 
to 101000, and the logarithmic sines and tangents to every • 
, ten seconds of the quadrant. 

Taylor's, which contain the logarithms of numbers from 1 to 
id LOGO, and of sines and tangents to every second of the" 
quadrant. 

Hutton's, which contain the logarithms of numbers from 1 to 
108000, and the natural and logarithmic sines, tangents, 
and secants to every minute of the quadrant ; together , 
with other useful tables. 

Callet's, which contain the logarithms of numbers from 1 to ' 
108000, and of sines and tangents to every ten seconds of 
the quadrant. 

Babbage's logarithms of nmnbers. 

The logarithms in these tables are to seven places of figures. 

Lalande's logarithms of numbers from 1 to 10000, and of 
sines and tangents toi every minute of the quadrant ; to 
five places of figures. 

Farley's logarithms of numbers from 1 to 10000, and of sines 

* and tangents to every minute of the quadrant, to six 
places of figures. Thie calculations, in this treatise, have" 
been made with Farley's tables, of six-figure logarithms. 

Dodson's Antilogarithmic Canon, which contains all loga^ 
rithms under 10000, and their corresponding natural num- 
bers, to eleven places of figures, with differences and 
proportional parts. In these tables, which are intended 
for the more readily finding the number corresponding to 
any given logarithm, the arrangement is in the order con- 
trary to that used in the common tables of numbers and 
logarithms ; the exact logarithms being placed first, and 
their corresponding nearest numbers in the columns oppo- 
site to them. 
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SECTION V. 



RESOLUTION QF PLANE RECTILINEAL TRIANGLES. 

56, The relations between the sides and angles of right- 
angled rectilineal triangles are immediately deducible from 
the definitions of Article 17 ; for if ABC is a 
triangle having the angle C a right angle, 

a 

-=sm. A, .•. flr = c sm. A ; 

c 

* I. 

-rzCOS. A, .•. 0=:c COS. A; 

c 

a 

7 = tan. A, .'. azzo tan. A; 

Similarly, b=c sin. B; a = c cos. B; bz=:a tan. B. 

Hence, in a right-angled triangle, either of the sides which 
contain the right angle is equal 

Ist. To the hypotenuse* multiplied by the sine of the 
angle which is opposite to that side ; or, 

2d. To the hypotenuse multiplied by the cosine of the 
angle which is adjacent to that side ; or, . 

3d. To the other side multiplied by the tangent of the 
angle which is opposite to the first side. 

cu Since c sin. A = a, and c cos. A = i, Aerefore 

c •=. — , ana c = 



sm. A COS. A 

Consequently the hypotenuse is equal to the perpendicular 
divided by the sine of the opposite acute angle ; or to the 
base divided by the cosine of the adjacent acute angle. 

57. To find the relations which subsist between the sides 
and angles of any rectilineal triangle. 

* In right-angled triangles, the side opposite the right ancle is named 
hj|>oteniise ; and of the sides containing the right angle, that which is 
horizontal is sometimes named base, and that which is vertical, perpen- 
dicular. 
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Let ABC be any triangle; and from 
B, one of the angles, let bd or ar be drawn 
perpendicular to AC. 

Then, 

X X • 

by Art. 17., - = sin. A, and - = sin. c ; 
•^ c a 



XX. . a sin. A 

„•. — 5-- =8in. A-r-sm. c, or-=-; — -• 
c a c sin. c 

,•. a : c :: sin. A : sin. c. (Alg. Art. 181.) 

Similarly, a \ b \: sin. A : sin. B. 
b : ci: sin. b : sin. c. 



X 

If the angle c is obtuse, - = sin. BCD. 
But sin. B c D = sin. B C a = sin. c. (Art. 18. i.) 

Whence in this case also, - = sin. c. 

a 




A b c 



XT X . ^ X X . . a Bin. A 

Now, — =sm.A, .•.--♦-- = 8111. A -fr-sm. c, or "=—. — ; 
' c ^ c a ' c sm. c' 

or a : c :: sin. a : sin. c. 

Consequently, in every rectilineal triangle, the sides are 
proportional to the sines of the angles which are opposite to 
them. 

a. Since a : b :: sin, a : sin. b. 

a 4- i sin. A + sin. B ,., a.,«, ^.x 
•••^^5= rin.A-8m.B - (Alg. Art 181./.) 

P^^ 8in.A-H8m.B ^tan^jA + B) 

sm. A — sin. B tan. ^ (a — b) ^ ^ 

a-f 6_tan. ^ (a + b) 
a — i^ tan. ^ (a — b)* 

or, a 4- ft : a — J :: tan. ^ (a + b) : tan. ^ (a — b).* 

Hence the sum of any two sides of a triangle, is to their 
difference, as the tangent of half the sum of the angles oppo-* 
site to those sides, to the tangent of half their difference. 



* If6>a,B>A, and the second and fourth terms of the proportion 
are b — a, tan. ^ (b — a). 
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*. In the triangle abc, let bd be drawn perpendicular 
to AC: 

then GD=a cos. c, and da = c cos. A. 
(Art, 56.) 

.'. CD + DA=AC:=aCOS. C-f CCOS. A, 

or 6=aoos. C + ccos. A, (1) : 

similarly^ a=ftcos. C + ccos. B, (2S ^ z 

c=acos. B + icos. A, (3). 

Multiplying the terms of (2) by a, a^=z a b cos. C + a c cos. B, (4^ 

(1^ by ft, J^=tt J COS. c -f ftc COS. A, (5) 
(3; by c, c^znac cos. B + iccos. a, (6). 

Subtracting (6) from (4) + (5), a^-VV^-c^-^ab cos. c, (7) 
(5) from (4) + (6), a2 + c2-ft^=2accos.B,(8) 
(4) from (5) + (6), ft2 + c2-a^=2iccos. A,(9). 

If c is obtuse, &=ad — cd : 

ADSCCOS.A ;CDsta4lC0S.BCDBax— COS.BCA ; {\xt.%i.a.)\^~'acxM,c i 
.*. b^sc cot. A— (—a COS. C)s3C COS. A+a cos. CbA COS. C+C COS. A. 

Similarly, a=c cos. b--(—& cos.c)=& co8.c+c cos.b. 

From (9) is obtained by transposition, 
a^ = 6^ + c^ — 2 ft c COS. A : a result which may 
be thus expressed in words: — The square of a side of any 
triangle is equal to the sum of the squares of the two other 
sides, less, twice the product of these two sides multiplied by 
the cosine of the angle included between them. 

c. With formulas (7), (8), (9), and proper data, the un- 
known sides and angles of any triangles may be determined. 
For example, if a, ft, c, are given to find e. 




by (7), crz'/a^ + ft^— 2aftcos.C; 

Or, if ft, c, a, are given to find A, by (9), 

j2 + e2-«2 



COS. A = 



2ftc 



but the results are not adapted to calculation by logarithms. 
Expressions which give the sine, cosine, or tangent of any 
angle of a triangle in terms of the three sides of that triangle, 
and which are suitable for logarithmic calculation, can, how- 
ever, be obtained as follows. 

A 

rf. Since 2 sin.^ — = 1 — cos. A, (Art. 35.) 

and . . cos. A= — x-r , (Art. 57. c.) 
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. • . 2 sin.^ - = 1 2rY : whence, by successive reductions. 

2 2bc ^ 

^^^' 2" 2*c - 2Jc - 2ftc ; 

Now, 

a*— (&~c)2=(a+c-ft)(a+ft— c)=^2(*— &)2(«— c)=4(*— &)(*— c).(Art.8.a.) 

... 2 Bin.'' ^ = ^('-f>('-^\ and ein.^ ^ =(£=*Kf=£) 



2&C 
Bin 



^A- 



"^2-V j^ • 

Similarly, sin. |= V^SE^EfS 

Let A, A^ be arcs of circles containing the same number 
of degrees, and let 1, r, be their respective radii : thea 

fllTl 2 1 a' 

sin.2 i A = ^ ^\ (Art. 30. V) 
sin.^iA' (5— J)(5— c) X / i\f \ « 



sin.2iA^ 



In words : The rectangle contained by two sides of any tri- 
angle, is to the rectangle contained by the excesses of the 
semiperimeter over these sides, as the square of the radius, is 
to the square of the sine of half the angle included by thet 
two sides. 
e. Since 1=1 

and COS. A= — ^ , (Art. 57. c.) 

.•.1+C0f.4-.1+ ^. = ^^ = KTZ = 5X1 . . 



26c 



2bc 



2bc 



2bc 



Now, 1 + COS. A=2 cos.^2> (Art. 35.) ; 

And(6+<;)'— a*«(a<f-A4-c)(& + <;~a)sB2«x2(«— a) = 4«(f~a). (Art. 8. a.) 

Substituting these values instead of 1 + cos. A and (b -f cf^a^r 

2cos2l-l£(fi:^-M*-a).' . . 
^^^•2- 2bc - Vc ' 



X ^sijs—d) 



.:. COS. ^- j^ 



9 ' 
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, A /sis— a) 

Similarly, cos. 5 =\/<'-^^ 
^ C ^ /s(s—e) 
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If ^ A, ^A' are arcs of circles containing the same number 
of degrees, and 1, r, their respective radii, 

^' . cos.«^a' 8(s—d) ^ r . . 



COS. *^A= 



Whence this theorem: The rectangle contained by two 
sides of any triangle, is to the recta^le contained by the 
semiperimeter and its excess above the third side, as the 
square of the radius, is to the square of the cosine of half the 
angle included between the two sides. 

/. Since tan. - z= 8in.| -^ cos|, (Art. 19. c.) 
and -1= V^^^(Art..7.c^.);cos.|=^^ (Art.57...) 

2 ^V *<5 \/ he /Sj ,(,_a) 



tan H- ^ / (g-fl) (^-^) 



J-c. 



(*-fl)(*-^K*-g) 



. * A. 1 f U—d)(s—h)U—c) >, ,. , ,. , 
• • *^- 2~il^\/ ^ ^ ^» or, denoting the radical quantity by m, 

a' . . A 

If tan. i — is substituted for tan. iv in the first of the 
r 1 

three equations marked c, and both members of the equation-, 
are squared, 

tan.^^A^ _ (^-&)(^-g) 
r^ "" sis'-d) 
or s{s— a) : (5— ft)(5— c)::r'^ : tan-^^A'. 

Whence this other theorem : The rectangle contained by 
the semiperimeter of any triangle and its excess above one 
of the sides, is to the rectangle contained by the excesses of 
the semiperimeter above the other two sides, as the square of 
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the radius, is to the square of the tangent of half the angle 
contained by the two sides. 

g. The expression &*+c*— a*=2&c cos. a, or cos.A= ^^^ — ^ may 

be immediately obtained from the value of the perpendicular, y, in 
Art. 8. a., and from the definition of the cosine : 

Fory= "^^r"" , and ?^ = cofl.A. 

• '. cos. A= prr • 

A formula by which sin. a is expressed in terms of a, ft, c, and which is 
suitable for logarithmic calculation may also be found from the same 
article : 

For ^ = ^/^(jf— a)(« — 6)(* — c), 

2 

..•.a: = ^\/*(« — a)(« — 6)(«— c). 

And ^= ^V«(«-a)(«-ft)(«-c). 

But from the definition of the sine -=sin. a, 

c 

2 

.•.sin.A= ^A/«(«--a)(«— 5)(* — c) . . (1.) 
o c 

Similarly, 8in.B= — V*(«— a) (* — &)(« — c) . . (2.) 

2 

sin. c = -^ Vs (s — d)(8 — b) (s — c) . . (3.) 

K the expression marked (1.) is divided by that marked (2), 



sin. A -*• sin. B = i— V^*(«— a)(* — 6)(« — c) -• Vs (s —a) (« — 6) (s — c) 

oc tie 

or . ' =T» which is the first formula of this Article, 
sm. B 

57^ The formulae of Articles 56, and 57.5 are sufficient 
for the calculation of the numerical values of the sides and 
angles of all rectilineal triangles, from proper data. . The 
quantities which are made to enter into these calculations 
are the logarithms of the numerical values of the sides and 
the logarithmic sines, cosines, &c. of the angles. 

Every triangle has three sides and three angles ; the num« 
ber of these quantities is therefore six : and the general pro- 
blem in the resolution of triangles is — Having given three 
of these parts, to find a fourth. Of the three parts given, 
one at the least must be a side ; for if the three angles alone 
are given, the ratios of the sides can be determined, but not 
their numerical values. (Euc. vi. 4.) 

In particular cases more parts than three are given ; for if 
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in a right-angled triangle one side and an acute angle are 
given, it is evident that the third angle, which is the comple- 
ment of the given acute angle,, is also given ; and if in an 
oblique-angled triangle, a side and two angles are given, that 
the third angle, which is the supplement of the two given 
angles, is also given. 

The calculations are made with logarithms ; for which 
reason the quantities involved are connected by ihe processes 
of multiplication and division, which are suited to circulation 
by logarithms, rather than by the processes of addition and 
subtraction, which must be performed with natural numbers. 

cu The tabular logarithm of a sine, cosine, &c, is equal to 
the real logarithm of that sine, or cosine, &c., augmented by 
10. Hence, for every log. sine, &c. in either member of 
an equation, if connected by the sign +5 it is necessary to 
subtract 10 from that member, or to add 10 to the other 
member: and if connected by the sign — , to add 10 to 
the member in which the log. sine, &c. is, or to subtract 
10 from the other member. If there are log. sines, &c in 
both members of an equation, or with contrary signs, in the 
same member, the tens, or some of them, may compensate 
each other: such should be struck out. 

58. Resolution of right-angled triangles.* 

The cases of right-angled triangles may be reduced to 
four, VIZ. 

Ist. Given the hypotenuse c, and an acute angle, A ; to 
find the angle b, the perpendicular a, and the base L 

2d. Given the base &, and the acute angle A ; to find the 
angle B, the perpendicular a, and the hypotenuse c. 

3d. Given the hypotenuse c, and the base b, to find the 
angles a, b, and the perpendicular a. 

4th. Given the perpendicular a, and the base i, to find the 
angles A, B, and the hypotenuse c. 

Case I. Given c, a : required b, a, b. 

1st. B = 90**— A. (Art. 15.) 
2d. a = csin. A. (Art. 56.) 

.-. log. a =log. c + log. sin. A — 10. (Art. 57'. a.) 
3d. i = c COS. A. 

,*. log. b = log. c -h log. COS. A — 10. 
If B is given insi|;ead of A, then A = 90*^ — B. 
and, as before, a = c sin. A; b = c cos. A : or, employing the 
given angle B, 

a = c COS. b; bzzc sin. b. 

♦ For the resolution of triangles by construction, see Appendix, Art. 11. 
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Examples, — Ist Let c = 36L4yd8. and a = 41° 12^ required b, a, h, 

2.557988 



{Log. 36L4 .... 2. 
+ log. sin. 41° 12' . . . +9. 
— la —10. 



818681 
000000 



The number of this logarithm is 238.05, 

.•.a=238.05 yards. 

flog. 361.4 
Log. ft = -I + log. COS. 41° 12' . 

[—10 .... 



2.376669 



2.557988 

9.876457 

—10.000000 

2.434445 



The number of this log. is 27 1 .92, 

.•.6 = 271.92 yards. 
B=90°— 41° 12'=48° 48', 

Whence B= 48° 48'; a =238 .05 yards; &= 271.92 yards. 

2d. Let c = 450 feet, and B = 52° 38' ; required A, a, b. 
Ans. A i= 37° 22' ; a = 273.1 ; b = 357.6 feet. 

3d. Let c = 4264.3 yds., and A = 56° 29' 15" : required 
B, a, b. 

Ans. B = 33° 30' 45" ; a = 3555 yds. ; b = 2354 yds. 

Case IL Given a, b ; required b, «, c. 

let. B = 60° — A.^ 

2d. a = b tani a.* (Art. 56.) 

.' . log. a = log. b + log. tan. A — 10, 
3d. c=-A_. 

COS. A 
i\ log. C = log. b — log. COS. A + 10. 

or, log. c == log. b 4- arithmetical complement of log. 
COS. A — 10 + 10. (Arith. Art. 42.) 

or, log. c = log. b -h arith. comp. of log. cos. a. 
If B is given instead of a ; then a= 90° — b ; a = b tan. a ; c= 

or, a = i cot. B ; c = — 



COS. A 



sin. B 



J^ar.-r-lst. LetA=53°8'; ft = 2880yards: required b, a, c. 



B=90°— 53°8 



r log. 2880 . 
Log. a= \+ log. tan. 53° 8' 

L— 10 

The number of this log. is 3840.5 

.*. a ^ 3840.5 yards. 



= 36° 52'. 



3.459392 
. +10.124990 
. —10.000000 



3.584382 
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T^„ ,.— / log. 2880 . . . . 
^og- ^ — \ + anth. comp. of log. cos. 53° 8 



3.459892 
° °' 0.221881 



The number of this log. is 4800.36 . . . 3.681273 

. • . c = 4800.36 yards. 
Whence b = 36°52'; a =3840.5 yards; c= 4800.36 yards. 

Ex, 2. Given A = 4° 44' ; a = 694*73 : required B, i, c. 
Ans, B=85M6'; i=8390; c = 8419. 

Ex. 3. Given a =17° 12' 5V'; A = 317-6: required B, 

Ans. B = 72°47'9''; a = 98-399; c = 332-49. 

Case III. Given b, c^ to find a^ b^ a. 
let. Cos. A = -. (Art. 56.) 

.*. log. COS. A = log. 6 — log. c+ 10. 

or, log. COS. Ass log. 64*arith. oomp. of log. c— 10-1-10= log. ft+arith. comp. of log. e 

2d. B = 90°-A. 
3d. a =: c sin. A. 

.-. log. a = log. c 4- log. sin. A — 10. 



Otherwise, a - a^c^ - b\ (Euc i. 47.) 
If a, Cy are given to find a, b, b, 

8in.A=-; B = 90°— a; ft=ccos. a. 
c 

Ex. 1. Let 6 = 473.8 yards, c = 643.7 yards : required a, b, a. 

T n« o«a A — J l^g- 473.8 .... 2.675595 
i^og. COS. A— 1^ ^ ^^^j^ ^^^^ ^^ j^g g^g^ ^ 7.191316 

The angle of this log. COS. is 42"^ 36' 12'' . . 9.866911 

.•.A= 42° 36' 12" 
B = 90 — 42° 36' 12"= 47° 23' 48". 

log. 643.7 .... 2.808684 
Log. a = ^ + log. sin. 42° 36' 12" . . + 9.830536 

. —10.000000 



r log. 643.7 
r. a = -{ + log. sin. 
i-10 . 



The number of this logarithm is 435.732 . . 2.639220 

.-.a =435 .732 yards. 

Whence, a = 42° 36' 12"; b = 47° 23' 48"; a = 435.732 yards. 

Ex. 2. Given a = 30 ; c = 36-06 : required a, b, b. 
Ans. A = 66° 18'; B = 33M2'; i = 20. 

Ex. 3. Given b = 1277 ; c = 2132 : required a, b, a. 
Ans. A = 53° 12' 14" ; b = 36^ 47' 46" ; a = 1707.2. 

H 
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Case IV. Given a, b : required a, b, c. 
Ist. Tan.A = !?. (Art. 56.) 

.* . log. tan . Aslog. a — log. 6+ lOslog. A'farith.comp. of log. &— 10+ lOslog. a+u-ith. comp. log. 6. 

2A B = 90'' — A. 

3d. c = ^—. (Art. 56.) 
sin. A ^ ^ 

. * . log. c = log. a •— log. sin. A. + 10 = log. a+arith. comp. of log. sin. A. 

Ex, 1. Given a= 43 yards \ h^:^55 yards : required A, b, c. 

T •« +o« A — / ^^Z' ^ .... 1.633468 

L,^, lan. A — I ^ ^^^j^ ^^jj^p ^^ j^g g^ 8.259637 

The angle of this log. tan. is 38° 1' 8'' . . . 9.893105 

.•.A=38°r8". 
B= 90° — 38° V 8''= 51° 58' 62'\ 

T^„^_riog.43 1.633468 

i^og. c— I ^ ^^ ^^jjjp ^f. i^jg gjjj 3go y g,, 0.210475 

The number ofthis log. is 69.81 .... 1.843943 

. ".0 = 69.81 yards. 

Whence, a=38° 1^8''; b = 51°58'52''; = 69.81 yards. 

Ex. 2. Given a n 76.5 ; i =47.2 : required A, b, c. 
Ans. A zz 58** 19' 32'' ; B = 31° 40' 28" ; c = 89.889. 

Ex. 3. Given a = 751.8 ; i = 534.2 : required A, b, c. 
Ans. A = 54° 36' 14" ; b = 35° 23' 46" ; c = 922.3. 

59. Kesolution of oblique-angled triangles. 

The cases of oblique-angled triangles may also be reduced 
to four ; viz. 

1st. Given a side and two angles to find the remaining 
angle and sides. 

2d. Given two sides and an angle opposite one of these 
sides^ to find the remaining angles and side. 

3d. Given two sides and the included angle^ to find the 
remaining angles and side. 

4th. Given the three sides to find the three angles. 

Case I. Given a^ b^ a : required G^ by c, 

Ist. C = 180° — (a 4- b). (Art 15.) 

^ - , a sin. B / k ^ f^ \ 

2d. bzz—. . (Art. 57.) 

sm. A 

.-. log. 6 = log. a + log. sin. B — 10 — log. sin. A + 10 ; 

or, log. b = log. a + log. sin. b — log. sin. A ; 
or, log. A=log. a + log. sin. B + arith. comp. of log. sin. A— 10. 
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3d. log. c = log. a + log. sin. c ^ log. sin. A, 
or, log. c =:log. a 4- log. sin. c + arith. comp. of log. sin. a — 10. 

When two angles of a triangle are given, the third angle 
is given (Art. 67.) : consequently, in Case I. the given side 
is cdways opposite a known angle. 

In accommodating the proportions of Article 57. to an 
example, it is necessary to maJce the sine of the angle, oppo- 
site the given side, the first term of the proportion, the sine 
of the angle opposite the required side, the second, and the 
given side, the third : then the required side, which is the 
fourth term of the proportion, is obtained by multiplying 
together the second and third terms, and dividing the product 
by the first ; and the log. of the required side, by adding 
the log. sine of the angle opposite the required side to the 
log. of the given side, and subtracting the log. sine of the 
angle opposite the given side from the sum. 

Ex, 1. Given a=74° 14'; b=49® 23'; a=471.5 : required c, ft, c. 
c = 180°— (74° 14' -f 49° 23') = 180°— 123° 37'= 56° 23'. 
log. 471.5 .... 2.673482 
+ log. sin. 49° 23' . . . +9.880289 
+ anth. comp. of log. sin. 74° 14' -f 0.016655 
— 10 —10.000000 



Log. 6= ' 



The number of this log. is 371.9 . . . 2.570426 

.6 = 371.9. 

.673482 

i.Og. C — -^ j_ ^4^1^ nr^mr. nf Inff ain. *IA!^ 1 i 4- 0.016655 

.000000 



.-.6 = 371.9. 

flog. 471.5 . . . . 2.( 
+ log. sin. 56° 23' . . .4-9.1 
H- anth. comp. of log. sin. 74° 14 + 0.( 
— 10 — 10.( 



The number of this log. is 408. . . 2.610657 

.•.c=408. 
Whence, c= 56° 23'; 6 = 371.9; c=408. 

Ex.2. Given A=10r4r; 0=29'^ 19'; a=96: required 
B, 6, c. 
Ans. B=49**; 6=73.98; c=48. 

Ex. 3. Given b = 79° 46' 38''; c = bS" 59' 58" ; c = 368 : 
required A, a, h. 
Ans. A=44°13'24"; a=309.595; 6=436.844. 

Case II. Given a, a, c, required b, c, h. 

Ist sin. c =^ — ^— , (Art. 57.) 

.•. log. sin.0 — 10=log. c+log. sin. A— 10— log. a, 

or, log. sin. c=log. c + log. sin. A— log. a, 

or, log. sin. c =log. c + log. sin. A + arith. comp. of log. a — 10. 

H 2 
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2d. Bzrl80°-(B + C). 

3d. log. b = log. a + log. sin. B -f arith. comp. of log. sin. a — lO. 
(Case I.) 

The two supplementary angles C and 180°— C, of which 
the one is acute and the other obtuse (except 0=90°) have 
the same sine, (Art. 18. i.). Unless, therefore, it is known 
whether the angle c is acute or obtuse. Case II. is indeter- 
minate. 

Now, when a>c, A>c, (Euc. i. 18.); therefore C is an 
acute angle, (Euc. 1. 17.) and has only one value. 

But when a < cr, A < c ; and the data give no means of 
determining whether c or 180°— C is the proper value. 

If c has two values, b and b also have each two values. 
(See App. Art. 11. Ex. 3, 4.) 

JEx. 1. Given a =78° 13'; a= 153 ; c= 137 : required b, c, b. 

log. 137 .... 2.136721 



Log. sin. c =B 



+ log. sin. 78° 13' . 

-j- arith. comp. of log. 153 

— 10 . . . . 



This is the log. sin. of the angle 61° 13'46 ' 

.•.c = 61° 13' 46''. 



-h 9.990750 

+ 7.815308 

— 10.000000 

9.942779 



Since c<a^ c < a : the angle c in this instance has, therefore, onlj one 
value. 

B = 180°--(78° 13'+61° 13' 46") =180°— 139° 26' 46"= 40° 33' 14". 

log. 153 .... 2.184691 
+ loff. sin. 40° 33' 14" . . +9.813020 
+ arith. comp. of log. sin. 78° 13' + 0.009250 
— 10 —10.000000 



Log. 5= - 



2.006961 



The number of this log. is 101.617. . 

.-.ft =101.617. 

Whence, B= 40° 33' 14"; c = 61°13'46"; 5=101.617. 

Sx. 2. Given a =41° 36', a=248 ; c=354 : required b, c, b. 

log. 354 



T • I + log. sin. 41° 36' . 

Log. sm. c = ^ _^ ^^^^ ^^^^ ^f i^g 248 

— 10 . 



2.549003 

+ 9.822120 

+ 7.605548 

— 10.000000 

9.976671 



The angle of this log. sin. is 71° 23' . 

.-.0 = 71° 23'. 
But, since a<c, the angle c may also have the value 180° — 71° 23' or 
108° 37'. 

. • . B = 180°— (41° 36'+ 71° 23') = 180°— 1 12° 59'= 67° 1'. 
or B= 180°— (41° 36'+ 108° 37') = 180°— 150° 13'=29° 47'. 

log. 248 .... 2.394452 
+ log. sin. 29° 47' . . . +9.696113 
+ arith. comp. of log. sin. 41° 36' + 0.177880 
— 10 —10.000000 



.•.log. ft=' 



The number of this log. is 185.54. . 



2.268445 
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SECTION VL 

MEASUREMENT OP A BASE LINE. — DESCRIPTION OF INSTRUMENTS 
EMPLOYED IN THE MENSURATION OP HEIGHTS AND DISTANCES, 
AND IN SURVEYING AND LEVELLING. 

MEASUREMENT OF A BASE LINE. 

60. The maimer of measuring on the ground the length of 
a base line with the accuracy necessary for a trigonometrical 
survey of an extensive region, is described in the treatise of 
Practical Astronomy and Geodesy (Art. 391.); but, for an 
ordinary survey, a base is frequently measured in the follow- 
ing maimer. On a road, or on a piece of ground nearly 
level, a white cord or tape at least 100 feet long is stretched, 
horizontally if possible, in any convenient direction between 
two pickets of wood, or two iron pins, driven into the ground; 
the length of the cord is then measured by means of a rod 10 
or 20 feet long, which is applied successively along it, the 
places of the extremities of the rod being indicated on the 
cord, as the measurement proceeds, by marks, sometimes by 
small pins thrust into it, in order, when the position of the 
rod is changed, to allow its rear extremity to be placed as 
accurately as possible at the point which the head had pre- 
viously occupied. When nearly the whole length of the 
cord has been measured, the rear picket, with the end of the 
cord which is attached to it, is taken up, and being carried 
forward beyond the other picket, the cord is again stretched 
in the line of its former direction — that line having been 
determined by means of other pickets previously planted for 
the pun>ose : the measurement is then continued from the 
point where the head of the rod was last situated, its place 
having been preserved by means of a pointed wire, or arrow, 
pressed vertically into the ground. The position of the cord 
may be changed in like manner as often as necessary, till the 
whole length of the base has been measured. 

If the measured line should not be precisely horizontal, its 
inclination must be found; and it may then be reduced to 
that position by multiplying it into the cosine of the elevation 
or depression* 



108 



PLANE TABLE. 



Sect. VL 




OF THE PLANE TABLE. 

61. This simple instrument, with which, when great accu- 
racy is not required, a survey of ground may be made with 
considerable facility, consists of a board, as A B, varying in 
form and magnitude from a square each of whose sides is 
8 inches in length, to a rectangle 16 inches long and 12 
inches broad: it is supported on a small brass pillar, the 
lower part of which turns in a socket at the top of a stand 
with three legs ; and, being 
placed as nearly as possible 
in a horizontal position, it 
is capable of being turned 
round in that position upon 
the axis of the pillar. On 
one side of the board is a 
compass box, c, and by 
means of the needle in the 
latter, either of the pairs of parallel edges may be placed in 
the direction of the meridian, or at any angle with it. 

A sheet of paper is attached to the board, frequently by 
paste at the four edges, but some plane tables are provided 
with a square or rectangular frame, which, by means of a 
rebate, is made to confine the paper, while its upper surface 
is in the same plane as that of the board. The upper surface 
of the frame is frequently divided into 360 parts forming a 
scale of tangents of degrees, on the four sides, the middle of 
the board being considered as the centre of the circle, and 
the degrees serving to express the value of an observed angle : 
in some cases, a scale of inches decimally divided is placed on 
each of the four sides, and, by these, lines parallel to one 
another may be drawn on the paper. 

An alidade or bar, de, of wood or metal equal in length 
to a diagonal of the board, serves as a ruler for drawing lines, 
on which account one of its edges is chamfered. By pressing 
into the board, at any point, a fine needle, to represent the 
point in the ground over which the table is placed, and bring- 
ing the chamfered edge against it, the observer can turn the 
ruler about the needle as an axis : then, looking along the 
edge, he may direct the latter to any distant object ; and 
drawing a line in this position of the ruler, the table being 
prevented from turning round, by the tightening of a screw 
which is provided for the purpose, the direction of the object 
from the observer is represented. In general, each end of 
the ruler is furnished with a brass plate, which, when the 
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instrument is being used, is placed in a vertical position; 
each plate is perforated to serve as a sight vane, and the 
ruler is to be turned upon the needle till the object is seen 
on looking through both perforations ; the edge of the ruler 
is then parallel to « visual ray from the object to the eye. 

On some plane tables a certain point is taken in a line 
drawn through the middle point, parallel to two sides and 
equally distant from that middle point and one of the other 
two sides ; at this point is a small hole in a piece of ivory 
which is let into the wood ; and the margin of the frame is 
divided in tangents of degrees from the point as a centre : 
the degrees are subdivided into spaces of 15 or 10 minutes 
each ; and the divisions, as well as the 360 degrees before 
mentioned, may be used to obtain the values of angles sub- 
tended between objects. Since these appertain to a circle of 
longer radius, they have some advantage over the others in 
giving the measure of an observed angle more accurately. 

The plane table is used in various ways. If it be required 
to lay down the outline of an enclosed piece of ground of 
small dimensions, from some point in the interior of which 
all the angular points are visible, the instrument may be set 
up at that point ; and the board being laid as nearly as possi- 
ble in a horizontal position, either by a small spirit level, or 
simply by adjusting it so that the compass needle may tra- 
verse on its pivot in the box, also two sides of the board 
being placed, by means of the needle, in any given direction 
(suppose parallel to the magnetic or to the true meridian), 
let a needle be pressed into any convenient part of the board, 
to represent the point on the ground immediately under the 
table : about the needle as an axis, turn next the edge of the 
ruler successively to the different angular points of the 
boundary, and draw lines on the board in those directions ; 
then, if the distances of those angular points from the needle 
in the board be measured, and laid down on the correspond- 
ing lines by any convenient scale, the points being joined by 
lines, there will be obtained the required outline of the 
enclosure. 

In general, however, the remarkable objects on the ground 
to be surveyed are represented on paper in their relative 
positions, as if projected on a horizontal plane, by a triangu- 
lation : thus, a base being measured on the ground in feet, 
yards, or chains, a line is drawn on the plane table (when 
that instrument is used), and, by any convenient scale, is 
made equal to that measured length : then, the instrument 
being placed successively at the extremities of the base, lines 
are drawn from the corresponding extremities of the base 
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line on the table in the directions of the objects^ and their 
intersections determine the places of those objects. 

Let a line from A to b be the base actually measured^ and 
let A on the table represent the point A on the ground yerti* 
cally above which the for- i 
mer point is situated ; then, 
the edge of the alidade or 
ruler being held on the line 
Ai, which has been drawn 
at pleasure on the table to 

represent ab, let the whole \y^ "^^ SJ^^^\ 

table be turned round hori- \ y^ X y/^ 

zontally, till the edge of the 

ruler, if produced, would meet a staff set up at b on the 
ground. The table is now screwed to its stand so as to be 
incapable of turning round, and the ruler alone is to be 
turned upon a needle at a till its edge tends successively in 
the directions of the objects P, Q, b, &c., when indefinite 
lines A/7, A^, Ar, &c. are drawn on the paper in those direc- 
tions. The instrument is then removed, and set up so that 
the point h may be vertically above b on the ground : it is 
next turned round horizontally as before, till a ruler laid on 
Ba lies in the direction ba; and then, the board being pre- 
vented from turning, the ruler is placed successively in the 
positions bp, bq, bb, &c Lines are lastly drawn on the 
table in these directions till they intersect the former lines in 
/?, ^, r, &c., and these represent on the paper the places of 
the several objects p, Q, r, &c. 

The compass has not been used in this operation ; but it 
is easy to see that if, while the table was at A, the degree 
indicated by the needle on the rim of the box were read ; 
and if, when the instrument was set up at b, the latter were 
turned till the needle indicated the same degree, the sides of 
the table would be parallel to their positions when at A, and 
the line Ba would coincide in direction with ba on the 
ground. 

For the use of the plane table in finding, on the plan, the 
position of the observer's place by means of two or more 
objects which are visible from thence, and which have been 
already laid down, see " Treatise on Practical Surveying,** 
Murray, 1829. 
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OP THE THEODOLITE. 



62. The theodolite, or as it is sometimeB wiitten, theodo- 
let, ifi the inetnunent which ie most generally employed for 
tlie survey of tracts of land of any extent from that of an 
eBtate, or a parish, upwards. It is not intended here to 
describe the great instruments of this kind (tliree feet in dia- 
meter) which are employed for fixing the principal stations 
in the trigonometrical survey of a kingdom or empire ; and 
the student is referred to the treatise on Practical Astronomy 
and Geodesy (Arts. 104. &c.) for a description of the altitude 
and azimuth circle, which is similar in construction to some 
of the instruments employed for, at least, the secondary 
stations. The following account relates merely to those 
theodolites which are usually employed in the survey of a 
few square miles of ground when a considerable degree of 
accuracy is required. 



The instrument may be sud to consist of two parts, by 
one of which are measured angles in planes parallel to the 
horizon, and by the other, angles of elevation or such as are 
in vertical planes. The whole is supported on a stand with 
three legs, at the upper end of wMch is a short pillar of 
metal terminating below in a ball which rests in a socket : 
the pillar is made to pass through two circular plates A, b, of 
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brass, of which the lower one, containing the socket just 
mentioned, is attached to the legs of the stand, and the 
upper one is capable of being made parallel to the other, or 
of having to it a small inclination by means of four screws 
which are equallj distant from one another about the pillar : 
three of these screws appear at a, a, a. 

Two circular plates, c, d, generally of brass with silver 
rims, lie one on the other, and from the lower one projects 
downwards a hollow stem, £, which, when the theodolite is 
mounted on its stand, is placed over the upper part of the 
piUar ; the latter, having the form of a frustum of a cone, fits 
accurately the hollow of the stem, and permits the plates 
c, D, to which it is attached, to turn with it about the axis of 
the pillar. The upper plate, C, carries the spirit-levels, c, c, 
which are placed at right angles to one another ; and when, 
by means of the four screws, a, a, &c. below, the bubble of 
air in each of the levels is capable of remaining in the middle 
of the length of the tube containing the spirit, it is evident 
that the pair of plates c, D is horizontal, oi* the axis of the 
pillar on which they turn is in a vertical position. 

The rim of the lower circle, D, being graduated, generally 
in half degrees, and that of the upper one carrying an index 
with a vernier, the observed angles may be read to minutes 
of a degree. The upper plate, 0, carries a compass box, F ; 
and a magnetised needle traverses on a pivot at its centre, 
which is vertically over the centre of the circle. If, in ad- 
dition, the upper plate carried at opposite extremities of a 
diameter two perforated plates serving as sightSj like those 
of the plane table, the instrument would be exactly that 
which was formerly called a circumferentor, and such an 
instrument is still used for the same purposes as a theodolite, 
when a smaller degree of accuracy is considered sufficient. 

But a theodolite is furnished with a telescope, 6H, resting 
at dy d upon a pair of double inclined planes, forming what 
is called a Y, the planes being tangents to two collars of bell- 
metal surrounding the tube at the places of support ; each T 
is carried on the upper surface of a brass bar or plate, KM, 
and to the lower surface of the latter is attached a graduated 
semicircle, np, of brass, whose curvature is downwards. 
This semicircle turns on an axle which, when the instrument 
is adjusted, is in a horizontal position ; each of its extremities 
rests, as at Q, upon a support formed by two brass bars which 
are inclined to one another like the sides of the letter A, their 
feet resting on a metal ring surrounding the compass box, i>r 
rather on the cylindrical side of the box itself. At three 
points, equally distant from one another, on the circumference 
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of the ring are capstan-headed screws as e, e, by which the 
ring, and consequently the telescope, can have its position 
altered, so that the latter may be rendered horizontal. Under, 
or above the telescope is a spirit level, R, which turns on a 
joint at one extremity, and is provided with a capstan-headed 
screw at the other for the purposes of adjustment : the spirit 
levels on the horizontal plate, c, are provided with screws for 
the like purpose. 

In the eye-piece of the telescope are two fine wires which 
cross each other, generally at right angles ; and, when the 
horizontal angle subtended by the distance between two 
objects is to be observed, the index of the horizontal circle, c, 
is made to coincide with the zero of the graduations on d ; 
then, the upper plate being clamped to the lower by the 
screw at by the whole instrument is to be turned on the ver- 
tical axis till the intersection of the wires bisects a mark on 
one of the two objects, generally that which is on the left 
of the other. The lower plate being now prevented from 
turning round by a clamping screw, the end of which appears 
at A, the upper one is. released and turned, carrying the 
telescope with it, till the intersection of the wires is made to 
bisect a mark on the other object, when the graduation 
opposite the index will express the angle comprehended 
between the visual rays from the marks to the centre of the 
instrument. " 

This method is not always used : frequently, after having 
clamped the horizontal circles together, without regarding 
the zero of the graduations, the instrument is turned round 
horizontally till the intersection of the wires appears to co- 
incide nearly with one of the objects, when the whole instru- 
ment is clamped to its stand by the screw at h : the apparent 
coincidence is then made accurate by means of the tangent 
screw at k, and the graduation opposite the index is read. 
Next, releasing the upper circle, c, from the low-er, the former 
is turned round, the telescope turning with it, till the inter- 
section of the wires appears nearly to coincide with the other 
object ; the circle, c, is then clamped to D by the screw, J, and 
the apparent coincidence is made accurate by the tangent 
screw, m : the graduation opposite the index is again read ; 
and the difference between the two readings is manifestly the 
measure of the angle between the objects. 

To obtain the angular elevation of an object, the index of 
the vernier belonging to the vertical circle, np, must be made 
to coincide with the zero of the graduations on that circle 
when the optical axis of the telescope is in a horizontal po- 
sition ; then, raising the object end of the telescope till the 

I 
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intersection of the wires appears to coincide with the mark 
whose elevation is required, the graduation opposite the 
index will express that elevation. 

Some theodolites have the horizontal axis of motion fixed 
to the telescope itself, as in a transit instrument ; and these 
are without a circle for ascertaining the altitudes of objects : 
others are formed with the telescope fixed between two 
segments of circles, the horizontal axis of motion being above 
it. Again, some theodolites are provided with an apparatus 
by which they may be employed as repeating instruments. 
See "Repeating Circle," in the Treatise on Practical As- 
tronomy and Geodesy, Arts. 126 — 8. 

a. The manner of adjusting a theodolite can scarcely be 
understood except by performing the operations under the 
directions of a teacher ; and therefore only a brief explan- 
ation of the process will be given. 

The instrument, mounted on its stand, must be set up on 
the ground or floor, in such a manner that the spirit levels, 
c, c, on the horizontal plate, C, may be respectively parallel to 
a line passing through the pillar of the stand and through 
two of the adjusting screws, a, a ; and by these screws the 
bubbles of air must be made to occupy the middles of the 
tubes containing the spirit. If, then, the bubbles retain 
those positions during a revolution of the instrument about 
the vertical axis, it is evident that the plate carrying the 
levels will be exactly horizontal : this, however, will seldom 
be the case ; therefore, after the adjustment described, turn 
the instrument half round on its vertical axis, so that each 
level may be parallel to its former position : then, attending 
to one level only, should the air bubble move to one end of 
the tube, cause it to return half way to the middle by means 
of the capstan-headed screws of the level itself, and the other 
half by means of the screws, a, a. Again, turn the instru- 
ment half round, and if, after the motion, the bubble of that 
level remain in the middle, the level is horizontal, and the 
plate is also, in that direction, horizontal : but if, after the 
motion, the bubble has moved towards one end of the tube, the 
process must be repeated ; and, in general, several repetitions 
are necessary before the level is completely adjusted. Cor- 
responding operations must then be perfoVm^ for the ad- 
justment of the other level. 

In order to adjust the spirit level attached to the telescope, 
the zero of the graduations on the semicircle, np, must be 
made to coincide with the index of the vernier ; then, if the 
bubble of air should not be in the middle of its tube, it must 
be made to occupy that place by the three capstan-headed 
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screws, «, e, e. The telescope must, next, be taken out of the 
supports, dy dy and replaced in a reversed position (the object- 
glass being brought where the eye-glass was before) ; and if 
the bubble should settle in the middle of the tube, the ad- 
justment is made : if otherwise, the bubble moving towards 
one end of its tube, it must be brought to the middle, half 
by means of the capstan-headed screws, e, e, and the other 
half by means of the like screw at one end of the level itself. 
After several repetitions of these operations, the bubble of 
air may be made to retain its place in the middle, while the 
instrument is turned quite round horizontally: thus the 
plates by which the horizontal angles are to be obtained are 
parallel to the horizon, and the telescope is also in a hori- 
zontal position when the index of the vernier is at the zero 
of the graduations on the vertical arc. 

There is still required the adjustment of what is called the 
line of collimation, that is, the process of making the inter- 
section of the wires in the telescope coincide with the optical 
axis of the latter ; and the operations for this purpose should 
be performed previously to making the adjustments before 
mentioned. By means of the pinion, s, at the top or in the 
side of the telescope, make the foci of the object and eye- 
glasses coincide with one another ; which may be ascertained 
by distinct vision being obtained of the wires and of some 
object at any given distance, and, at the same time, the in- 
tersection of the wires appearing not to change its place on 
the object when the eye is moved a little way about the 
centre of the aperture in the eye-piece of the telescope: 
then, having clamped the vertical circle to its frame by 
means of the screw, w, and having turned the telescope on its 
axis till one of the wires within it is parallel to the horizon, 
by means of the tangent screw, p, cause the horizontal wire 
to appear in coincidence with a well-defined object at a dis- 
tance. Now, turning the telescope half round on its axis, 
when the same wire will be again in a horizontal position ; if 
in this state it coincide with the same object, that wire 
passes through the optical axis of the telescope; if not, it 
must, by means of the two screws, y, r, be moved parallel to 
itself half way to the object. Again, by means of the screw, /?, 
make the wire coincide with the object, and turn the tele- 
scope half round on its axis ; then, if the coincidence exist, 
the adjustment is made : otherwise, the former process must 
be repeated till an apparent coincidence of the wire with the 
object takes place in both positions. The other wire must 
be adjusted in like manner. 

I 2 
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OF THE SPIRIT LEVEL. 

63. For many of the purposes to which a spirit-level is 
applied^ a moderately-good theodolite will suffice, but when 
the relative heights of points on the ground are required 
with considerable accuracy, a telescope provided with a spirit- 
tube of considerable length should be employed ; therefore, 
instruments for the express purpose of levelling, as the ope- 
ration of determining the relative heights is called, are 
constructed : these are designated spirit-levels. 

In general, the stand, which has at the top a short pillar 
passing through two plates and terminating above in the 
form of a frustum of a cone, is similar to that which supports 
a theodolite. The telescopes and spirit-tubes of both kinds 
of instrument are also, in general, similar, and are disposed 
in like manner. 

The telescope, gh, is supported, near its extremities, be- 




tween double inclined planes or y's at (/, d'^ above a horizontal 
bar, KM, at the middle of which is a compass-box, r, in which 
traverses a magnetised needle. The lower extremity of d is 
attached to the horizontal bar, and is provided with a joint 
by which, the telescope being in its place, it is capable of 
turning a little way in a vertical plane. The stem, rf', of the 
other T passes quite through the bar, and in its lower part 
is formed a concave screw : a convex screw, whose head is A, 
turns in the other ; and thus, for the purposes of adjustment, 
the stem, d'y and with it the end, G, of the telescope may be 
raised or lowered. Below the compass-box is a socket of 
brass, similar to that of a theodolite, which, when the instru- 
ment is placed on its stand, receives the conical top of the 
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pillar before mentioned ; and upon this the whole instrument 
is capable of turning round horizontally. 

The adjustment of the line of collimation is similar to that 
of the corresponding line in the telescope of the theodolite, 
while the spirit- tube, R, is rendered parallel to the axis of the 
telescope, partly by means of the capstan-headed screw, f^ at 
one end of the level, and partly by means of the screw, a, 
which moves the telescope up and down. After these ope- 
rations have been performed, the bubble of air is made to 
occupy the middle of the spirit-tube, during a revolution of 
the instrument upon the pillar at the top of the stand, partly 
by means of the four screws, a, a, &c., about that pillar, and 
partly by means of the screw at A before mentioned. 

The levelling staff usually consists of two parts whose 
transverse sections are rectangular ; and one of these, having 
a dove-tailed groove along it, is enabled to slide upon the 
other, which is furnished with a corresponding tongue : each 
part being 6 feet long, the whole length of the rod may, 
when required, be nearly 12 feet; and along the face and 
back of one of the parts is a scale of feet and inches, these 
last being generally divided into tenths. 

When the difference between the heights of the ground at 
the places where the instrument and the staff are set up does 
not exceed four feet, a transverse vane of wood is made to 
slide up or down the staff, the latter being held in a vertical 
position with its lower extremity resting on the ground, or 
rather upon a picket driven into the ground, till its head is on 
a level with the surface: the vane is made fast, by the 
assistant who holds the staff, at the place where its upper 
edge appears to a person looking through the telescope of 
the spirit-level (the latter having been previously adjusted) 
to be in contact with the horizontal wire in the eye-piece. 
The height of the vane above the ground at the foot of the 
staff expresses the depression of that spot below a horizontal 
plane passing through the optical axis of the telescope. 

VThen the difference between the heights of the ground is 
greater than 4 feet and less than 7 feet 6 inches, the vane is 
fixed transversely at 3 inches below the top of one part of 
the rod ; and, the lower extremity of the other part resting 
on the ground, the former part is raised up till, on looking 
through the telescope, the upper edge of the vane appears to 
be in coincidence with the horizontal wire : then, by means 
of the scale at the back of the sliding-rod, the height of the 
vane above the ground is ascertained. 

With a staff graduated in the usual way, the assistant who 

holds it must read on its scale the height of the vane from thq 

I 3 
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ground ; but Gravatt's rod, which is divided into hundredths 
of a foot, has the spaces between the lines of division alter- 
nately black and white, so that the person who looks through 
the telescope is enabled to read the heights : this evidently 
saves him some trouble, and renders him, in respect of the 
reading, independent of the assistant. 

Forms different from those which have been described 
have been given both to theodolites and spirit-levels. (See 
" A Treatise on Mathematical Instruments, fee," by F. W. 
Simms, Weale, 1838.) 



OF THE POCKET SEXTANT. 

64. The pocket sextant which, on account of its portability, 
is frequently employed to measure the angles between the 
visual rays from any terrestrial objects to the eye of the 
observer is, in principle, the same as the sextant used for 
nautical observations, and described in the Treatise on Prac- 
tical Astronomy and Geodesy (Arts. 129 — 132): 'it is fre- 
quently also provided with a divided index or horizon-glass, 
agreeably to the constructions proposed by Captains Fitzroy 
and Beechey (25. Arts. 138, 139.), for the purpose of ob- 
serving angles greater than 120°. That the instrument may 
not be injured in being carried, it is contained within a cy» 
lindrical box, and it is generally now provided with a small 
telescope. By means of the vernier an observed angle may 
be read on the arc to minutes of a degree ; but the instrument 
is subject to a certain disadvantage, in the pinion by which 
the index is turned being unavoidably very near the centre 
of motion. 

The manner of using the instrument is well known; it 
may, therefore, be sufficient to say that its face must be as 
nearly as possible in a plane passing through the eye and the 
two objects between which the angle is to be taken; and, 
when held uppermost, the observer must look through the 
unquicksilvered part of the horizon-glass at the left hand 
object ; then, turning the pinion by which the index and its 
mirror are made to revolve, the reflected image of the right 
hand object must be made to coincide with the other at the 
line separating the quicksilvered from the unquicksilvered 
part of the glass, when the value of the subtended angle may 
be read on the graduated arc. If the sextant is held with 
its face downwards, the reflection of the left hand object 
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must be made to coincide in like manner with the right 
hand object seen by direct vision in the horizon-glass. 

When the sextant is employed for the purpose of fixing 
the relative positions of any three stations, in the manner of 
a trigonometrical survey, it is obvious that the objects which 
serve as stations should be as nearly as possible in a hori- 
zontal plane ; and the stations should be, at least, half a mile 
from each other, in order that the parallax of the instrument 
may be insensible. 

The sextant is occasionally employed to obtain the angular 
elevations of objects above the horizon ; in which case the 
angle must be taken between the object and its image, seen 
by reflection in an artificial horizon. The angle thus taken 
is double the required altitude (Astron. and Geod. Art. 133.), 
the error arising from the distance of the observer's eye from 
the reflecting surface being neglected. 

The artificial horizon usually employed is a shallow cy- 
lindrical or rectangular vessel of wood, earthenware, or metal, 
containing mercury from the surface of which the light 
coming from the object is refiected to the eye of the observer. 
In order to prevent the surface of the fluid from being agi- 
tated by the air, a circular plate of glass having its surfaces 
parallel to each other is laid upon it when it is contained in a 
cylindrical vessel : a rectangular trough is usually covered by 
a frame containing two plates of glass which form inclined 
planes meeting in a ridge over the middle of the trough. 

Since, on a journey, it is not always convenient to carry 
mercury, there may be used an artificial horizon consisting of 
a circular mirror of dark glass or of polished metal, fixed in 
a frame about which at equal distances are placed three 
adjusting screws. By these, a small spirit-level being laid on 
the mirror, and the latter being placed on a stone or other 
object which may serve as a pedestal, the reflecting surface 
may be made panillel to the natural horizon. 

fl. When an artificial horizon is not at hand, or the low 
elevation of the object prevents the reflected image of the 
latter from being seen in such horizon, the angular altitude 
may be obtained roughly by means of the simple instrument 
called a Gunter's quadrant. This is the fourth part of a 
circle made of box-wood having its arc graduated in degrees : 
a small plummet is suspended from the angle of the quadrant, 
and two perforated sight-vanes are placed on one of its 
straight edges. The instrument being held in a vertical 
position with one extremity of the arc near the eye, the line 
of the sights is directed to the elevated object, and the plunmiet 

I 4 
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is allowed to hang freely : then the degrees on the arc be- 
tween the plumb-line and the extremity which is furthest 
from the eye will express the required angle of elevation. 



OF THE REFLECTING SEMICIRCLE. 

65. This instrument, which was invented by Lieutenant- 
General Sir Howard Douglas, being frequently employed 
instead of a pocket sextant for the purpose of fixing the 
positions of stations, a brief description of it may with pro- 
priety be introduced here. 

The instrument is of brass, and the index-glass, which 
makes a constant angle with a pkne passing through its 
middle point and the centre of .the semicircle, perpendicularly 
to the plane of the latter, is fixed, also perpencficularly to that 
plane, to a bar which turns upon the oentre : the horizon- 
glass is attached in like manner to one end of a bar which 
turns on a pivot at that extremity of the instrument which is 
opposite the index-glass. The other extremity of this bar 
carries the sight-vane, and the bar itself being perforated in 
the direction of its length, on being turned upon the axis of 
the horizon-glass, a pin rising through the perforation from a 
plate forming part of the bar carrying the index-glass causes 
both glasses to turn at the same time, one upon a point in 
the circumference and the other upon the centre of the semi- 
circle. By this construction the angle described by the 
index-bar from its position, when the mirrors were parallel to 
one another, is always equal to twice the angle at which the 
mirrors are inclined to one another ; but the angle subtended 
by the distance between two objects, placed in apparent 
contact after two reflections, is equal to twice the inclination 
of the mirrors (Astron. and Geod. art. 132.) Consequently, 
the subtended angle is equal to that which is described by 
the index-bar, and its value is given by the graduations on 
the semicircle. One side of this bar having a chamfered 
edge in the direction of a radius of the semicircle, it is 
evident that after an angle has been observed, it may be 
immediately protracted on paper by means of the instrument 
itself. 
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OF THE VERNIER. 

66. The vernier, so called from the name of its inventor, 
is a scale of small extent graduated in such a manner that, 
being moved by the side of a fixed scale or being fixed while 
this scale is moved, by the coincidence of one of its lines of 
division with one of those on the scale to which it is applied, 
there may be obtained the value of a space on the latter 
expressed in parts of its divisions. 

If each division of any scale be considered as a unit, and it 
be required, by means of the vernier, to obtain a space equal 

•to any portion, as Hh of that unit, the extent of the scale 

n 

called the vernier must be made equal to that of w— 1 of 

those divisions, and this extent on the vernier scale must be 

divided into n equal parts: it is manifest, then, that each 

division of the vernier will be equal to a portion of the unit 

n — l 
division on the instrument expressed by ; and sub- 
tracting this from 1, we have - for the fraction of the unit 

division by which the latter exceeds the extent of one division 
on the vernier-scale. Thus, if it be required to obtain, by 
means of the vernier, subdivisions of any scale equal to one- 
tenth of each division on that scale, the vernier-scale must 
be equal in extent to nine of these divisions, and must be 
divided into ten equal parts : then the excess of each division 
on the first scale above each of those on the vernier will be 
equal to one-tenth of the former, as required. 

Each circle of a theodolite is usually divided into half 
degrees, and by means of the vernier these are to be sub- 
divided into minutes or into spaces equal to y\yth of half a 
degree. The extent of the vernier-scale is, therefore, made 
equal to 29 half degrees, or 870 minutes, and this is divided 
into 30 equal parts : each part is, therefore, equal to 29 mi- 
nutes, and th^e excess of each division on the circle above 
each division of the vernier is equal to one minute. 

Again, the arcs of sextants are divided into degrees which, 
in some cases, are subdivided into four equal parts, each of 
which is consequently equal to 15 minutes; and, on in- 
struments so divided it is customary to obtain, by means of 
th6 vernier, subdivisions each of which is equal to 15 seconds, 
or to ^^^th of each division on the arc. For this purpose the 
extent of the vernier-scale is made equal to 59 divisions of 
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the arc (= 14° 45' or 885'), and is divided into 60 equal 
parts ; each of these parts is consequently equal to 14' 45", 
and the excess of each division on the arc above each division 
of the vernier is 15 seconds. 

In order, now, to read the value of the space between the 
index of the vernier, when it stands between two lines of 
division, and the first of these two lines, it is merely necessary 
to look along the two scales till some division line of the 
vernier is found to be in coincidence (or very nearly) with a 
division of the first scale : the number of that line of division 
on the vernier, reckoning from the index line which is con- 
sidered as that of zero, will express the required value of the 
space in subdivisions of the scale. 

For example, if the divisions of a scale are to be subdivided 
by the vernier into tenths, and the index of the latter stand 
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between the third and fourth division of the scale; on 
looking along the vernier, it may be found that the fourth 
line of division is in coincidence with one of the division 
lines of the scale on the instrument : it will follow that the 
index line of the vernier has passed over four-tenths of a 
division beyond the third on the scale, and thus the whole 
space passed over from the zero of the scale is 3.4 divisions. 
It is easy to perceive, from this example, how the value of an 
observed angle is to be read in degrees and minutes, or in 
degrees, minutes, and fractions of a minute, on the circle of a 
theodolite or on the arch of a sextant. 
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MENSURATION OF HEIGHTS AND DISTANCES. 




67. To find the height of an accessible object on a horizontal 
plane. 

Let BC be the height which is to be de- 
termined. 

In the horizontal plane passing through 
c, the foot of the object, let a base ca = J, 
be measured (Art. 60.), and at the extre- 
mity A of the base, let the angle of elevation 
BAG = A, be measured. (Art. 62.) 

Then, in the right-angled triangle ABC, A, ft, are given to 
find a; 

. • . a = b tan. A. (Art. 56.) 
and log. a = log. b -f log. tan. A — 10. 

Ex. Given b = 150 feet ; a = 35° 41' : required a. 
Ans. a =107.7195. 

a. If the angles of elevation are measured with a theodo- 
lite, it will be necessary to add the height of the instrument 
(commonly 5 feet) to the heights obtained by calculation. 

Adding 5 feet to the value of a in the preceding example, 

BC or a = 107.7195 + 5 = 112.7195 feet. 

In the examples contained in this section, all the calcu- 
lated heights are augmented by 5 feet. 

68. To find the height of an accessible object on sloping 
ground. 

Let BC be the height which is to be b 

determined. 

In the inclined plane passing through '^ 

c, let a base CA = i, be measured (Art. 
60.) ; and at the extremity A of the ^ 
base, let the angle of elevation bad=a, 
and the angle of inclination of the sloping base, cad = a', be 
measured. (Art. 62.) 

Then a, a', ft, and the right angle d, are given to find BC 
or a. 




c 
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<BAC = BAD — CAD = A — a'. B = 90°— A .' . sill. B=COS. A (Art 17.) 

Wherefore, since bc = -. — . (Art. 59. Case I.) 

sin. B ^ ^ 

__ b sin. (a — A^)_ b sin, (a — A^) 
"" sin. B "" COS. A * 
And, log. a= log. b -|- log. sin. (a — a') + arith. comp. of log. cos. a — 10. 

Ex. Given 5=275 feet; A =29° 35'; a' = 6^ 14': re- 
quired a. 

Ans. 130.334 feet. 

a. If BD, the height of b above the horizontal plane passing through a, 
and AD the horizontpl distance of a from bd are required. 

Ist. Aj} = b COS. A^ (Art. 58. Case L) 

2d. BD ^ AD tan. a (Art. 58. Case 11.) ^ b cos. A^ tan. A. 

69. To find the height and distance of an inaccessible 
object on a horizontal plane. 

Let BD be the height, and ad the distance, which are to 
be found. 

1st. Let the base AC =ft, be measured from the point A, 
in the direction passing through d, the b 

foot of the inaccessible object ; and at 
A, c, the extremities of the base^ let 
the angles of elevation, b a c = a, 
BCD = c, be measured. The base ft, 
with the angles of elevation A, c, and * * 
the right angle D, are sufficient data for the determination of 

BD, AD. 

In the triangle ABC, 

< ABC = BCD — B AC (Euc. I. 32.) =C — A; 

and, sin. acb =sin. BCD (Art. 18. c.) =8in. c. 

. 

Also, AB = — ; — . (Art. 59. Case L) 

sm. ABC ^ ^ 

b sin. c 
or, AB = — 




sin. (c — a)' 
Again, in the triangle abd, 

BD=AB sin. BAC (Art.58. CaseI.)=^-?^5lfJ^. 

^ ' '^ sm. (c — a) 

. b COS. A sin. c 

AD=AB COS. BAG =— ; 7 r-. 

sm. (c — a) 
If CD is required; cd = ad — AC. 
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Hence, 

log.BD=Iog.ft+log. sin. A+log.sin.c+arith.comp. of log. sin.(c — a) — 20* 
log. AD^log. 6 -hlog. COS. A-j-Iog. sin. c -j- arith. comp. of log. sin. (c —a) — 20. 

Ex. Given b = 225 feet; a = 24° 38'; c = 39°27': re- 
quired BD, AD? 

Ans. BD :=^ 238.02 feet ; ad = 508.18 feet. 

2d. If a base cannot be measured from the point A, in the 
direction passing through d, the foot of the 
inaccessible object, let a base AC=:ft, be 
measured in any convenient direction. 

At the extremity A of the base, let the 
horizontal angle cad = A, and the angle of 
elevation bad i=a', be measured; and at the 
other extremity, c, of the base, let the hori- 
zontal angle acd=zC be measured. The 
base by with the horizontal angles A,c, the angle of elevation 
a', and the right angle adb, are sufficient data for the deter- 
mination of AD, CD, the horizontal distances of the ends of 
the base from the foot of the object, and of bd, the height 
of the object above the plane A CD. 

In the triangle ACD,"<ADC=:lSO''— (a -fc). (Euci. 32.) 

.-. sin. ADC =sin. (a + c). (Art. 18. c.) 

AC sin. ACD b sin. C / k j. er, ns t\ 

AD = — i =-: — 7 \. (Art. 59. Case 1.) 

sm. ADC sm. (a + c) ^ ^ 

AC sin. CAD b sin. A 

CD = 




sin. ADC . sin. (a -f c)' 

And in the triangle abd, 

/ k J. ifr> r^ TT \ ^ si^* c tan. a' 

BD = AD tan. BAD (Art. 58. Case II.) = — : — 7 v . 

^ ^ sm. (a + c) 

. • . log. AD = log. b -\- log. sin. c + arith. comp. of log. sin. (a -f c) — 10. 
log. c D ^ log. b -{■ log. sin. A -|- arith. comp. of log. sin. (a -f c) — 10. 

log. BD slog, b + log. Bin. c + log. tan. a' + arith. comp. of log. sin. (a + c).— 20. 

Ex. GKven ft = 486 feet; a =56° 48'; a' = 19° 54'; 
C=42° 17': required ad, CD, bd. 

Answer, ad = 331.132 feet; CD =411.8326 feet; 
BD = 124.868 feet. 

a. The horizontal distances and the height of the object may also be 
obtained by computation, when the oblique angles bac, bca, have been 
observed with a sextant (Art. 64.), and the angle of elevation bad, either 
with a sextant and an artificial horizon, or (when great accuracy is not 
required) with the simple instrument called a Gunter's quadrant. 
(Art. 64. a.) 
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70. To find the height and horizontal distance of an inac- 
cessible object on sloping ground. 

Let BD (or bf) be the height, and ap the distance, which 
are to be found. 

1st. Let the base AC = i, be 
measured from the point A in the 
direction passing through D, the foot 
of the inaccessible object : at A let 
the angle of elevation b af =: A, and 
the angle of inclination of the slope 
daf=a', be measured; also at c, 
let the angle of elevation bce=:C ^ 
be measured. Then ft, a, a', c, and 
the right angle F, are given to find bd, bf, and af. 

<dce=daf=a', (Euc. I. 29.) 

<BCD=:BCE — DCE = C — a' : < BAC = B AF — D AF = A — A' 
<ABC = BCD — BAC, (EuC. I. 32.) = C — A. 

Sin. ACB=sin. BCD=sin. (c— a') 

Sin. ADB=sin. adf = cos. daf=cos. a' 

T ^1 ^ . 1 AC sin. AC B ftsin.(c— aO 

In the triangle abc, ab= — -, = — ; — ) / 

^^ sm. ABC sin.(c— A) 

(Art. 59. Caee L) 

In the triangle abd, 

_ A3 sin. BAD _ft sin. (c— A') sin. (a — a') 

BD — i ^— ; 7 r 



sm. ADB 



sin. (c— a) COS. A' 



In the triangle abf, bf= ab sin, b af = ^ s^"- fcyAp sin, a 

sin. (c— a) 

ftsin. (c->"AQco8. A 
sin. (c— a) 



AF = ABCOS. BAF = 



■ . log. B Dsalog. 6+log. sin. (c— A') +log. sin. (a— A') +arith . comp. of log. sin . (c- a) +arith.comp. of log. COS. A'— 20. 
log. BPslog. b + log. sin. (c — a') + tog. sin. a+ aritli. cosnp. of log. sfn. (c— a)— 20. 

log. AFslog. b + log. sin. (c — a') + log. cos. a + arith. comp. of log. sin. (c— a) -^20. 

Ex. Given ft =500 ft.; A=32*' 26'; a'=4'*42'; c=40°5': 
required b D, b f, a F. 

Ans.BD= 1020.5 ft.; bf = 1171.42 ft.; af = 1835.628 ft. 

2d. If a base cannot be measured from a, in the direction 
passing through the foot of the inaccessible object; let a 
sloping base AC=i be measured in any convenient direc- 
tion* 
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Let it be supposed that from the foot of the inaccessible 
object and the upper end of the base^ 
perpendiculars are let fall upon the hori- 
zontal plane passing through A, the 
lower end of the base, (Planes. Prop. 10.) 
and that these perpendiculars meet this 
plane in p, G, respectively. Let AG be 
the intersection of the vertical plane AC G 
with the horizontal plane passing through ^ 
A; and let af, gf be joined. Through 
C, in the plane ACG, let CE be drawn parallel to AG; and, 
in the plane bfg, cd, parallel to fg ; and let ab be joined. 

Then cg=df ; cd=gf, (Euc. i. 34.) and <dce=agf, 
(Planes, Prop. 9.). Also, gaf is the horizontal angle made 
at A by the direction of the base, and the line of sight 
passing through A and the inaccessible object; DCE=FGAis 
the horizontal angle made at c by the direction of the base 
and the line of sight passing through c and the inaccessible 
object; cag is the angle of inclination of the base AC; and 
baf is the angle of elevation of the top of the inaccessible 
object. Let these angles be measured with a theodolite, 
(Art. 62.) and let gaf = a, dce or fga = c, cag = a', 

FAB = A^\ 

In the triangle ACG, ag=ac cos. GAC=icos. a\ 

In the triangle afg, 
sin. AFG=sin(GAF + FGA)=sin. (a + c), (Art. 19. b.) 

AG sin. FGA b cos. a' sin. c 

AF = ! = -. y ; X- 

sm. AFG sm. (A-hc) 

• AG sin. GAF b COS. a' sin. A 
sin. AFG sin. (a + c) 

And in the triangle abf, 

b COS. a' sin. c tan. a'' 



BF — AF tan. FAB = 



sin. (a + c) 



.*.log.Apslog.6<(-log. coi>. A'+log. sin. c +arith. corap. of log. sin.(A + c)— 20. 
log. GF as log. b + log. COS. A'+log. slii. A + arlth. coinp. of log. sin. (a + c) — 20. 
log. BFslog. b + log. COS. A'-f log. sln. c + log. tan. a"+ arith. comp. of log. sin. (a + c) — 30. 

Ex. Given * = 477.6 ft. ; a = 74° 18'; c = 48° 52'; a'= 
9° 26'; a''=32°29': required a f, gf, bf. 

Ans. AF =423.918 ft.; GF = 541.839ft.; bf = 274.892 ft. 

a. If BD, the height of b above c, the upper end of the base, is required; 
bs=:bf — Dp:=Br — CG = Br — b sin. A^ 
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Otherwise, let the angle of elevation bcd (=0 ^® measured : 

^_ , , . , h COS. A.' sin. a tan. c' 

Then, bd = cd X tan. c=gf X tan. c':= = — 7 — ; — c . 

' sin. (a H- c) 

h. The horizontal distances and the height of the object may also be 
obtained by computation when the oblique angles bag, boa, have been 
observed with a sextant (Art. 64.), and the angles of elevation with a 
Gunter's quadrant (Art. 64. a.) or otherwise. 

71. Given the distance between two stations, and the 
horizontal angle contained, at each station by two lines of 
sight, of which the one passes through the other station and 
the other through an inaccessible object ; to find the distance 
of the inaccessible object from each station, and also from 
the straight line joining the two stations. 

Let the stations be A, c, and the inacces- 
sible object B : then the angles A, c, the 
base AC =6, and the right angle at D, are 
given to find ab, cb, db. 

In the triangle a b c, sin. a B c = sin. (a + c) 

AC sin. AC B i sin. c 

AB = 



CB = 



sm. ABC 

AC sin. BAC 
sin. ABC 



sin. (a+c) 

h sin. A 

sin. (A-hcy 

h sin. C sin. A 




DB=ABSm. BAD= . , . v • 

sm. (a+C) 

. • . log. AB := log. h + log. sin. c + arith. comp. of log. sin. (a -f- c) — 10. 
log. c B = log. h -f- log. sin. A -h arith. comp. of log. sin. (a + c) — 10. 
log. D B=log. 6 -f-log. sin. c + log. sin. a + arith. comp. log. sin. (a-|- c) — 20. 

Ex. Given ^ = 1328 ft.; a=84^23'; c=43° 19'; adb = 
90"*: required ab, cb, db. 

Aus. AB = 1151.44 ft. ; cb = 1670.3505 ft. ; db = 
1145.913 ft. 

72. To find the distance between two inaccessible objects 
which can be seen from two given stations in the same plane. 

Let C, D, be the inaccessible objects whose horizontal dis- 
tance is required. 

Assume two stations A, b, in a ho- 
rizontal plane: measure the base ad 
=5; and the horizontal angles bad 
=A, dac=:a'; abc=b; cbd = b'. 

Then, in the triangle acb, 

^ Z.ACB = 180°— (a + a' + b) 
.'. sin. ACB = sin. (a + a' + b) 
(Art. 19. i.) 

. J AB sin. ABC 

And AC = 




b sin. B 



sin. ACB sin. (a + a' + b)* 
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Again^ in the triangle adb, z. adb = 180°— (a -f b 4- b'), 
.'. sin. ADB = sin, (a + b + b'), 

, AB sin. ABD b sin. (b + bO 

and AD = — ; = - — 7 — ^ -— ^. 

sm. ADB sin. (a + B -H b') 

Lastly, in the triangle A CD, 

CD = -/ {aC^ -h AD^ — 2 AC X AD COS. A'} (Art. 57. c), 

/e ft'sln.'B ygtn.«(B-fBO b gin, b ^ b sin. (B-f b') i' 

Or,CD— y/- tiIn.8(A+A'+B)'*"iin.S(A+B+B')" *^i!n.(A + A'+B) 8ia.(A + B+B')^ ^^'^ i 

In computing CD from this formula, bj logarithms, it will 
be necessary to calculate separately the value of each of the 
three terms in the second member. As nearly the same 
quantities enter into each term, the labour is not great. 

Otherwise, after AC and ad have been determined, since 
the angle cad is known, the value of either of the angles 
A CD, ADC, may be found by Art. 59. Case III., and the 
value of CD by Art. 59. Case I. 

Ex, Given fe = 880 yards, a=48°54''; a'= 52*^46'; b= 32^29'; 
b'=63® 15': required cd. Ans. cd = 1231.4 yards. 

"br" sin B 
Calculation of ac*= -i— ^7 — r-'-n — ^» 

8in.*(A4-A'H-B) 

A -f a'4- B = 48° 54'+ 52° 46' -h 32° 29'= 134° 9'. 

' log.(fe*) = 2log.fe=2log.880 . . . 5.888966 
+ lo^.(8in.*B)=21o^.Bin.B=2log.8m.32°29' + 19.460036 
Log.(Ac*)= 4- anth. comp. log. sin.' (a -|- A'-f b') = 2 x 1 
2 Tog. A c = I arith. comp. of log. sin. (a -f a^+b) = }- -f 80.288334 




— 100 —100.000000 



The number of this log. is 433846.5 .... 5.637336 

.-. A c*= 433846.5. 

SimUarly, ad«= -.?^-f^^t?0 - 2288453.2. 
•" sm.*(A-f B-fB') 

Also, 

2AC X AD C0S.A'=2 X . /^'° . x-.^^-^'^'l:Xcos.A'= 1205783.3. 

sm. (a -f a' -f b) sm. (a + b + b') 

.-. CD >- ^^ {433846.6 + 2288453.3 — 1905783.3} b V 1616616.4— 1231.4 yards. 

a. Conversely, if the distance CD, and 
the angles bad=a; dac=a'; abczzb; 
GBD = B^, are given to find ab. 

In the direction AB, assume the base 
AB' = 6; and at the point b' make the 
angles ab'C' = ABC ; ab'd' = abd, and 
join c'd'. 

K 
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Then, since b^c' is parallel to b c (Euc. i. 28.) ; a b^ : a b : : ▲ c^ : a c (£uc. vi. 2.) 
And, since B^D^is parallel tOBD ; ab^ : ab : : ad^ : ad 

Whence, by equality of ratios ; a c' : a c : : a d' : a d. 

Therefore, c'd' is parallel to CD. (Euc. vi. 2.) 

Next, AB' and the angles b^ad'; d'ac', ab'c^ c'b'd', 
being known, c'd' is found by the first part of this artide. 

Lastly, c'D', CD and a b^ being known, ab is found by 
the proportion 

c'd' : CD (:: ad' : ad) :: ab' : ab. 

Ex. Given CD=1562.8 yards; a=37°40'; a'=:72^ 20'; 
B = 38° 20' ; b' = 79° 10' : required the distance ab. 
Ans. AB = 750 yards. 

For a geometrical construction of this problem, see Prac- 
tical Astronomy and Geodesy, Art. 424. 

73. To determine the position of an object when there 
have been observed the angles contained between lines 
imagined to be drawn from it to three stations whose dis- 
tances from each other have been previously determined. 

Let the distances bc = a ; AC = b; ab s= c; and the angles 
ADB = d; bdc = d', 
be given to find the 
distance of the point D 
from each of the stations 
A, B, and c. 

Since in the triangle 
ABC, the three sides a, 
ft, c, are given, the angle 
ABC, or B, is given. 
(Art. 59. Case IV.) 

And since in the quadrilateral figure abcd, the angles b 
and D + d' are known, if the angle bad were known, then 
BCD (=4 right angles —b — d — d' — BAD, Euc. I. 32. 
Cor.) would be known. Consequently in each of the tri- 
angles ABD, CBD, there would be given one side and two 
angles to find the sides da, db, DC. 

Let therefore the angle b ai>= : then b cd = 360®— (b -|- d + d'+ f) ; 
or, making 360**— (B4-D-|-D') = a; Bci>=a — 0. 

Now, in the triangle abd, 

AB sin. BAD c sin.6 

BD = — : — , ^^ =—' ~ ... 1 

sm« ADB sm. D 
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And in the triangle Bcb^ 

BC sin. BCD asin. (a~^) 

BD^^ s ss ; -1 • • • ^ 

sin. BDG BUL D 

!• x- 1 J o c sin. 6 a sin. (a — 6) 

•'. from equations 1 and 2,-5 ^ = ^-^^ — 7—^, 

^ sin. D sin. jy 

.'• c sin. D^ sin. ^ =: a sin. D sin. (a — ^)j 
or, since sin. (a— ^) = sin. a cos. ^ — cos. a sin. ^. (Art 31.) 

c sin. D^ sin. ^ = a sin. D {sin. a cos. ^ — cos. a sin. 0]. 
Dividing every term of this expression by sin. ^ ; and ob- 
serving that - — ^ = cot. ^ (Art 25. J.), 

c sin. D^ = a sin. D (sin. a cot ^ — cos. a). 
Whence, a sin. D sin. a cot. ^ = a sin. d cos. a + c sin. d^, 

and, cot. ^ = cot. a + 



c sin. d' 



a sm. B sin. a 

The angle 6 being determined; bcd=360°—(b + d + d' + ^) 
is Known. 

rp, _ ab sin. (adb + dab)_ c sin. (d + 0) ^ 

"~ sin. ADB "" sin. D ' 

ab sin. DAB c sin. 6 
sin. ADB sin. D ' 

mciin.PSo BOiin.{l80O— (bcd+bdc)} a 8ln.(180O— 360O+b+d+d"+^— pQ agln.(B-f d+^—ISQP) 
riii.BDC~ gln.BDc *" •in.D' * sin.j/ 

a. K B = 180% or if the point B falls on the line AG, 
then « = 360° - 180° — (d + d'); 

or a = ISO'' — (d + d'), 

.*. cot a = — cot (d + l>'), (Art. 25. a.), 
sin. a = sin. (d + d'), (Art. 18. A.), 

1 . . . / /\ . c sin. d' 

and cot. A = — cot (d + d') H : -. — 7-— TTrTx* 

^ ^ '^ a sm. D sm. (D -f D ) 

& If the point B falls below the line AG (as in the an- 
nexed figure), the sum of the angles abd, 
CBD (=360° — abg) must be taken for. a, 
the angle b : because these angles, together 
with the three remaining angles of the qua- 
drilateral figure ABGD, make 360% as has 
been supposed in the solution. 

K 2 
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C.IfABC + ADC = 180°,orB + D-|-D' = 180° 

a = 360° - 180° = 180°, 

.*. cot. a = — a . (Art. 25.) : sin. a = 0. a 
(Art. 18. b.) 

. t c sin. d' X 

.•. cot. 9 = —00 H — ; an expres- ^ 

sion from which the value of cot. 6 cannot 
be determined. 

Let a circle be described about the triangle ABC : then 
because the angles a bg, a DC, are together equal to two right 
angles, the point d is in the circumference of this circle 
(Euc. III. 22.): and wherever D, d', &c. are taken in the 
circumference, adb = ad'b; bdc = bd'c, &c. Conse- 
quently, under this hypothesis, the problem admits of an 
unlimited number of solutions. 

d. In computing the value of cot. <f> from the expression 

c sin D 

cot. A =cot. a H ; '—. , it wiU be necessary to employ 

^ a sm. D sm. a j r j 

a table of natural tangents, or to find the natural from the 
logarithmic cotangent in the manner which is explained in 
Art. 55. a. 

Examples. 

1. Given a=3796 ft.; ft = 3563.6 ft.; c = 2514 ft.; d = 135°19'; 
d'= 113° 20' : required d a, db, dc. 

l8t. Z B = W r (Art. 59. Case IV.) 

2d. a= 360°— (65° 7'+ 135° 19'+ 113° 200=360°— 313° 46'=46° 14'. 

o^ r. * ^ ^Ano^Afx 2514 sin. 113° 20' 

3d. Cot.0 = cot.46°14-+ 3y^g sin.l3 5°r9' sa:46°l4>' 

4th. Cot. 46® 14'= .9578494. 



5th. Log. 2514 . 

-f log. sin. 113° 20^ . 

-j- anth. comp. log. 3796 . 

-j- arith. comp. log. sin. 135° 19' . 

-|- arith. comp. log. sin. 46° 14' . 

— 20 



3.400365 
•f 9.962945 
+ 6.420674 
-I- 0.152929 
+ 0.141365 
— 20.000000 



The number of this log. is 1.197509 . . . 0.078278 

Whence, in this instance, — -, —. — = 1.197509. 

a sm. D sm. a 

6th. Cot. = .9578494 + 1.197509 = 2.1553584. 

7th. In the table of natural tangents, this number expresses the value 
of the cotangent of ah angle of 24° 53' 22"; . - . ^ = 24^ 53' 22'^ 
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Otherwise, 

to the log. of 2.1553584=0.333519 

Add 10 



The 8um= 10.333519 is the log. C5at. of 24° 53' 22''. 

loa. „„ --'i«-(.+.-»+>-'«0 , »™x"°-'fi9-'y' =a»9.8fat. 

sm.D' sm.ll3 20^ 

2. Given a =768 ft.; c=1490ft.; Z.B=125% and b fall- 
ing below AC (in which case Z.B = 360''— abc=235'); also 
D=:37° 10'; D'=48° 15' to find the angle 0. 

Ans. ^= IP 22' 39". 

3. Given « = 849.43 yds. ; c= 1153.7 yds.; b=112**25'; 
D=27'' 31'; D'=19° 14': required (f). 

Ans. 0-95° 25' 42". 

In this example, the result of the calculation is = 
—0.0950279. 

Whence, the sign being negative, ^ is an obtuse angle. 
(Art. 25.) The angle to which the positive cot. 0.0950279 
belongs is '84° 34' 18", 

.-. <^ = 180**-84° 34' 18"=95° 25' 42". 

e. The values of the unknown angles bad, bgd, may be 
found, otherwise, as follows : 

Let BCD be denoted by 0y 

rrn ABsin.BAD csin.0 . BC sin.BCD asin.d 

Inen, BD^ — -. =— : : also bd^ — ; ^— ; t-, 

sin.BDA sin.B sin. BDC sin.D 

a sin, c sin. 6 -i • /i ^ sin. 6 sin. d' 

.'. —J 7"=—' — -\ andsm. ^= 4- . 

sin. D sm. D a sin. D 

sm. d' 1 
To abridge this expression, let — ^ — =^ 

^ c sin. 6 , 

.'. sin. c^— — -j—^ ..,;.-! 

a 

Adding sin. ^ to each side of equation 1, 

• zi . • ^ ^ sin. 6 , . , (c-)rd) sin. 

m. ^+ sin. if>-= — -^-^ + sin. <p=^^ ^ ; . . 2 
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Subtracting sin. if> from each side of equation 1, 

. /I . . c sin. d> . , (c'^d) sin. A 
sin. ^— sin. 9= — -7—^— sin. ipzz^ ^ 



Dividing equation 2 by equation 3 ; 

sin-^rf sin.^_(c + 6?)sin.^ (c— rf)siiL<^ c-frf 

sin.^— sin.^"" d 



d 



c^^d 



Bin. 7— 8111.9 tan. J (a— 9) ^ ' 

•'• tan.K^-*)~c-<f 
■•.tan.K^-<^)= ^''"'^^|^^-'^^ 5 

Now the sum of the angles and (p, (=adc— abc) is 
jiven : therefore, tan. 2^ (^+ ^) is given : consequently, tan. ^ 
fl— ^) is given by equation 5. 

Therefore the angles and ^ are given individually. 
(Art. 40.) 

c. 1 sin. 1/ J a sin. D 

bmce -; = ;; , a'TZ—, ;-. 

a a sm. i> sm. J>' 

If the value of dy given by this expression, is greater than 
e, the value of sin. — sin. ^ in equation 3 is negative : 
wherefore sin. ^ is greater than sin. 0. In this case, equa- 
tion 3 must be changed into 

in. ^— sin. 0=^ ^ ?, and equation 6 into 



sin. 



d 



tan.K^-g)=^^""'^7;;^*''^^ 6 

Emplojing Formula 5 or 6, to find the value of in Example 1., 
which has been already resolved by the other method, 



rf= 



a sin. D 3796 X sin. 135® 19^ 



sm.n 



Bin.ll8°20' 



«*.Log.d 



log. 3796 . 
+ loj;.sin.l85**19'. 
+ anth. comp. of log. sin 
-10 . 



113** 20^ 



The number of this log. is 2907.046 

.•.rf= 2907.048. 



3.579326 

+ 9.847071 

+ 0.037055 

-10.000000 



3.468452 
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Since c = 2514 ; d>o. Formula 6. is consequently to be used. 

Now, rf— c=2907.046-.a514= 893.046. 
J + c = 2907.046 + 2514 = 5421.046. 

Also, 
ADC=360°— (d-|-dO=360°— (135®19'+U3*» 200=360**— 248'' 39'=lll°2r, 

AndABC5=65°7', 

• •.ADO— ABC3=111<'21'— 65*'7'=46°14'=^ + ^, 

.•.J(0 + 0) = 23*>7'. 

393.046 X tan. 23° 7' 



And tan. ^ (0 — d) = 



5421.046 



1 log. 393.046 . 
+log. tan. 23^7'^ . . 
+ arith. comp. of log. 5421.0 
-10 



2.594444 

. + 9.630306 

046 . +6.265917 

. -- 10.000000 



The angle of this log. tan. being 1'' 46' 22'' . 8.490667 

1(^-0) = 1046' 22", 

. • . = 23° 7'+ 1"* 46' 22"= 24° 53' 22". (Art. 40.) 
e=23° 7'— 1° 46' 22"= 21° 20' 38". 

The angles ^ and 9 being found ; the distances d a, bb, dc, are determined 
by Art. 59. Case I. 

For a geometrical construction of this problem^ see Prac- 
tical Astronomy and Geodesy, Art. 425. 

74. To determine the positions of two objects with respect 
to three stations whose mutual distances are known, when 
there have been observed, at the place of each object, the 
angles contained between a line supposed to join the objects, 
and other lines imagined to be dntwn from them to two of 
the three given stations, some one of these being invisible 
from each object. 

Let A, B, G, be the given stations, and 
D, E, the objects whose positions with re- 
spect to A, B, G, are to be determined. 

Then there are given ab, bc, ac, and 
the angles ade, edg, aed, deb, tofind^ 
DA, DG, ea, eb, and de. 

Let BG=a, AG=i; ab=c; ade=d; 
edg=:d'; aed=e; deb=e'. 

Since a, £, c, are given, the angles A, B, g, of the triangle 
ABC, are given, (Art. 59. Case IV.). 

And since the angles deb, edg, are ^ven, the angle dhe 
or BHG (=180**— (d' + eO) is given. 

Again, since bhg and bag, or A, are given, the sum of 
the angles abe, agd, which is equal to bhg— bag, or to 
180°— (a -h d' + eO, is given. 

K 4 
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Now, if the angles a be, agd were known. 

In the triangle ADC, there would be given the side AC 
and the angles adg, agd to find da, dg: 

In the triangle A be, there would be given the side ab and 
the angles aeb, abe to find ea, eb : 

And in the triangle ade, there would be given the side 
AD or the side ae and the angles ade, aed to find de. 

To determine the angles abe, agd; let abe be denoted 
by (f>, and agd by : 



Then, sin. :.sin. (D-f D 

and, sin. if> : sin. (e + e 

sin. sin. (d + d 



sin. ^ " sin. (b + E 
sin. c sin. E sin 



sin. <f} b sin. D sin 



)::ad : J, (Art 57.) 
):: AE : c 

) ..^^ f __8iB. E\ ^ b 
) '* AEV ~sin.D/ *c 

(d + dO 



(e + eO' 



To Aridge a» exp«»io., let .t'tSt^j =3 ' 

U Bill. xJ Dili. \iu 'Y' Ji* J U> 

., sin. c 1 . /I csin. d> 

then -I — X = j5 aiid sin. u-=. — 3—^ 1 

sm. <p a a 

Adding sin. ^ to both sides of equation 1, 

sm. &+sm. 9=^^ ^ — 2 

Subtracting sin. ^ from both sides of equation 1, 

«;*, a o^r, ^_ (c— fQsin . 

sm. C7 — sm. 9=-^ j= o 



Dividing equation 2 by equation 3, 

sin. ^ + sin. 0__c + rf 
sin. fl— sin. ^ ^c^<f 

Whence, as in Article 73. e. 

tan. ^(g-i-0) _c+^ 
tan. ^(fl— ^)~c— rf 



Consequently, as i(0 + (l>)=i{lSO'''-'(A-^j>'-^-B')], 

and ^C^*^^) is given by equation 5, the values of and ^ 
are determined. 
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Lastly^ DA = 



& sin, g _ b&ia.(p+T>' + 0) 

sin. (d + d')' "" sin. (d + d') 



_ c sin. (j) 
sm. (B4-E') 



__ c sin. (e + e'+ 0) 
"" 8in.(E4-E') 




^ DA sin, (p -i- e) _ ft sin. sin, (p + e) 
"" sin. E "" sin. (p -f- d') sin. E* 

This method of solution is^ in general, applicable^ whether 
the objects p, e, are or are not situated with respect to the 
stations A, B^ c, as in the diagram. But when the positions 
of P^ E, are different^ the signs of some of the quantities 
are different. For example, if the line joining the objects 
p, E, falls wholly without the triangle ABC, as in the an- 
nexed figure. 

Then if ape = p and EPC = p', 
APC = p — p', not P + p' as before : 
and if aep = E, and peb = e^ 
AEB = e' — E, not E + e', as before. 

Also from the angle 
BHC = 180°— (p'-hE') and bac=a, 
g— ^ is found, and not ^ + ^ as before : 
for BHC -f HKC + 5 = 180° (Euc. I. 32.), 
and BAG + HKC + = 180®, 

.•. BHC — BAC=:5--0; 

or, since bhc = 180° — (p' + e') and b AC = a, 
1 8 0° - ( A + p' + E') = g — 0. 

For a geometrical construction of this problem see Pnu> 
tical Astronomy and Geodesy, Art. 426. 

Ex, Given 0=2678 yards; 5 = 4490 yards; c=5232 yards; d= 
52^58'; d'=55'»4'; b = 4P46'; b'=38°4': required da, dc, ba, 

BB, DB. 

Ist. Z A= 30° 47'. (Art. 59. Case IV.) 

, ^_ b sin.D 8in.(B + B0 _ 449O sin. 52° 58" sin. 79° 60" _^^^^,^ 
^^- ^■"8in.Bsin.(D + D0 sin. 41° 46' sin. 108° 2" «^70.lb. 

.-.d -he =5570.16 + 5232 =10802.16. 
rf— c=5570.16— 5232= 338.16. 

3d. + 0= 180° — (a + 1>' + bO = 180° — (30° 47' + 55° 4' + 38° 4") = 
180°— 123° 55' = 56° 5', 

+ 0) = 28° 2' 30". 



• X 



. • . = 28° 2' 30"+ 57' 20"= 28° 59' 50", 
9 = 28° 2' 30"— 57' 20"= 27° 5' 10". 
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^. bsm.9 4490 X Bin. 27* 5' 10'' o,-^^. , 

5th. DA = -;— 7 — I — 7^= ; — TT^^"^/ = 2150.04 vards. 

sin. (d + d') sm. 108 2' -^ 

^,, ft sin. (d + D'-f 0) 4490 X Bin. 135*» 7' lO'' oooi n/i a 

6th. DC = — s-V-h — ^-^= » — iAooKT = 3381.96 yds. 

sm. (d + ©0 sin. 108° 2' -^ 

^^, c sin. 6 5232 X sin. 28° 59' 50" . _^^ ^^ , 

7th B A = -; — 7 — p-TT = ! — ^^og/./ = 2576.76 yards. 

sin. (b H- b') sm. 79° 50^ "^ 

^^, c sin. (b + b' + 0) 5232 X sin. 108° 49' 50"_ _^.^ .^ , 
^**^- ^«= sin.(B-hB') = sm.79°50' =^^^^-^^ ^^^ 

otK «. l>Atia.(o+B) 6»in.giin.(D^g) 4490 xrin.270 6^0** x ate. 94^44^ ^„, _ ^ . 
9tn. Dia jjj-j^ "*iln.(D+D')iln.B= •in.l06O2'x8iu.41«46' =3816.8 yards. 
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SECTION VIII. 

MEKSURATIOK OF PLANE SURFACES BOUNDED BT STRAIGHT LINES 
AND BY THE CIBCUMFEBENOES OF CIBCLES. 

75. To find the area of a parallelogram. 

Given the base and altitude of a parallelogram to find its 
area. 

Let by a, the numerical values of the base and altitude of 
a parallelogram be given ; and let its area be denoted by s : 
Aen by -Ajrt. 7. ^., 

in words : — The area of a parallelogram is expressed by the 
product of the numerical values of the base and altitude of 
the parallelogram. 

If the parallelogram is rectangular, a expresses the nume- 
rical value of either of the sides adjacent to the base : whence 
the area of a rectangle is obtained by forming the product of 
any two adjacent sides of the rectangle. 

If. the parallelogram is rectangular and equilateral, a = b; 
the figure is a square, and its area is obtained by forming the 
square of the numerical value of one of its sides. 

Examples. 1st. Let b = 15.5 ; a = 13.42 : required 8. 
Ans. 8 = 208.01. 

2d. Let & = 14 ft. 6 in. ; a = 4 ft. 9 in. : required 8. 
Ans. 8 = 68 sq. ft. 126 sq. in.* 

3d. Let i = 2 ft. 10 in. 6 li. ; a = 9 in. : required 8. 
Ans. 8 = 2 sq. ft. 22^ sq. in. 

4th. K the lengths of two adjacent sides of a rectangular 
field are 1375 links and 950 links respectively, what is the 
area of the field in acres, &c. ? 

Ans. 13 ac. ro. 10 poles. 

5th. The length of a rectangle is 19^ feet, and the breadth 
10^ feet ; what is the area ? 
' Ans. 198.9 square feet. 

* For the multiplication of duodecimal numbers, see Appendix, Art. 14. 
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6th. What is the area of a square whose side is 37.25 
chains m length? 

Ans. 138 ac. 3 ro. 1 pole. 

a. Griven two sides of a parallelogram and the angle in- 
cluded between them^ to find the area of the parallelogram. 

Let AC be any parallelogram^ and let the sides ad = 6^ 
AB = c, and the angle bad = a be given to find s, the area 
of the parallelogram. 

From B let BE be drawn perpen- b c 

dicular to AD : 

then Qz=:b X be, (Art. 7. e.) 
also, BE =: c sin. A, (Art. 56.) 
.•, s=bc sin. A. 

Whence the area of a parallelogram, expressed in terms of 
two adjacent sides and the angle included between them, is 
obtained by multiplying the product of the two given sides 
by the sine of the included angle. 

The calculation of s from the expression be sin. a, may be 
made with the help of a table of natural sines, or by loga* 
rithms. 

If by the latter method, since 8=bc sin. a, 

log. 8 = log. b + log. c + log. sin. A — 10. 




Examples. 1st. Given d= 35.63 
' log. 85.63 . 
+ log. 25.79 . 
+ log. sin. 25^ 13' 
—10 



Log. 8= 



c = 25.79 ; A= 25° 13': required a. 

1.551816 

. +1.411451 

. -f 9.629453 

. —10.000000 



Thenumber of this log. is 391.49 . . 2.592720 

.•.8 = 391.49. 

2d. Given J = 40 ; c = 30 ; a = 28° 5V 18'' : re- 
quired s. 

Ans. 8 = 580.947. 

3d. Given A = 138ft.; c = 59ft.; a=: 17° 66' 40": re- 
quired s. 

Ans. s = 2508.5 sq. ft. 

76. To find the area of a triangle. 

Gtiven the base and altitude of a triangle to find its area. 
If the values of the given base and altitude are b, a, and 
the area (which is to be found) is denoted by s, 

s = ^, (Art.7./:): 
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in words: — The area of a triangle is obtained by forming the 
product of the numerical values of the base and altitude of 
the triangle, and taking the half of this product. 

If the proposed triangle is right-angled, the perpendicular 
is equal to a ; the area of a right-angled triangle is conse- 
quently obtained by multiplying the base by the perpen- 
^cular and taking half the product.* 

Examples. 1st. Given b = 28.2 yds. ; a= 18.4 yds. : re- 
quired 8. 

Ans. s = 259.44 sq. yds. 

2d. Given 5 = 18 ft. 4 in. ; a = 11 ft. 10 in. : required s. 
Ans. 8 = 108 sq. ft. 68 sq. in. 

3d. Given the base of a right-angled triangle = 731 
links, and the perpendicular = 618 links : required the area 
of the triangle? 

Ans. 2 ac. 1 ro. 1.4064 po. 

a. Given two sides of a triangle and the angle included 
between them, to find the area of the triangle. 

Let the two sides by c, and the included angle A, be given 
to find the area of the triangle. 

The area of the parallelogram of which two adjacent sides 
and the included angle are ft, c, a, is given by the expression, 
be sin. A, (Art. 75. a.). 

And the parallelogram is double the triangle, (Euc. i. 41.) 

^bc sin. A 
.-. 8- 2 • 

The rule for finding the area of any triangle of which two 
sides and the included angle are given, is therefore, — Mul- 
tiply the product of the two sides by the sine of the included 
angle, and take half the result for the area of the triangle. 

If the calpulation is made with logarithms, the formula to 
be used is. 

Log. 8 = log. h + log. c -f log. sin. a + arith. comp. of log. 2 — 20. 

Examples. Ist. Given ft = 25 ft. ; c = 21.25 ft. ; a = 45° : required s. 

Ans. 8= 187.8250312 sq. ft. 

Calculation of this example by natural sines : — 

Log. sin. 45°= 9.849485 — 10. = 1.849485. 

The number of the log.T,849485 being .707106, 

the natural sine of 45° is .707106. 



* Here, and in all subsequent instances, by the product of two or mote 
lines is meant the product of the numerical values of these lines. 
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25 X 21.25 X .707106 531.25 x .707106 375.6500625 ,^ «^„«,^ , 
5 se 2 " 2 " 187.S280313 sq. feet. 

which is the area of the proposed triangle. 

2d. Given b = 95.543 yds. ; c=6.73 yds. ; A=12r 5': re- 
quired s. 

Ans. s = 275.34 sq. yds. 

&• Given two sides and the angle opposite one of these 
sides^ to find the area of the triangle. 

Given c^ a. A, to find the area abc 
or s. 

It appears from Article 59. Case 11.^ 
that if a>c, there is only one tri- 
angle of which these data are three 
parts : but that if « < c, there are two, the one having an 
acute, and the other an obtuse angle subtended by the given 
side c. 

Now the value or values of c are determined by Article 59. 
Case 11. : and the value or values of b, from the formula 
B = 180° — (a + c). 

This problem is therefore reduced to that in which two 
sides and the included angle are given to find the area of the 
triangle. 

. ac sin. ABC 
.*. Area ABC = ^ • 

. . acsin. ABC^ 

Area ABC = ^ . 

z 

c. Given two angles of a triangle and one side, to find the 
area of the triangle. 

Let the given angles and side be a, c, b ; and let the area 
be denoted by s. 

Then, since a, c, are given; b=180**— (a + c) is given. 

h sin c 
,-. c=— ; — '~i can be determined, (Art. 59. Case I.), 
sm. b ^ ^ 

« 

TkT &csin. A & sin. A /*.*./* \ 

Now, 8::^: — ^ ^^ ^ X — s — • (Art. 76. a.) 

Whence, by substituting the value of c, 

__i sin. c b sin. A _ i^ sin. A sin. C 

S— — • 11" X j: — jr — s 

sm. B 2 2 sm. b 

r\ • • « • /. . «\ &^ sin. A sin. c 

Or, smce sm. Brrsm. (A+c), 8=-k-~5 — 7 s-. 

^ ^ ?2sm.(A + c) 
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EmploTiiig logarithms, the formula to be used is. 

Log. SBs slog, b + log. lin. A-hlog. iln. o+Arith. comp. of log. S+arith. comp. of log. tin. •— SO. 

Ex. Given a = 38** 40'; c = 67*^ 60' ; a = 120 yds. : re- 
quired 8. 

Ans. 8=9692.3 sq. yds. 

d. Given the three sides of a triangle to find the area of 
the triangle. 

The formula for the solution of this problem has been in- 
vestigated in a preceding article, (Art. 8. a.), a, b, c, ex- 
pressing the numerical values of the sides, a denoting ^±J±£ 
and 8 the required area, the formula is, 



8=: "^${3 — a)(«— A)(*— c). 

This formula translated into words is as follows : — The 
area of a triangle is expressed by the square root of the con- 
tinued product of four numbers; which numbers are the 
semiperimeter of the triangle, and the excess of the semi- 
perimeter above each of the three sides of the triangle. 

K a, J, c, are expressed by large numbers, it may be con- 
venient to employ logarithms in computing the value of 8. 
The formula for this purpose is, 

log. 8=^ Jlog. *+log. («— a)+log. {s — J)4-log. {s— c)J. 

Examples. Ist. Given a =20.5; 5=43.3; c=31.2: required 8. 

An8. 8 = 296.31056. 

Calculation, with common numbers : — 

20.5 -h 43.3 + 31.2 _ 95 ,^ _ 
'= 2 2~ = ^^-^- 

» — a= 47.5 — 20.5 = 27. 
« — ft = 47.5 — 43.3 = 4.2. 
« — c=47.5 — 31.2=16.3. 

.• . 8= V47.5 X 27 X 42 X 16.3 = '•87799.95 = 296.31056. 

Calculation with logarithms : — 

(log. 47.5 . . 1.676694 

-flog. 27 . . . +1.431364 

+ log. 4.2. . . +0.623249 

+ log. 16.3 . . +1.212188 

2)4.943495 



The number of this log. is 296.3106 . 2.4717475 

.*. 8=296.3106. 

2d. Given a =41 ft.; ft =29 ft.; c=56ft.: required 8. 
Ans. 8=574.34 sq. ft. 
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3A Given a = 563 yds.; A = 295 yds.; c = 387 yds.: re- 
quired 8. 

Ans. 8=53447.73 sq. yds. 

4th. Given a =49 chains; 6 = 50.25 chains; c= 25.69 
chains : required 8. 
Ans. 8=61 ac. 1 ro. 39.68 poles. 

e. It 18 found in the investigation, Article 18. a., that 

AH^x^^ia+b+c) (b+c—a) {a+c—b )(a+6— c), and that-^- ms (the area of the triangle) 

.•. 28=6ar, and 168«=4ftV. 
.M68« = (a + ft-fc)(64-c — a)(a + c — ft)(a-|-ft — c), 

And 8 = -J. V(a-\-b + c)(b + c — a)(a + c — h)(a + b — c), 

Making a^b; 8=4V(2«+c)Cc)W(2«— <?)«iv^c2(2a+c)(2fl-cJ-^V(2«+c)C2^(^). 

Makinga=& = c; s=iVSaXaXaXa = l^ Sa^=^^Vs. 

These formulas may be employed to find the areas of isosceles and 
equilateral triangles whose sides are given. 

77. To find the area of a trapezoid. 

Given the parallel sides of a trapezoid and the perpen- 
dicular distance between them^ to find the area of the trape- 
zoid. 

Let b, 1/ he the parallel sides^ a, the altitude or perpen- 
dicular distance between the sides, and 8^ the required area ; 
then5 



8=—^ X a, (Euc. I. B.) 



Examples, 1st. Given 6 = 12 ft. 6 in. ; &^= 18 ft. 4 in. ; a= 7 ft. 9 in. : 
required s. Ans. s = 1 19 sq. ft. 69 sq. in. 

Calculation. 

b + b' 12ft. 6in. + 18ft. 4in. 30 ft. 10 in. ^^a ^. 
-2—= 2 = 2 = 15 ft. 5m, 

.•. — t_Xa=(15ft. 5in.) X (7ft. 9 in.) = 119 sq.ft. 69sq.in. = 8. 

2d. Given i = 10^ in. ; ft' =z 16^ in. : a = 8^ in. : required 8. 
Ans. 8 = 109.675 sq. inches. 

3d. The len^hs of the parallel sides of a trapezoidal field 
are 25.75 chains and 18.87 chains^ respectively; and the 
perpendicular distance of the parallel sides is 10;54 chains: 
required the area of the field. 

Ans. 23 ac. 2 ro. 2.3584 poles. 
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a. Given all the sides of a trapezoid to find its area. 
In the trapezoid abcd, let bo be b h_ 

parallel to ad: and let the values of 

the sides be given, viz. A b = a', b c = J, •) 

CD=C, AD = rf. ^ 

From B let BE be drawn perpendi- a'^ ^~f 1 
cular to AD, (Euc. i. 11.) and bp parallel to CD, (Euc i. 31.) 

Then B7t=CDsc, and FDaBCssft (Euc. 1.34.) .*. af = ad— P0s8<<— 6: let<f— Aa^. 

The sides a', c, e, of the triangle abf being known, 

sin. K'=i—y-'^8{s — a')(«— c)(5— e), (Art. 57. ^.) 

o 

.•. BE or a'sin. A=:-'^5(5— a')(5— c)(«— «) 

h-\-d b + d 



.'. ABCD or— ^— XBE= ^^s(s—af)(8 —€){$—€). 

Ex. Given of =122 ft, i=324 ft., cz:ilS7 ft., rf=431 ft. : 
required s. 

Ans. 8=44079.77 sq. ft. 

b. Given the altitude of a trapezoid, one of the parallel 
sides, and the two angles adjacent to this side, to find the 
area of the trapezoid. 

In the trapezoid AC (see the figure of the last problem), 
let BC be parallel to ad, and let be be the perpendicular 
distance between bc, ad: then there are given ad = £7, 
BE=a, and the angles A, D, to find s. 

bp being drawn parallel to CD, bc=pd, (Euc. i. 34.), and 
<BPA=D, (Euc. I. 29.). 

Now, BA=-^^ (Art 56.)=-; — , 

sm. A ^ ^ sin, A 



And afbsba 



sin.(A+D) a_ lin.CA-f D) grin.(A + P) 

sin.D ^^"•°'-^"'«in.A'* sin.o "ain.Asln.D' 

- asin. (a + d) 

— AP =d . ^ . ^ = BC, 



.', PD or AD 

sm. A sm. D 

rt, asin.(A-fD) -AD + BC , asin.(A + D) 

.-.AD-f BC=2rf — -. — ^^^j ^,and — ^ — =rf— ^ . ^ 7 \ 

sm. A sm. D 2 2 sm. Asm.D 

AD + BC , a^sin. (a + d) 

2 2 sm. A sm. D 

If BE, the altitude of the trapezoid, bc, the shorter of the 
two parallel sides, and b, c, the angles adjacent to bc, are 
given to find s. 
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Z. A + ABC,orB=180^(Euc,i. 29.) .-. sin. A=Bm.B, (Art. 18.) 
APB=ADC: andADC + C = 180® .*. sin. AFB=:sixL O. 

.•, sin. ABP=8iiu(ABC + c)=sin.(B + c), (Art. 19.) 

Now BA =-; y (Art. 56.) =-? =-; , 

sin. A ^ ^ sin. B sm. B 

J 8in.ABF a sin. (b + c) a8in.(B+c) 

andAF=BA-; =-! X e ^=— ; ^--^ ^, 

sm. AF B sm. B sm. c sm. B sin. c 

ft ft» . «8in. (b + c) 

.'. BC + AD = 2BC + AF = 2J-f -. ^ . % 

sm. B sm. o 

. J BC + AD . .a^silL(B + C) 

And, 5 xa=ba+^^. — ^ . \ 

2 2 sm. B sin. c 

Ex. Given rf=360; a=34; A=37''18'; D=62°42': re- 
quired s. 

Ans. 8=10700.95. 

78. From a given triangle to cut off a trapezoid which 
shall contain a given areia,. 

Ist. Let the base, A, and altitude a, 
of the triangle ABC be given ; and let it 
be required to find values of ef or y, 
which is parallel to AC, and of DC or x, 
which is perpendicular to AC, such that 
the trapezoid aefc shall contain a ^ven a o c 

area=s. 

Since ef is parallel to AC, AC : ef :: db : gb, 

,-. AC : AC— ef::db : db— gb, (Propor. Prop. 7.) 
or, AC : AC— EF :: db : dg 

or, ft : b — y t: a : X .•, ar=:^(J— y) . • ] 




And since, by the problem, — ^xa?=s . . . x:=:j- 



ft+y 



8^ 



.-. (Eq. 1, 2.) ? (4-y)=j|^ or f-ll'=^ 
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Examples. 1st. Giren the base of a triangle = 20 ft. ; the alti- 
tude = 18ft.; the trapezoidal area to be cut off= 30 sq. ft. : required the 
length of the line of section and its distance from the base of the triangle. 

AnM. y = 14.9071 ft. ; 2=4.58361 ft. 

Calcuultion. 

5=20; a=18; 8=80. 

• ft«-400. ?ft8_2x20x_80_1600 , .2_268_ 1600_2000 

• '^-^W' a 18 9"-^ a -*«^- 9 "" 9 » 

/ a2000\ _ 44.7213 _ , . ^^w, 
• •y= /V~9~J — 3— = 14.9071; 

a? = ig (20 — 14*9071) = ^ X 5.0929 = 4.58361 . 

2d. Let the base, b, the angles. A, c, and the area, s, be 
given, to find y, x, 

^__ 1) sm C 

Then, AB=: - — . '. v (Art 570? and BD = AB sin A. 

sm. (a + c) ^ ^ 

(Art 66.) 

b sin. A sin. C , . . . j^ p .1- x • 1 
.'. BD = — 5 — 7-^- — c- = altitude of me triangle ABC = a. 
sin. (a -f C) ° 

Substituting thid expression for a in the values of y, :r, 
(Ist Case), 

/(.« . 8in.(AH-c)) 
^ 'V I sin. A sm. C) 

^-. Bin- A sin. C C^ /(b''^2 S x ?!5i(^l±?)\? 

sin.(A+o)( W V sin. Asin.c/5' 

_ _. rtn. A ito. o sIn.' A liit. »a «ia.A ^ 1 ,*^ ,« 

"^"•*'»«in.(A + c)"'Bin.2A""arin.Acoi.A"aco».A"*2"°'* CArt.lS.c), 

sin.(A + C) 2 cos. A ^ . /A_x«*..\ 

-: — ^^-^^ — ^:=:—. = 2 cot. A, (Art. 25. i.) 

sm. A sm. G sm. A ^ ^ 

Whenoe, in this case, c = A, y = V(i^— 4 s x cot. a), 
ar = J tan.A [J— >v/(J^ — 4 SXCot. A)}. 

£:ar. Given &= 20 ft.; a=56°19'; c=63°26'; 8=109sq.ft.: re- 
quired y and x. Ans. y = 12.07047 ft. ; ar = 6.79753 ft. 

Calcvxation. 
A + c = 119°45', 

•'• ^^' C rialt^fc^^ )"^*^' •In.g60iy^l04-log.iln.680a6>-10+arlth. comp.of log.tln. \\V>4&>, 

log.8ak56''19' . . 9.920184 

+ log.8in.6S<*26'' . . . +9.951539 
+ anth.comp. of log.sin. 119'' 45' +0.061381 
—20 — 20.Ck)0000 

The humber of this log. is .85724 . . 1*933104 

L 2 



148 A TRAPEZOID SECT. YIIL 

Consequently the numerical value of . * ' is .85724, 

Bui. \J^ "i CI 

aadthatof ''?(^t'') =-5^ = 
Sin. A sin. c .85724 

also, &>=:400; 2s=218; 

.\ y=A/ (400-^^)== V(400-254.3036)== V(145.4964)=12.07047, 

x= .85724 (20 - 12.07047) = .85724 X 7.92953 = 6.79758. 

Yebificatioh. 
^^ 20 + 12.07047 ^ 6.79753=109.000296+. 

Examples in both cases. 

Ex. 1. Given i = 36 ft. ; a = 28 ft. ; S = 252 sq. ft. : re- 
quired y and x. 

Ans. y = 25.457 ft. ; x = 8.201 ft. 

Ex. 2. Given J=3 ft 4 in. ; a=2 ft. 8 in. ; 8=2^ sq. ft.: 
required y and x, 

Ans. y = 2 ft. 2.4575 in. ; or = 10.834 in. 

Ex. 3. In a perpendicular section of a ditch, given the 
breadth at top =>30 ft., the slopes of the sides (or inclina- 
tions of the sides to the plane of the horizon) = 65^ 25' and 
70** 45' ; and the area of the section = 260 sq. ft. : required 
the breadth at bottom and the depth. 

Ans. Breadth at bottom =21.9206 feet; depth = 10.016 
feet. 

Ex. 4. In a perpendicular section of a ditch, given the 
breadth at top = 26 fb., the slopes of the sides each = 45^, 
and the area = 140 sq. ft. : required the breadth at bottom, 
and the depth of the ditch. 

Ans. Breadth = 10.77 ft. ; depth = 7.615 ft. 

79. From a given tr^zoid to cut off, by a line parallel to 
the parallel sides, a part which shall contain a given area. 

In the trapezoid AC, let the parallel sides AD=i, BC=i', 
and the altitude b H=a, be given ; 
and let it be assumed that ef, 
which is parallel to A D, B 0, cuts off 
from A a given area s. 

Draw B G parallel to C D (Euc. i. 
31.). Let EF cut BH in k: also 
let B K be denoted by x, and e f 

Then, since E i is parallel tx) a g, 
AG : EI (::bg : bi)::bh: bk, (Euc. vi. 4.), 
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ButAG=J— y; Ei=y— i^; BH=a; bkztjt^ 

.-. (J-A')ar=aO-ft') ... 1 

m* -^ BC 
Next, area EC or 8= — ^ — xBK=|(y + ft')ar, 

From equations 1, 2 (Alg. Art. 130.), the valaes of x^ y, are 
found to be 

The value of y giyes the length of the line of section (e f) ; 
and the value of x gives the distance (b k) of the line of 
section from the point b. 

If 8>AC, X >a\ in this case EP intersects the lines ba, 
bh, bg, and CD, below the base ad. 

Examples. 1st. Given 2^=20 in. ; &^= 14 in. ; a= 12 in., and there- 
fore AC = 204 sq. in. : it is required to cut from the trapezoid Ac a part 
containing 144 sq. in; Required the length of the line of section and 
its distance from the side bc, to which it is parallel. 

Ans. y = 18.439 in. ; a: = 8.878 in. 

Calculation. 

12 
«=2g^5Y^(-14+ 18.439)=2 X 4.439=8.876. 

2d. Given 5=76 ft., ft^zzSeft., a=23ft., s=560sq. ft.: 
required y and or. 

Ans. y=66.954ft.; or = 12.04856 ft. 

a. In the last problem, the part B c, whose area is s, is cut 
from the smaUer end of the given 

trapezoid AC. K the part which is to a^ !L_£ * 1^ 

contain an area=s, is required to be \ « / / 

cut from the greater end of A c, the 

formulae for determining the values 

of the line of section, e p or y, and the 

altitude h k or :r, require modification. ^ ^ 

Let it be supposed that ef, which is parallel to ad or 
BC, cuts from the greater end of ac a trapezoid ed whose 
area is S. 

L 3 
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Also let AD=:&9BC=:&^ HB=ajHK=:.'r^£F2i^; and there- 
fore AG=i— y, Ei=y— J'. Tt^en, m in the last problem^ 

AG : EI :: hb : kb^ 

.-. AG : AG — EI y^ HB ; HB— KB, 

or AG : AG-^£i :: hb : hk, 

or i— i' : i— 6' — (y— ^0 •• ^ • ^> 
or i— ft' : ft— y :: a : x .•. (ft— y)ar=a(i— y). .... 1 

ft'~l~ t/ 
Again, by the problem, ^ xar=S .•. (ft+y)ar=2s. . 2 

Determining from equations 1, 2, the values of y and x. 



=5^4' V'"-'-'^)}- 



Examples, let. Given a plank, 18 feet Ions, 18 in. broad at the 
creater end, and 14 in. broaa at the smaller end : required to find the 
lei^th which, taken at the greater end, will contain an area of 10 sq. ft. 

£i this instance, &= 18 in., ^=14 in., a= 13 ft. =156 in., 8= 10 sq. ft. 
= 1440sq.in. 

Calculation of y and x. 

/(^^ 2x1440(18— U)\ •/«o^ 2xl440x4 \ y/ ^ 9e0\ 
>B V^(324 — 78.846153) » V (250.153847) s 16.816 in. b length of line of section. 
' = i^4 (18— 1S.816) « ^ X 2.184 s 39 X 2.184 «86.176 in. ^length to be cut off. 

2d. From the greater end of a trapezoidal field whose 
parallel ends and breadth measure \% 8^ and 10^ chaina re- 
spectively^ it is required to cut off an area of six acres by a 
fence parallel to the parallel sides of the field : required the 
length of the fence and its distance from the greater side. 

Ans. The length of the fence is 9.9139 chsdna^ and its 
distance from the greater side 5.476 chains. 

3d. Suppose the area of the profile ABGO=100fe6t» and 

BDrrlfoot; BZ= b 

10 ft.; P8=6ft.= __AS^ 

depth of ditch: ^^^ \ \, p 'r*--^.^ 

DG=6 feet: zp= a z cV } T^^^^^^'^r- 

ISfeet; ip = 3ft. >J / 

. Whatmustbethe . . ^ ^ 

breadth of the ditch, so that its section ISOT shall be equal to 
the profile abgc and tqy (the section of the glacis) to- 



r 
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gether ; when the superior elope bg and the exterior slope of 
the glads QV^ are in the same plane, the slopes is, t o, being 
equ^ Axis, it, ^e breadth at top=26.67 feet. 

80. In a trapezoid AC, given the 
shorter parallel edde bc, the altitude be, 
and the angles adjacent to the other 
parallel side AJ>> to find AD. 

Let BC=6, BE=:a, and the angles ^ 
A, D, be given to find A d. 

Draw BF parallel to cd : therefore, fd=bc = &, and the angle afb:=d. 

Then in the trians^le abe, ab= -t = -; , (Art. 56.) 

° sin. A sin,A' ^ ^ 

And in the triangle ABF,AF=ABx^^^^^^ (Art. 67.) 

a sin.(A + D) sin. (a 4- d) 

Sin. A SULD sm.ASULD 

, . sin.(A + D) 
.'. AP + PD or AD=6 + ax-^ — ^^-v — ^. 

sin.Asin.D 

TP sin. (a+d) 2 sin. A cos. a ^ ^ /a^ o/r jl\ 

If A=D, -. — ^^— r^ — ^=-! = =2cot.A.(Art.25. *), 

8m.A8in.D 8in.Asm.D. ^ ^ 

and AD=d + 2acot.A. 

If A=D=45% cot. A= 1, (Art. 33. d.) 

And AD=i + 2a. 

Exanu)les. 1st Given ft=12fl,; a=8ft.; a=6B°18'; d=74°52': 
required ad. 

Calculation. 

A + i>=66^ 18'+ 74*» 52^=141^ IC, 

sin. 141° 10^ 
.• . AD= 12 + 8 X gj^ ggo ig/ X gjn 740 52^- 

The log. of the second term of this value of ad is equal to 

log. 8-l-log. till. 141^ 1(K— 104>aritb. oomp. of log. sin. 66^ IS'^-ariUi. comp. of log. ain. 74^ 6T. 

Now, 1<».8 = 0.903090 

log. sin. 141° IC . . . = 9.797307 

anth.comp.oflog.8in.66°18' = 0.038265 

arith. comp. of log. sin. 74° 52' = 0.015328 

—10 .... = — laoooooo 

The number of this log. is 5.6884 . . 0.754990 

Therefore, the numerical value of the 2d term of the value of ad is 5.6884, 

Therefore, ad = 12 + 5.6884= 17.6884. 

L 4 
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2d. The breadth of the bottom of a ditch is to be 18 feet, 
the depth 10 feet, and the slopes of the sides 75° and 80® j 
what must be the breadth of the excavation at top ? 

Ans. 22-4428 feet. 

3d. In constructing a railroad the pathway of which is 
24 feet broad, it is necessary to make a cutting 40 feet in 
depth: what must be the breadth of the cutting at top, 
Ist, supposing the slopes of the sides to be 65^, and 2d, sup- 
posing the slopes to be 45*^ ? 

Ans. 1st, 61.305 feet: 2d, 104 feet. 

_- Bin. (a -I- d) lio.ocos.A+cos.Dsin.A cos. a cos.d ^ . , /._^ «, -. •« a ^ 
S»^<^« ,in.A,ln.D ,in.A,tn.D = iETI + ]iSrD-«>*-^+«>*-'» ^^'^^' * ^ *> 

8in.(A + D) , . . 0. \ 

, • . a X ~. — ^^ — I — ^= AP= a (cot. A + cot. d). 
sin. A sin. D \ • y 

This result may be obtained directly from the figure of this article : 

for AE=: BE cot. A (Art. 17.)= a cot. A 1 . .« r J. .XX 

EF = Bl«COt.D ^ =«COt.I.; .•.AP=«(C0t.A + C0t.D). 

When a is a small number, the value of ad(=5 + af) may be more 
easily obtained from this expression, with the help of a table of natural 

tangents, than with logarithms from thie formula ad = h+a x f^Eii^i^tiy. 

sm. A sm. D 

Taking, as an instance, the second example, in which a^lOfl.; 
A=75®; D = 80^; ft=18ft. 

AD= 18 -h 10(cot.75®+cot.80°). Now cot. 75°= .267949"! , , 

cot. 80°= .176327 J ***^ 

cot. 75° -f cot. 80° . . . =.4442761 ,,. , 

j^j multiply 

10(cot.75°+cot.80°) . . . =4.442761 ,, 

18.00000/*^** 

AD = 18 + 10(cot.75°+cot. 80°) . . . =22.44276 

81. To find the area of a trapezium. 

Given a diagonal of a trapezium and the perpendiculars 
let fall upon the diagonal from the opposite angles, to find 
the area of the trapezium. 

Let the given diagonal be denoted by rf, the given per- 
pendiculars by a, a', and the area of the trapezium by s. 

By the conditions of the problem, the trapezium is divided 
into two triangles which have for common base the diagonal rf, 
and for altitudes the perpendiculars a, a', respectively. 

Now the area of the triangle whose base M d and altitude aaa^ (Art. 7./0 
And the area of the triangle whose base is d and altitude a'= ^, 

• • ^^ 2 2 ~ 2~"' 
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Examples* Ist. Given rf=25 ft. ; a±:.^\ ft. ; a' = 13J ft. : 
required s. 

. (9.25 + 13.75) X 25 _23x 25 675 ^^^ . ^ 
Ans. s =: ^^ 2 — 2 — ^'T" =287.5 sq. ft. 

2d. The diagonal of a trapezium is 34 ft. 9 in., and the 
perpendiculars 19 ft. 9 in., and 8 ft. 9 in. : required tbie area 
of the trapezium? 

Ans. 495 sq. ft. 27 sq. in. 

3d. The diagonal of a field, which has the form of a tra- 
pezium, is 1660 links, and the perpendiculars are 702 and 
712 links : required the area of the field ? 

Ans. 11 acres, 2 roods, 37.792 poles. 

a. Given all the sides of a trapezium and one of the angles 
to find the area of the trapezium. 

Let the sides a, &, c, dy and the angle contained by the two 
sides a, &, be given ; also let the required area be denoted by 
S; and let l£e angle contained by the two sides a, £, be 
denoted by the symbol (a, b). 

Then, if a straight line is drawn to join the extremities of 
the sides a, &, the trapezium is divided into two triangles 
having this line for their common base. 

In one of these triangles the sides a, by and included angle 
{oy b) are given, and in the other, the sides c, dy are given. 
From the sides a, by and angle (a, b) of the first triangle, the 
common base of both triangles (which may be denoted by 
d^)y is found by Article 57. Case III. Then in the first 
triangle, the sides a, i, rf', are given to find the area ; and in 
the second, the sides c, d, rf', are given to find the area. 

In computing the area of a trapezium from the data of 
this problem, four distinct calculations are requisite : — 

The first, to find the angles {a-y d^)y (by d^) 
The second, to find the length of the }•, Art.57. Case III. 
diagonal d' 

The third, to find the area of the tri- 
angle whose sides are a, by df 

The fourth, to find the area of the tri- 
angle whose sides are Cydyd^ 

To escape this tedious calculation, it is usual to select 
other data : if the four sides are given, two opposite angles 
are also, generally, given. It is not, however, to be forgotten 
that the value of one of these angles, (c, d) for example, is 
determined by the values of a, by c, d and (a, £); and that 



► , Art. 8. a. 
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d' being found and ^ — x being denoted by «, sin. ^ (c, d),^ 

must be equal tQ a/ { ^^^"^^^^^^ ^ j , (Art 57. Ca6eIV.> 

& GtiveB all the sides of a trapezium and two opposite 
angles to find the area c^ the tra|»ezium. Let the sidea 
a,b,c,d and the angles (ayb)^ {c,d) be given^ to find the 
area s. 

Considering the trapezium to be divided into two triangles 
in the first of which two sides ayb^ and the included an^le 
{ttyb) are given, and in the second of which two sides 
Cy d, and the included fuigle (e, d) are given ; it follows 
from Article 76. a, that the areas of these triangles are 

abem.(a.b) crfsin.(c,rf) ^. , 
^ y -^ — ^ respectively. 

If (a, J) + (c, ii—ViXft sin. (a, 6)=8in.(c, d). (Art. 18. 6.), 

And8 = (-?^±^^5iCM). 

Examples. Ist. Ib a trapezium given a = 45 ft.; d = 40 ft. ; c sr 38 ft. ; 
rf=34ft.| (a,ft)=63°S»'; (c, rf) = 76*' 56' : required s. 

^n$. 8 = 1434.484 sq. ft. 



Calculation. 






log. 45 .... 1.653213 
+ log. 40 .... +1.602060 
+ log. sin. 63® 28' . . +9.951665 
+ arith. comp. of log. 2 . + 9.698970 
— 20 —20.000000 



The numb^ofthis log. is 805.21 . 2.905908 

Therefore, the area of the triangle a(af 6)5 = 805.21 sq. ft. 

{log. 38 .... 1.579784 

+ log.34 . . . . +1.531479 

+ log. sin. 76® 56' . . +9.988607 

+ arith. comp of log. 2 . + 9.698970 

■^20 ..... —20-000000 



The number ofthis log. is 629.274 . . 2.798840 

Tbei!efore, the area of the triangle c(c, dyd is 629.274 sq. ft;. 
Hence, the area of the tntpezium^ (805.21 + 629.274) = 1434.484 sq. ft. 
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2d. The rides of a quadrilateral field are^ a ==12.08 chains; 
b=8.S6 chains; c=9.74 chains; <f =14.25 chains; also th^ 
ang^. (a» ft)=78° 40' and the WglQ (c, d) = 63*66': re- 
quired tbs area of the field. 

4jq& 11 a& 1 ro. 8.386 poles* 

3d* The sides of a quadrilateral field ore, 47=690 ydsi ; 
A=i467 yds.; c = 359 yds.; df^;428 yds.; also the angle 
(a, J)=:6V 30^, and the angle (c, d)=3^12?° 30': required the 
area of the field. 

Ans. 200677.2 sq. yds., or 41.46223 acies. 

e^ Olvea one ode ci a trapefldum^ and the two angles sub- 
tended at each extremity of the given side by the two sides 
whidi are not. adjacent to that eistrenuty, to fii;id the ar«a of 
the trapeziutps. 

Giyeu the base AD=:ft; the angles DAQ and cab, sub- 
tended at A by the sides DC, CB equal to b^ 
A, A' rec^ectiyely ; and the angles adb^ 
BDC subtended at d by the sidqs AB, BC 
equal to D, d' respectively, to find s, tb^ 
area of the trape^um abgd. 

Supporing AC and AB known; 

ADXAGXSin.A . ACXABX8in.A' ... ^^ v 
8= Tg— + 2 ' ^ ^^' 

XT isin. (d + dO j 6sin.D 

Now, AC =-5 — 7—^^ --4v, andAB:;:-^ — /^ . . . ^v . 

* sm. (a+d + d) Bm.(A+A' + D) 

(Art 67. Case I.) 

ADxAcxiin.A A»iln.Arin.(D-hD*) aox ABtta.A^ y tin. k' tin. D iln. (d+d*) 

S " 8liD.(A-t-D-4-D'> • 9 "■ailll.(A+D+D')iin.(A+A'+D)' 

, _ y sin, (d + PQ [sin. A sin, (a + A^ + p) + sin. A^ sin. D. j 
*^ ®"" 2sin.(A + D + P0»i»-(^-»-^' + ^) 

It will be most convenient, in practice, to compute the 
areas of the triangles acd, acb, sepaa*ately, and then to add 
them together. 

Examples. 1st. Given 5 =7.35 chains; A =25° 46'; x'^ie^'W; 
D=34**25'; d'=62° 12': required s. 

CaXiCULATIOII. 

i> -I- d'= 34*' 25'+ 62° 12'= 96° 87', 

A + D + d'=25° 46'-|-96° 37'= 122° 23', 

A + a'+ i>= 25° 46'+76° 18'+34° 25'=136° 29'. 
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Log. (2tr. Acp)=< 



' 2 X log. 7.35 .... 1.732574 
+ log. sin. 25° 46^ .... +9.638197 
+ log. sin. 96** 37' .... +9.997098 
+ antli.comp.oflog. sin. 122^23' . +0.073409 
— 20 . —20.000000 



The namber of this log. is 27.62344 . 1.441278 

Therefore, the area of the triangle acd=^ of 27.62344=13.81172. 

2 X log. 7.35 .... 1.732574 

+ log.sin. 76^18' .... +9.987465 

+ log. sin. 34*» 25' .... +9.752208 

+ loff.sin.96**37' . . . . +9.997098 

+ anth.conip.oflog.sin.l22°23' . +0.073409 

+ arith.comp.oflog.8in. 136''29' . +0.162055 

— 30 —30.000000 



Log.(2tr.ACB)=< 



The number ofihis log. is 50.67674 J- . 1.704809 

Therefore, the area of the triangle acb=^ of 50.67674=25.33837. 
Whence 8 = 13.81172+25.33837=39.15009 sq.cliains=3.915009 acres. 

2d. Given i =311 yds.; A=4r 19'; a'=44** 20'; d= 
24° 1(K; D'=37°4': required 8. 
Ana. 8=8.5022 acres. 

d. Giyen the diagonals of a trapezium and the angle which 
they form with each other, to find the area of the trapezium. 

Uiyen AC=zd; BD=(f, and the angle aeb or D£C=£, 
(see the last figure) to find s^ the area of the trapezium 

ABCD. 

Since AEB + EEC = 180°; sin. aeb = sin. BBC = sin. e. 
(Art. 18. b.) 

And since deg + aed=180°; sin. DEC=sin. A£D=:sin. e. 

\.r AE XEBXsin. AEB AEXEBXsin.E 

Now, area abe= 



And, area bec = 



2 - 2 

EC X EB X sin. BEC EC X EB X sin.E 



(ae + ec) e b sin. £ AC X EB sin. £ 
.'. areaABC=^ 1 = ^ * 

Ai . A£XEDsin.AED AEXEDsin. £ 

Also, area A£d= = , 

. , EC X ED sin. DEC ECXEDsin. £ 

And, area C£D= ^ = ^ * 

(ae + Ec) ED sin. £ AC X ED sin. E 
.•. areaADC=^^ 1 = ^ ^ 



Sect. VIIL ABEA OF AN IBBE6ULAB FOLTOON. 



157 



AOXBB Bln.B . ACX BDliO.B AC(BB+ BD) lln. B ACXBDlin.B 
.*. ABC+ADCs ^ + 2 = 2 ™ 1 



dy.d! sin. £ 



=s. 



Tx • -J ^ ^i_ ^ ACXBDsin. E ifx<2^sin.£ 

It 18 endent that ^ or ^ expresses 

the area of a triangle of which two sides and the included 
angle are rf, d'^ e, respectively, (Art. 76. a.) Consequently 
a trapezium is equivalent to a triangle, two of whose sides 
and the angle included by them are equal to the diagonals of 
the trapezium and the angle which they form with each 

other. 

« 

Examples. 1st. Given ef= 20 chains; (/'=26chains; E=:56°: 
required s. 
Ans. 8=21.56 acres. 

2d. Gfiven rf = 224yds.; rf' = 188yds.; E=40°6': re- 
quired s. 

Ans. 8 = 13558 sq. yds. 

3d. Given rf= 15.24 yd6.; rf' =11.14 yds.; E =105'' 28': 
required s. 
Ans. 8=81.813 sq. yds. 

82. To find the area of an irregular polygon. 

A diagonal being drawn to join the two extreme angles of 
the polygon, and perpendiculars being let faU from all the 
other angles upon this diagonal; let there be given the dis- 
tance from one extremity of the diagonal to the foot of each 
perpendicular, the length of the diagonal, and the length of 
each perpendicular, to find the area of the polygon. 

The polygon is divided, by the diagonal and perpendiculars, 
into triangles whose bases and altitudes are known, and 
into trapezoids whose parallel sides and the distances be- 
tween them are known: the areas of these triangles and 
trapezoids are found by Articles 76. and 77. ; and their sum 
is equal to the area of the polygon. 



Examples. 










1st. Given 


AH 


=20yds. ; bh 


= 35 yds. 




AI 


= 42 . . 


lO 


= 28 . . 




AK 


= 56 . , 


KG 


= 50 . . 




AL 


= 59 . . 


.- LF 


= 36 . . 




AM 


= 78 . . 


MD 


= 82 . . 




AE 


= 94 . 







to find the area of the irregular polygon 

ABCDEFO. 
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ah=20:bh=35 .*. 



Calculation. 
ahXbh 20x35 



«d56 sq. yds.=«reaof txiangle AB H. 



BB+OK 86+60 86 



«-- 2-«»' 



HKBAK — ABaH66— ft0m86: 

•'. °"q ^^ XHK=42.g X 36 =15308q.yd8.=:areaoftrapeKoidHC. 

• ' 1 ^'^^"'^ X KMa=41 X S2 b n 9028q.yct8«s±:areaortM{)eBOidEl>. 



mb=:ab—am=94— 73=16: i>m=32, 
. MBXPM 16X32 



• • 



256 sq. yd8.barea (^ttiaagle B M E. 



Ai=42:iG=28,-.^i^=^^ = 58884* ^fciia^^lnangleAio. 



ILBAL— AIb69— 43asl7: ^ = g 8a-^«8a. 



. IQ+Lg 



XIL=32X17 



= 5448q.yd8.=:aresof trapezoid IF. 



LB=AE--AL=:94— -59=35 :Lr=:36. 

LBXLr _, 35x36 
•*• 2 "■ 2 



= 630sq.yd8.=area<^tri«DgleLBF. 



The mam of the areas ofl 
thestf triangles a&d}-afi48()0sq.yds.3Ba]*c»aof ^ygdu abcdbfo. 
trap^aoids - •J 

Unis. knks. 

S. (}iVellAfi=450; fiOiirSSO; 

AD=i60{) l)£t=3S6} 

A3^i3720 rd^r:114; 

Afl=916 H)[ii:300j 

A&1=:1135. Bequir^ a 
the ikreii A^ik&C. 
Ans. ATeaAEiKac^4.l994dlElc 
3. Given the following mjeAr- 
surement of the profile of psrt of 
a work : tis. 
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AP=31^ 
AH=35i 
AK = 41i 
AM=59^ 

AO=66i. 



AB=12feet; bc = 12 feet; 

AD=30 . . DB = 15 . 

. FG=10| . 

. HI=10J . 

, • KLm 7^ • 

. MN= 7 . 

Bequired the area of the profile. 

Ans. Area of the profiler: 685.125 square feet. 

a. Diagonals being drawn dividing an irregukr polygon 
into triangles, and perpendiculars being let fall upon these 
diagonals from the opposite angles, let there be given the 
lengths of the diagonals and also of the perpendiculars, to 
find the area of the polvgon. 

By the conditions ot the problem, the polygon is divided 
into triangles whose bases and altitudes arid ghren» The 
areas of the several triangles can consequ^itly bd computed 
by article 76. : and the sum of these areas is the fetrea of the 
polygon. 

If the diagonals and perpendiculars are drawn in such a 
manner that the triangles^ taken two by two, have a common 
base, the length of the calculation is somewhat abridged* 

Examf^, let. In the irregular polygon |, 

▲DBKHME, given 

diagonal AB=:24.8yds.; perpendicular CD=47ds : 
diagonal EB=297as.; perp.Ar=liyd8.; perp. 

OK SB 6.6 yds: 
diagonal bh=30.5 yds. ; perp. ki=s6 yds* ; perp. 

Mi.= 11.2 yds. 

Required the area of the polygon. 

Calgvlatioh. 

ABXCD 84.8x4 




ABB84.8; CDss4 



tq. ifds, 

a 49.6 = areaortriangl«ADB. 



S9X17.6 



BBB30.5; Kl+ML3i6-fU.8sl7.8 .*. 



bh(ki+ml) a0.5xl7.8 



SU.SaaMAABKC 



96S.8aareB BKBK. 



9 8 

The sum of these areas (or the area of the proposed polygon) ^ 567.1 sq. yds. 

83. To find the area of a regular polygon. 

Given the number of sides of a regular 
polygon and the radius of the circum- 
scribed circle^ to find the area of the 
polygon. 

Let n be the number of sides of a 
r^ular polygon; BAzzr, th^ radius 
of the circumscribed circle ; and s the 
required area. Then, since the polygon 
has n sides, each equal to AC, and by consequence n angles 

each equal to abc, the angle abc= , 
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Sect. VIU. 



ABXBCSin. ABC , „ . 

.•. area abc or ^ =2^/* sin. 



360^ 
n 



(Art. 76. a.) 

And s, or area abc x n:=^ nr^ sin. 



360' 



n 



Hence 



360' 



log.s =log. w -h 2 log. r + log.sin. h arith.comp.oflog.2 — 20. 



n 



Examples, 1st. Given n= 9; r=5.8: required s. Ans,s=^ 97. S051, 

Cajjcvjjltlqox, 
r lo&r.9 0.954243 



Log. 8 = 



ff.y 
lofiT. 5A 



+ 2 log. 5.8 



.+ log. sin. 40° ^=-^ j 

+ arith. comp. of log. 2 
L~20. 



+ 1.526856 
+ 9.808067 

-f 9.698970 
—20.000000 



1.988136 



The number of this log. is 97.3051 
Whence the area of the proposed polygon is 97.3051. 

2d. Given 71=5; r =40 feet: required s. 
Ans. 8=3804.2193 sq. feet. 

3d. Given n= 90; » =40 feet: required s. 
Ans. 8=5022.4768 sq. ft. 

a. Given the number of sides of a regular polygon and 
the radius of the inscribed circle to find the area of the po- 
lygon. 

Let n be the niunber of sides of a regular polygon; bd= 
r^, the radius of the inscribed circle ; and s the required area. 

AC 

The area of the triangle abc =:-^ x bd, (Art. 76.) = ad x r', 

Ai ^i> * /A-* i»rN . ABC ^ 360° ^ ifi'^** 

Also, —T- = tan. ABB (Art. 17.) = tan. — ^r— = tan. -^ — = tan. 

180** 



n 



.". AD=r'tan. 



and AD xr^=r'^ tan. 



n 

180° 

n ' 



.•. »x ADxr' or S=nr'^tan. 



180' 



n 



And log. S =log. w + 2 log. r' + log. tan. 



180' 



10. 



n 
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Examples. 1st. Given »= 15 ; r'=9 : required s. Ans. 8 = 258.257. 

CALGUI4AT10N. 



r log. 15 1.176091 

loi 



Log. 8 = ^ 



+ 21og.9 4-1.908486 

C180°\ 
~"I5") • • • +9.327475 
L — 10 —10.000000 



Thenumber of this log. is 258.257 . . . 2.412052 

.•.8=258.257. 

2d. Given w = 5; r'=17.2yds. : required s. 
Ans. 8 = 1074.7 sq. yds. 

3d. Given w =25; ^=1 inch: required fi. 
Ans. 8=3.15823 sq. inches. 

h. Given the number of sides of a regular polygon and 
the length of a side^ to find the area of the polygon. 

Let n be the number of sides of a regular polygon, /, the 
length of a side, and s, the required area. 

The area of the triangle abo=:-^ x bd =^ x bd, 

1 180° 
Also BD=ADCOt. ABD=^ cot. ^ (Art. 17.) 



AC 11^ 180° P , 180° 

.-. -^XBD=;r Xx COt. =-r COt , 

2 2 2 n 4 n 

nP ^ 180° 

.*. s=-7- cot. , 

4 n 

ISO*' 
And log. s=log. w-f-2Iog. I + log. cot. h&rith. comp. of log. 4—20. 

Examples. 1st. Given w = 10; /= 20 feet: required s. 
Ans. 8=3077.6836 sq. ft. 

2d. Given 72=7; /=19.38yds. : required s. 
Ans. 8 = 1364.84135 sq. yds. 

3d. Given 71=3; Z=20ft,:. required 8. 
Ans. 8 = 1 73.20506 sq. ft. 

4th. Given w=6 ; Z=20 ft. : required s. 
Ans. 8=1039.23048 sq. ft. 

M 
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84. To find the length of the circumference of a circle. 

Given the radius of a circle to find the length of the cir- 
cumference ,of the circle. 

Let r be the radius of the circle^ and let the length of the 
circumference be denoted by c ; 

then^ by Art. 8. i., c=27rr. 

If d, the diameter, is given; since d=2r, c=:7rd. 

Hence, to find the length of the circumference of a circle 
when the radius or the diameter is given. 

Multiply twice the radius by 3.1416 : or 

Multiply the diameter by 3.1416 : the result expresses the 
length of the circumference. 

Examples, 1st. Given r=25 feet: required c. 
Ans. c= 157.08 feet. 

Cai^uiation. 

r=:25 .-. 27rr=2x 3.1416x25=3.1416x60=157.08. 

2d. Given d=7 : required c. 
Ans. c=22 nearly. 

3d. Given d=113 : required c. 
Ans. c=355 nearly. 

4th. Given r= 3963.7 miles: required c. 
Ajas. c =24904.71984 miles. 

a. Given the length of the circumference of a circle, to 
find the radius or the diameter. 

Let c be the length of the circumference; and let the 
radius and diameter be denoted by r, rf, respectively. 

Then since 27rr=c, r=^r—, 
.'. 2r or rf=-. 

TT 

Consequently, to find the radius of a circle when the cir- 
cumference is given. 

Divide the circumference by 27r; the result is the radius : 

And to fitid the diameter when the circumference is 
given. 

Divide the circumference by tt ; the result is the diameter. 

Examples. 1st. Given c = 157.08 ft. : required r. 
Ans. r=25 feet. 
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2d. Given c=12 yds. : required <L 
Ans. c?=3.819708yd8. 

85. Of the three quantities; 1.^ the length of an arc of a 
circle; 2., the number of degrees contained in the arc; 
3., the radius of the circle ; given any two to determine the 
tMrd. 

If I denote the length of the arc ; m, the number of de- 
grees in the arc ; and r, the radius of the circle, it is proved 
in Art. 14. c, that 



Z=2'7rrx 



m 

360" 



991 = 



I 



2irr 



x360' 



I 360° 
r=^r— X 



27r 



m 



Consequently, 

if r and m are given, I is determined by formula 1 : 
if I and r are given, m is determined by formula 2 : 

and, if I and m are given, r is determined by formula 3. 

Examples, 1st. Given r= 11.3 ; in =52® 15' : required /. 

ili». 2=10.304834. 



209 



Calculation. 
52° 15'= 52°i and 52**i + 360° = ^^^^ 

209 



.-. Z=2 X 3.1416 X 11.3 X 



1440' 



log. 2 
+ log. «■ 



And log. 2=^+}^;^^^ : 



0.301030 
-f a497150 
+ 1.053078 
+ 2.320146 
+ 6.841638 
— 10.000000 

1.013042 



+ arith. comp. of log. 1440 
— 10 

The number of this log. is 10.304834 

.• .2=10.304834. 

2d. Given r^ 9; wi= 38°. 94244 12 : required /. 
Ans. 7=6.11707. 

3d. Given Z=41^; r =19.9855: required wi. 
Ans. »i=118°29'48''. 

4th. Given 7=6.2832 ; m=30°: required r. 
Ans. r=12. 

M 2 
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86. To find the area of a circle. 
Given the diameter of a circle to find the area. 
Let 2r or rf be the diameter ; and let the required area be 
denoted by s : then^ 

1st. If the diameter of a.circle is 1, the circumference =7r, 

(Art. 8. a.) ; 

Whence, since the area of a circle is obtained by mul- 
tiplying half the circumference of the circle by half the 
diameter, (Circle, Prop. 8.) the area of the circle whose di- 
ameter is 1=J of 1 X J of 7r=:^=?^^^^^=.7853981 = 

.7854 nearly. 

2d. Since the areas of circles are proportional to the squares 
of the diameters of the circles, (Circle, Prop. 9.) ; and since 

1, dy are the diameters of two circles, and — , 8, their re- 
spective areas, 

or, since rf=2r, rf^=4r^: whence, by substitution, 
1 : 4r2 :: ^ : 8, .*. s=7rr^ 

Consequently, to find the area of a circle. 

Multiply the square of the diameter of the circle by 
.7854: or 

Multiply the square of the radius of the circle by 3.1416 : 
the product expresses the area of the circle. 

27rr 
The equation s s=ir r* may be put under the form b = r X — ^-i Now, in 

this expression, r being the radius of a circle, 2Trr is the circimiference 
of that circle. But if r is the altitude, and 2 ^rr, the base of a triangle, 

r X -jr- expresses the area of the triangle. Whence the area of a circle 

is equal to that of a triangle whose base is equal to the circumference, 
and Its altitude to the radius of the circle. 

Examples, 1st. Given d=:12 : required 8. 
Ans. 8=113.0976. 

Cai^uultioit. 
8=12^x.7854=144x.7854=.113.0976. 
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2d. Given r=100 feet :, required S. 
Ans. 8=31415.9 sq. feet. 

3d. Given r=27| yds. : required s. 
Ans. 8=2419.22835 sq. yds. 

a. Given the area of a circle to find the radius. 

8 #8 

Since 7rr^=8; r^=— , and r= a/ — . 

r, being determined, 2 r or rf, and 27rr or c can be obtained 
from r. 

Example, Let 8=4840 sq.yds. : required r. Ana, r= 39.25063 yds. 

Calculation. 



.•.log.r = ^J + 



"Vs: 



4840 
1416* 



lo^.4840 .... 3.6848451 

anth. comp. of log. v , . -f 9.502850 \ 
10 . . . . . —10.000000 J 

2)3.187695 



The number of this log. is 39.25063 . . 1.593487 

.'. r = 39.25063 ydg. 

87. To find the area of a sector of a circle. 

Given the length of the radius and the number of degrees 
in the arc of a sector of a circle to find the area of the 
sector. 

Let r be the radius ; w, the number of degrees in the arc ; 
and 83 the required area. 

Then 7rr^=the area of the whole circle whose radius is 
r (Art. 86.), 

.-. 360° : m::7rr^ : 8, (Euc. vl 33.), 

m 



.'. s=7rr^x 



360°' 



Since 7rr^x^^7^=irx^of 27rrx ^^7^6 ; and 2 Trr 5^7^ ex- 



3|^,= rx|of2,rrx3^o; and 2,rr3^, 

presses the length of an arc of m° in the circle whose radius 
is r, it follows that the area of a sector of a circle is obtained 
by multiplying half the arc of the sector by the radius of the 
circle. 

Hence, also, the area of a sector of a circle is equal to the area of a 
triangle whose base is eq^ual to the length of the arc of the sector, and its 
altitude equal to the radius of the sector. 

M 3 
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Examples. Ist. Given r= 16 ; m= 120'^ : required 8. 
Ans. 8 = 268.0827. 

Calcujlation. 



HI _120^_1 . „-^xi68x,. 



(log. fl- 
±2 X log. 16 . . 
+ ftnth. comp. of log. 3 
-10 . . . . 



0.497150 

+ 2.408240 

-f 9.522879 

— 10.000000 



2.428269 



The number of this log. b 268.0827 

.-.8=268.0827. 



2d. Given r= 16; »i=240°: required S. 
Ans. 8=536.1664. 

3d. Given r= 75.6 feet; m=7*'30': required 8. 
Ans. 8 =r 374.07 sq. feet. 

a. Given the radius and the chord of the arc of a sector to 
find the area of the sector. 

LetAB=r, be the radius; AC=:C, the 
chord of the arc, and 8, the required area. 

Since the arc aec and the angle A3C 
have the same measure (Art. 14. a.) ; 

'^^^ ^ 360^ "^''^ ^ 360^ '" ^ ^^^^^^ *^® 
angle ABC were known, 8 could be deter- 
mined. 

To find the angle abc. 

Let BD be drawn perpendicular to AC. 




Then ad= 



2' 



<ABD=-s— ; and8m.ABD= — (Art. 17) = ^r-, 
2 AB ^ ^ 2r* 



.*. sin.— iT— =ir-. Whence the ans^Ie abc is determined, 
2 2r ° 

and consequently also 8. 

The chord AC may belong to either the sector abO£ or 
the sector abcf : if the area of abce is required, it is ne- 

cessary, in the expression ttt^x q^t^oj to substitute for m the 

value of the angle abc; and, if the area of abcf, to sub- 
stitute for m the value of the angle 360°— abc. 
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Examples. 1st. Given r = 16 ; c = 12 : required 8. Ant, s = 98.409. 

Calculation of the Akgle abc. 



c 12 3 „^^ 
2-r=32 = 8 = -3^^- 



The angle of this log. sin. is 22° 1' 30'' 



1.574031 
+ 10.000000 



9.574031 



ABC 



= 22° 1' 30'' and A B c = 44° 3'= m. 

Calculation op s. 
m 44° 3' 2643 881 



360° 21600 7200' 
881 



360° 

.•.S = 7rX 16*X 



7200* 



And log. 8 = - 



log. ff . . 
-1-2 X log. 16 
-i- log. 881 . 

4- anth. comp. of log. 7200 
— 10 .... 



0.497150 

-f 2.408240 

-f 2.944976 

+ 6.142668 

— 10.000000 



1.993034 



The number of this log. is 98.409 . 

.'.sai 98.409. 

2d. Given r=9, c=6: required s. 
Ans. 8=27.62664. 

3d. Given r= 27.4358; c=50,8: required s. 
Ans. 8=890.58. 

b. Given the chord of the arc of a sector and the perpen- 
dicular from the centre of the circle upon the chord, to find 
the area of the sector. 

Let AC=:c be the chord, and BD=p, the perpendicular. 



Then, since ab ^ a/ad^ + bd^ 



=Vi^p'' 



r can therefore be determined from c and p : this case is 
thus reduced to Case a. 

c. Given the chord of the arc of a sector and the versed 
sine of half the arc to find the area of the sector. 

Let AC=c be the chord, and D£;=v the versed sine of 

AEC ABC 
— TT- or — ^r— . 
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Since AD^=ED(2r— ed), (Euc. hi. 35.) 
or j=t?(2r— r)=2t?r— w^. 



.*. r= 



8v 



Consequently r can be determined from c, v : and this 
case^ also, is reduced to Case a. 

d. Given the chord of the arc of a sector and the angle at 
the centre, to find the area of the sector. 

Let c be the chord ; and since the angle at the centre and 
the arc of the sector have the same measure, let m express 
the value of either. 

Then> since bv Case a, ^r-=sin.iABO = sin. \m^ 

• • '' — Oa;« Innn} ^^ '^ ^ A^\^ 2 1 <^" 



2sm.f m 



4sm.'^7m 



Substituting this value of r^ in the formula s = 7rr^ x 



m 



360 



,©• 



s=- 



1T& 



- X 



m 



4sin.2|w 360' 
Ex. Given c=8 ; iii=24^ : required s. 



Aru, 8=77.5213. 



Calculation. 

m _ 24° _ 1 1 
860*^" 360° 15' 2 



= :=^=^' ^m=12° 



_ yX8g 1 



4 8in.2l2°'"l5* 



And log. 8 = « 



lofir. V . 



+ 2 log. 8 

4- aritn. comp. of log. 4 
— 2xlog. sin. 12°-|-20 
+ arith. comp. of log. 15 
.—20 



l^e number of this log. is 77.5213 

.•,8=77.5213. 



0.497150 
+ 1.806180 
+ 9.397940 
+ 1.364242 
+ 8.823909 
—20.000000 

1.889421 



88. To find the area of a segment of a circle. 

Given the radius and the number of degrees in the arc of 
a segment ; 

or the radius and the chord of a segment ; 

or the chord and the altitude of a segment ; 

or the chord and the number of degrees in the arc of a 
segment ; to find the area of the segment. 
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The area of the segment aecd is equal to the excess of 
the area of the sector abce (see the fig. of Art. 87. a.), over 
the area of the triangle ABC. Consequently, if from the 
area of the sector (found by Art. 87.\ the area of the triangle 
(found by Art. 76.) is subtracted, tne remainder is the area 
of the segment 

If the segment is greater than a semicircle, as AFC, it will 
be necessary to add the area of the triangle ABC to the area 
of the sector afcb, for the area of the segment. 

Examples, 1st. Given r=:16; m=120°: required S, the 
area of the segment. 

The area of the sector (see Ex. 1. Art. 87.), is 268.0827. 

And the area of the triangle is 

r^sin.w,. . ^^ . 16^sin.l20° nnon^vi 
— 2 — (-*^- 7®' ^) = 9 ^ 10.8054, 

.-. 8=268.0827 — 110.8054 = 157.2773=thearearequired. 

2d. Given r= 16 ; c= 12 : required the area of the segment. 
The area of the sector (see Ex. 1. Art. 87. a) is 98.409. 

The area of the triangle = \/ f^ "" T ^ |~ \/220 x 6=14.8324 x 6=88.9944, 

.-. 8=98.409-88.9944 = 9.4146. 

3d. Given the chord c, and the altitude v, of a segment, to 

find the area of the segment. 

The area of the sector is found by Art. 87. c. 

And since v, the altitude of the segment, is equal to the 

versed sine of half the arc of the segment, 

c2 + 4t?'2 c^— 4u^ 

8r 8u 

Now c is the base, and r— t? the altitude, of the triangle 
ABC ; whence the area of the triangle abc :=^ — o^* can be 

found. (Art. 76.) 

Ex. Given cz=23; u=3.5; required s. 
Ans. 8=54.584. 

4. Given c, the chord, and /w, the number of degrees in the 
arc of the segment, to find the area of the segment. 
The area of the sector is found by Article 87. d. 
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To find the area of the triangle abc, 

c m 

AD=g^; <ABD=:— . 

BD C 

=C0t.ABD(Art.l7.\ .•.BD = ADCOt,ABD=;rCOt. ilW. 

AD ^ ''^ 2 * 

AC X BD 

Wherefore b d is determined^ and consequently also = — > 

or the area of the triangle ABC. 

Ex. Given c=8; m=24**: required the area of the 
segment. 

The area of the sector (see Art. 87. d.) is 77.5213, 

the area of the triangle = ^ — is 75.2739. 

.*. the area of the segment is 2.2274. 

Other examples. 1st. Given c= 12; r=10: required s. 

Ans. 8=16.3504. 

2d. Given r= 40; r=:50; required 8. 
Ans. 8=3304.55. 
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SECTION IX. 

UEKSUIUTION OF SOLIDS. 

89. The plane figures which bound a solid are termed 
faces of the solid ; and the straight lines formed by the inter- 
section of two faces which cut each other are termed edges 
of the solid. 

a. Of the two opposite parallel faces of a prism or cylinder 
(Prisms^ &Cy Def. 2.)^ that on which the solid is placed is the 
base and the opposite face is the top of the prism or cylinder. 
The face on which a pyramid or cone is placed is the base^ 
and the opposite angle the vertex of the pyramid or cone. 

b. The other plane faces of prisms and pyramids are 
termed lateral faces. 

The other sur&ce of a cylinder or cone is termed a convex 
surface; and the same name is employed to describe the 
sur&ce of a sphere. 

e. If the base and top of a prism are regular polygons, the 
straight line joining the centres of these polygons is termed 
the axis of the prism. 

d. If SL pyramid or cone is cut by a plane parallel to the 
base, the portion of the solid comprehended between the 
section and the base is termed a frustum of a pyramid or 
cone, or a truncated pyramid or .cone. 

€, If a prism or cylinder is cut by a plane inclined to the 
base, the portion of the solid comprehended between the 
section and the base is termed a frustum of a prism or 
cylinder, or a truncated prism or cylinder. 

The frustum of a triangular prism is sometimes termed a 
wedge. 

f. The area of the surface of any solid bounded by plane 
faces is equal to the sum of the areas of all these faces. 
*Thus the area of the surface of a prism is equal to the sum 
of the areas of the parallelograms which form the lateral 
faces of the prism, plus the areas of the two equal figures 
which form the base and top of the prism : the area of the 
surface of a pyramid is equal to the sum of the areas of the 
triangles which form the lateral faces of the pyramid, plus 
the area of the figure which forms the base of the pyramid. 
The necessary data being given, these areas are found by the 
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rules for the calculation of the areas of plane rectilineal 
figures in Section VIII. 

The areas of the surfaces of prisms and upright pyramids, 
whose bases are regular polygons, can, however, be found 
without computing separately the area of every face. 

90. To find the area of the lateral surface of an upright 
prism. 

Given the perimeter of the base and the altitude (or length 
of a lateral edge) of an upright prism to find the area of the 
lateral surface of the prism. 

Let p be the perimeter of the base ; h the altitude of the 
prism, and 8 the required area : then 

S=ph (Prisms, &c.. Prop. 11.) 

If the area of the whole surface of a prism is required^.the 
areas of the base and top of the prism, or (since these areas 
are equal: Prisms, &c., def. 2.) twice the area of the base of 
the prism^ must be added to ph, the area of the lateral 
surface. 

The area of the base is found by one of the rules for the 
determination of the areas of plane rectilineal figures in 
Section VIIL 

If the ba^e of the prism is a regular polygon, and r', the 
perpendicular from the centre on a side of this polygon 
(or the radius of the inscribed circle), the area of one end 

=^ (Art. 83. a.) ; the area of both ends =pr' ; and the area 

of the whole surface of the prism =ph +pr' =p(^h'{' r'). 

If the prism is a cube whose edges are each equal to c ; 

(* 
jo=4c; h=:c; ^==o: and the expression p^h + r') becomes 



4crc + |) = 4c^ + 2c'2 = 6A 



Whence the area of the surface of a cube is equal to six 
times the square of one of its edges ; or to six times the area 
of its base. 

Examples. 1st. Given the sides of the base of an upright triangular 
prism, equal to 7, 8, and 9 feet respectively, and the lengSi of a lateral 
€dge equal to 18 feet : required the area of the surface of the prism. 

Calculation. 

I 

;, = 7 + 8 + 9=24feet; A=18feet; |=«=12feet. 
• . ;?;i r= 24 X 18 = 432 sq. ft. = area of the lateral surface. * 
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Also, area of bai6a\/{l3(13— 7)(ia~ft)(18-.9)} B V(13 X 5 X 4 X S)->V7S0b26.8328,' 

Wherefore the area of both ends =26.8328 X 2 » 53.6656 sq. ft. 

And the area of the whole surface of the prism s 432 + 53.66S6 sq. ft. « 485.6606 sq. ft. 

* 

2. Given the length of an upright parallelepiped- 25 feet ; 
two adjacent sides of the base equal to 12.6 and 8.4 feet^ re- 
spectively, and the angle included by these sides =56° 18': 
required the area of the surface of the parallelepiped. 

Ans. 1226.1082 sq. ft. 

3. In an upright paraUelepiped with a square base, given 
a side of the base=3^ft. ; and one of the lateral edges = 
12 ft. : required the area of the surface of the parallelepiped. 

Ans. 192^ sq. ft. 

4. Griven one of the edges of a cube = 10^ inches : re- 
quired the area of the surface of the cube. 

Ans. 4 sq. ft. 85| sq. in. 

5. If the length of an upright prism, which has a regular 
pentagon for its base, is 35 ft., and a side of the base is 7.3 ft. : 
what is the area of the surface of the prism ? 

Ans. 1460.8687 sq. ft. 

a. If the prism is oblique, let a point be taken in one of 
the lateral edges, and let a plane at right angles to this edge 
be made to pass through the point. This plane is at right 
angles to all the latersd edges, (Planes, Prop. 7.). The sec- 
tion of the prism is a plane figure, having the same number 
of sides as the base ; and its successive sides measure the 
distances between the two corresponding adjacent edges of 
the prism. The area of any face of the prism is equal to the 
product of the length of the side of the section, contained in 
that face by the length of one of the lateral edges of the 
prism, (Art. 76.) Whence, since the lateral edges are 
all of the same length, and the sum of the perpendicular 
distances between the whole of these edges composes the 
perimeter of the figure formed by the plane which cuts the 
prism at right angles to the lateral edges ; it follows that 
the area of the lateral surface of an oblique prism is equal to 
the product of the perimeter of a section perpendicular to 
the lateral edges, by the length of one of these edges. 

91. To find the area of the surface of an upright pyramid 
which has a regular polygon for its base. 

Let the perimeter of the base of a pyramid (=J5?), the 
straight line drawn from the vertex in the plane of one of 
the lateral faces, perpendicular to a side of the base ( = A'), 
and the perpendicular drawn from the centre of the base to 
a side of the base (=:r') be given to find the area of the sur- 
face of the pyramid. 
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The area of the lateral 8urfiu» of the pyramids ^ (Prlnns, Ac., Prop. 16.) 
The area of the base ss^ (Art. 83. a.) 

Whence s, the area of the whole surface of the pyramid, 
is expressed by the formula 

«- 2 • 

Example. Given /? = 6 ft. 2 in. ; A^= 15.02 ft. ; r^= 9.25 in. : required s. 

CALCUIiATIOV. 

;} = 74in.; A'« 180.24 in.; 1^=9.25 in. 

74(180.24 + 9.25) ^^,, ,„ . .« ^oo^ . /•* 
.• . 8= — ^ 2^ ^ = 7011.13 sq. in. = 48.6884 + sq. ft. 

a. If n^ the number of sides of the base ; 1, the length of 
a side of the base ; and h, the length of the axis (or the 
height) of the pyramid, are given to find s. 

1st. p-=znL 

I 180** 
2d. / =^ cot. ^^^, (Art. 83. b.) 

3d. K^^ {W -H /«} (Euc. 1. 47.) = >• Ja« + (^ cot. ^)'|, 

Example, — Given n = 6 ; Z = 3 feet ; ^ = 9 feet : required s. 
Ans. 8 = 107.6904 sq. ft. 

Calculation. 
1st. /) = nZ=6x3=18 feet = perimeter of the base of the pyramid. 
/ , 180° 3 . 180** 



2d. r' = s cot. = ^ cot. -^- = 1.5 X cot. 30**. 

2 n 2 6 

r log. 1.5 0. 

.'. log.r'=-| -l-log. cot.30** . . . . + 10. 
I — 10 — IOj 



176091 
238561 
000000 



The number of this log. is 2.5981 . . 0.414652 

.-. r'= 2.5981. 
3d. A'=^/{A« + ^'*} = A/{9« + 2.5981«} = ^/87?r5 = 9.3675. 

4th. 8= ^^^'"^^ = 18 (9.3675 -f 2.5981) = 107.6904 sq. ft. 

b. If riy the number of sides of the base ; Z, the length of 
a side of the base ; and ^, the length of a lateral edge of the 
pyramid, are given to find s. 
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Ist. p-rznh 



2a. r =^ cot. . 

2 n 



And 8 or ^^^-^=^ L^ Je«--5 +2 cot. — J. 

Example, — Given n=: 8 ; /=:6 ft. ; e= 16 ft. : required s. 
Ans. 8 = 551.01264 sq. ft. 

Calculation. 
1st. ;>=nZ=8 X 6 = 4aft. 

2d. r'= I cot. ^^=1 cot. ^ = 3 cot. 22° 80'= 7.24263. 

3d. V=>v/|««-?|=a/[i6*- 1*1= a/247 =15.71623. 

4th. 8=; ^(^ +^) =^ (15.71623 + 7.24263) = 551.01264 sq.ft. 

Other examples, let. Given » = 4 ; / = 3 ft. ; A = 24 ft. : 
reqiiired s. 

Ans. 8 = 153.2808 sq. ft. 

2d. Given « = 6 ; Z= 10 ft. ; h =45 ft. : required s. 
Ans. 8 == 1634.5803 sq. ft. 

3d. Given n = 12 ; / = 4 ft. ; e = 50 ft. : required 8. 
Ans. 8 = 1378.176 sq. ft 

92. To find the area of the surface of an upright cylinder. 

Given the radius of the base and the length of the axis (or 
the height) of an upright cylinder to find the area of the sur- 
face of the cylinder. 

Let r be the radius of the base^ and h the height of a 
cylinder : and let the area of its surface be denoted bv 8. 

Then the area of the convex surface of the cyhnder is 
equal to A x circumference r, (Cylinder, &c. Prop. 7.), 

or, since circumference r = 2 irr, (Art. 84.), 
the area of the convex surface of the cylinder = 2 irrh. 

Again, the ends of the cylinder being equal circles whose 
common radius is r, irr^ =: the area of one end (Art. 86.), 
and 2 Trr^ z= the area of both ends ; 
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Whence the area of the whole surface of the cylinder 
= 2 irrh + 2 irr\ 

or S = 2 7rr(A + r). 

Consequently, to find the area of the whole surface of a 
cylinder: — Multiply the sum of the values of the height and 
radius by the circumference of the cylinder: the product 
expresses the areia of the whole surface of the cylinder. 

Examples, — Ist. Given r = 1.5 ft. ; A = 40 ft. : required 8. 
Ans, 8 = 492.401 sq. ft. 

CaIiCUIJLTION. 

^-|-r=40-h 1.5 = 41.5, 
.*. 8=^2 Trr (A + r) = 2 7r X 1.5 x41.5=irX3 X 41.5, 



r log. w 0.^ 

log. 8= \ +log. 3 + 0.< 

[ + log. 41.5 . . . . -f l.( 



The number of this log. is 492.401 . . . 2.692319 

.'. 8=492.401 sqft. 

2d. What quantity of sheet iron is required to make a 
cylindrical funnel 22 inches in diameter and 36 feet in 
length. 

Ans. 207.3456 sq. ft. 

3d. Required the area of the concave surface and bottom 
of a cylindrical reservoir which is 18 feet in diameter and 
12 feet in depth. 

Ans. 933.0552 sq. ft. 

4th. Required the area of the whole surface of a cylin- 
drical pillar which is 5^ feet in diameter and 45 feet in 
height. 

Ans. 825.0627 sq. ft. 

a. If the height of a cylinder is equal to the diameter of 
its base ; that is^ if A = 2 r^ 

the area of the convex surface = 2 Trr x 2 r, 
and the area of the two ends = 2 Trr x r, 

.-. s = 2 7rr (2 r + r)= 2 Trr X 3 r=: 6 Trr^ 

A cylinder whose height is equal to the diameter of its 
base is termed equilateral. 

If the area of the base of an equilateral cylinder is Trr^, 
the area of the convex surface is 4 Trr% and the area of the 
whole surface 6 tt r^. Whence, in an equilateral cylinder, 
the area of the convex surface is equal to four times, and 
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the area of the whole surface is equal to six times the area 
of the circle which forms the base of the cylinder. 

93. To find the area of the surface of an upright cone. 

Given the radius of the base and the height (or length of 
the axis) of an upright cone to find the area of the surface of 
the cone. 

Let r be the radius of the base^ and h the height of the 
cone : also let the side (or slant height) of the cone be denoted 
by hf ; and the required area by s. 

Then since h^ is the hypotenuse of a right-angled triangle 
of which r is the base and h the perpendicular, A' = VA*^ + r^. 
(Euc. I. 47.) 

Also irrzz half the circumference of the base of the cone, 
(Art. 84.) ; 

,*. TrrA' or Trr v' A^ ^ fi — ^q ^^ea of the convex surface 
of the cone, (Cylinder, &c. Prop. 9.). 

Again, Trr^ or Trr x r = the area of the base of the cone, 
(Art. 86.), 

.*. s zzTrr X A' -h Trr X r = 7rr (A'-h r): 

in words: — The area of the convex surface of an upright cone 
is equal to the area of a rectangle of which one side is equal 
in length to half the circumference of the base of the cone, 
and the other to the side (or slant height) of the cone. And 
the area of the whole surface of an upright cone is equal to 
the area of a rectangle of which one side is equal in length to 
half the circumference of the base of the cone, and the other 
to a straight line made up of the side and the radius of the 
base of the cone. 

Examples. Ist. Given r=2jft. ; A=9ft. : required s. 
Ans. 8=92.9974 sq.ft. 

CALCUULTION. 

A'= >v/ {2.5* + 9*} = ^/87:25 = 9.34077, 

V + r = 9.34077 + 2.5 = 1 1 .84077, 

8=7rr (A'+r) = 3.1416 X 2.5 X 11.84077 = 92.99740758 sq. ft. 

2d. How many square yards of canvas are required to 
make a conical tent, which is 20 feet in diameter and 12 feet 
high? 

Ans. 54.5259687 square yards. 

3d. The circumference of the base of a conical spire is 64 
feet, and the perpendicular height 118 feet: required the 
area of the convex surface of the spire. 

Ans. 3790.04192 square feet. 

N 
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4th. The lengths of the diameter of the base and of the 
side of a conical buoy are each 12 feet : required the area of 
the whole surface of the buoy. 

Ans. 339.2928 square feet. 

5th. The radius of the base of an upright cone is r, and 
the altitude 2 r : required the expressions of the areas of the 
convex surface and the whole surface of the cone. 

Ans. Area of convex surface = 7rr^ '/S. Area of whole 

surface = irr^ (1 + ^^5)* 

a. J£h' = 2ry7rrh'=7rrx2r = 2'jrr^; 

and Trr (A' + ^) = wr X 3 r = 3 irr^. 

A cone whose side is equal to the diameter of its base is 
termed equilateral. 

Hence^ the area of the convex surface of an equilateral 
cone is equal to twice^ and the area of the whole surface is 
equal to three times^ the area of the circle which forms the 
base of the cone. 

94. To find the area of the surface of a frustum of an 
upright cone. 

Given the radius of the base, the radius of the top, and 
the length of the side of a frustum of an upright cone, to 
find the area of the surface of the frustum. 

Let r be the radius of the base ; r' the radius of the top ; 
h' the length of the side ; and s the required area ; 

Then 2 Trr = the circumference of the base of the frustum 
(Art. 84.), 

and 2 Trr' n the circumference of the top, 

.*. TT (r + r') =half the sum of the circumferences of the 
base and top : 

whence irrh^ + irr'h! or w (r -|- r') h! = the area of the 
convex surface of the frustum, (Cylinder, &c Prop. 10.). 

Again, wr^ = the area of the base of the frustum, (Art. 86.) 
and irr^ •=. the area of the top, 

.•.8 = ir(r + rOA'-|-fl'r2-i-7rr'«=7r{r(A'+r)+r'<A'+rO}» 
or 8= Trr (A' + r) + irr' {h! 4- r') : 

Whence the convex surface of a frustum of a cone is equal 
to the convex surface of two cones of which the one has the 
base, and the other the top of the frustum, for their respec- 
tive bases ; the side of each being equal to the side of the 
frustum ; and the whole surface of the frustum is equal to the 
whole surface of the same cones. 
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Examples. Ist. Given r=9 in. ; 7*^=4^ in. ; A' = 14ft. Sin. : required 8. 
Atu. 8=52.57271 sq. ft. 

Calculation. 

A'=14ft. 3in. = 171in. 

.-. A' + r=171-f9=180; and r (A' + r) = 9 X 180=1620, 

A' + r'= 171 + 4.5 = 175.5 ; and r' (A' + O = 4.5 X 175.5 = 789.75, 

. • . r (V + r) + r' (A' + rO = 1620 + 789.75 = 2409.75, 

And 8 or >'{r(A' + r) + i^(A' + r')} a 3.H16 x 9409.75 a 7570.4706 iq. in. —62.57371 iq. ft. 

2d. Given r= 12 ft. ; r' = 6 ft. ; h' zz 10 ft. : required the 
area of the convex surface of the frustum. 
Ans. 565.488 sq. ft. 

3d. The diameter of the base of a frustum of a cone is 
5 ft. ; the diameter of the top 3 ft. ; and the length of the side 
45 ft. : required the area of the whole sur&ce of the frustum. 

Ans. 592.1916 sq. ft. - 

a. If r, r', the radii of the base and top, and h the altitude 
(or length of the axis j of the frustum, are given ; A' is deter- 
mined by the formula A' = V [A'^ + (r — r')^]. 

For example, let r = 12 ; r' = 6 ; A = 8 : then 

A' = >/ [8^ + (12 — 6)^] = a/64 + 36 = 10. 

b. If TT (r 4- r^) express the circumference of the base of a 
cylinder, and A' its height, tt (r + r') A' expresses the area of 
the convex surface of the cylinder. Whence the area of the 
convex surface of a conical frustum is equal to the area of 
the convex surface of a cylinder whose height is equal to the 
side of the frustum, and the circumference of its base to half 
the sum of the circumferences of the base and top of the 
frustum. 

If r = r', the frustum becomes a cylinder, and 

TT (r + r)A= 2 7rr A. 

95. To find the area of the surface of a sphere. 
Given the radius of a sphere to find the area of the surface 
of the sphere. 

Let r be the radius,^nd s the required area- 
It is proved, (Cylinder, &c.. Prop. 14.) that the surface 
of a sphere is equivalent to the convex surface of the equi- 
lateral cylinder described about the sphere. 

Again, it is proved, (Art. 92. a.) that the area of the convex 
surface of an equilateral cylinder, the radius of whose base 
is r, is given by the expression 47rr^ : 

whence, if the radius of a sphere=r; s=49rr^ 

N 2 
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a. Since irr^ expresses the area of a great circle of the 
sphere whose radius is r, it follows that the area of the sur- 
face of any sphere is equal to four times the area of a great 
circle of that sphere. 

h. The expression 47rr^ may be separated into the two 
factors 27rr and 2r, of which the first gives the circum- 
ference, and the second the diameter, of the circle or the 
sphere whose radius is r; hence another rule for finding 
the area of the surface of a sphere, viz. Multiply the circum- 
ference of the sphere by its diameter, the product is the area 
of the sphere. 

c. The area of the whole surface of the equilateral cylinder 
described about the sphere whose radius is r, is 67rr^, 
(Art. 92. a.). Whence the area of the surface of a sphere, 
is to the area of the cylinder described about it, as 4 to 6, or 
2 to 3. 

Examples. Ist. The diameter of a sphere is 12 ft. : required s. 
Ans. 8=452.3904 sq. ft. 

GAXGTJIiATION. 

rs=6 andr* = 36, 
.'. 8 or 4 7fr«=4 X 3.1416 X 36 = 3.1416 X 144=452.3904 sq. ft. 

2d. Given d=z 1 ft. 8 in. : required 8. 
Ans. 8=8.7266 sq. ft. 

3d. Given r = 15 ft. : required 8. 
Ans. 8=2827.44 sq. ft. 

d. If c, the circumference of a sphere, is given to find the 
area of the surface of the sphere; let d=the diameter of 

the sphere: then since ef=— , cxef=cx — =— . 

TT IT IT 

Consequently, if the length of the circumference of a 
sphere is given to find the area of the surface of the sphere ; 
— divide the square of the circumference by -n-, the result 
expresses the area of the surface of the sphere. 

Examples. 1st. Given c=l : required s. 
Ans. 8=. 3183099. 

2d. Given c=50.3 : required 8. 
Ans. 8=805.3527. 

3d. In a cylindrical pontoon, with hemispherical ends, given 
the length of the cylindrical part = I feet, the diameter 
z=d feet, and consequently the diameter of the ends also 
=d feet : required the convex surface of the pontoon. 

Ans. 7rd(l+d) square feet. 
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4tli. About a circle abc, let a square 
DE and an equilateral triangle fgh be 
described, and let the circle, square, and 
triangle be turned round the diameter 
AG, producing respectively a sphere, an 
equilateral cylinder, and an equilateral 
cone : it is required to find the areas of 
the whole surfaces of the three solids ; 
the radius of the circle ABC being r. 

Ans. The area of the surface of the sphere =47rr^, 

- . cylinder = 6 Trr^, 

cone=97rr^ 

96. To find the area of the convex surface of a segment 
or zone of a sphere. 

Given the radius of a sphere, and the height of a segment 
or zone of that sphere, to find the area of the convex sur- 
face of the segment or zone. 

Let r be the radius of the sphere, and h the height of the 
segment or zone. 

Then, 27rr = the circumference of a great circle of the 
sphere, or of the base of the equilateral cylinder described 
about the sphere: and, by hypotheses, Azzthe height of the 
segment or zone ; whence the area of the convex surface of 
the segment or zone = 27rrA. (Cylinder, &c.. Prop. 14., 
Cor. 1.) 

Examples, 1st. A segment 18 inches in height is cut from a sphere 
whose radius is 5 feet :- required the area of the convex surface of the 
segment. 

Ans. 47.124 sq. ft. 

Calculation. 

2 7rr=2 X 3.1416 X 5 = 31. 41 6 = circumference of the sphere, 
A s= 18 in. = 1^ ft. =s 1.5 ft. = height of the segment, 

. o i; o^ AMi ^ ^ K >i»Tio>« ^ r* f area of the convex surface 
.-. 2^rA = 31.416 X 1.5 = 47.124 sq. ft.= ^^^^^^ ^^^^nt, 

2d. The height of a segment of a sphere is 7 J feet, and 
the radius of tne sphere 10 feet: required the area of the 
convex surface of the segment. 
Ans. 471.24 sq. ft. 

3d. A zone 3 feet in height is cut from a sphere whose 
diameter is 16 ft. : required the area of the convex surface 
of the zone. 

Ans. 150.7968 sq. ft. 

N 3 
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a. Let ECF be a segment of a sphere^ and let EHt^ft^ 
the radius of the base ; and CH= A, 
the height of the segment5 be given 
to find the area of the convex sur- 
face of the segment. 

Since the expression of the re- b^ 
quired area is ^irrh, it becomes 
necessary to determine r in terms 
of h and h^ the data of the problem. 

Now, if CH, the axis of the seg- 
ment, is produced, it is a diameter 
of the sphere or of the great circle " 

ACD formed bj a plane passing through GH and he. 

Whence bh^=chxhd, (Euo. hi. 35.)=ch (cd— ch). 
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or, *^=A(2r-A) 



r= 



ft ^ + A^ 
2A 



and27rrA=27rx^^^xA=7r(62 + A2)* 

Ex, GiYcn the diameter of the base of a spherical segment =: 28 ft. 
9 in., and the height = 1 ft. 3 in. : required the area of the convex sur- 
face of the segment. 

Am. 654.0909375 sq. ft. 

CaLCUUlTIOK. 

ft=j of 28 ft. 9 in. = 14 ft. 4 J in. = 14.375 ft. 

A= 1 ft. 3 in.= H ft.= 1.25 ft. 

J*= 14.375« = 206.640625 : A« = 1.5625 ; 

. • . ft* -f A« = 206.640625 + 1 .5625 = 208.203125, 

and IT (6^ + ^0 = 3.1416 X 208.203125 = 654.0909375 sq. ft. 

h. If it is required to find the area of the whole surface 
of a spherical segment, the area of the circle which forms 
the base of the segment must be added to the area of the 
convex surface. The sum of these areas is the result re- 
quired. 

If r, the radius of the sphere. A, the height^ and 6, the 
radius of the base of the segment, are given to find the area 
of the whole surface of the segment ; 

27rr A=the area of the convex surface of the segment, 
Trft^ = the area of the base, 

,'. TT (2rA + 6^)=the area of the whole surface. 

If r, the radius of the sphere, and A, the height of the 
segment, are the only data ; 



* ^s ^ ;^s ss Ec^ = chord ^ of half the circumference of the segment 

ECF. 
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since eh^=ch(cd— ch) or, 

V^ = h (2 r — A), and therefore A = v' [ A (2 r — A)] ; the 
Talue of b may be determined from the values of r and A, 
and the area of the whole segment found as before. 

If b and A, only, are given ; r = , , (Art. 96. a.) 

c. Let EABF be a spherical zone, and let EH=d, the 
radius of the base of the zone ; Aa=^, the radius of the top 
of the zone; and hg=A, the height of the zone, be given to 
find the area of its convex surface. 

The expression of the area of the convex surface of the 
zone being 27rrA, it becomes necessary to express r in terms 
of the given quantities i, ^, A. 

Through a, let akl be drawn perpendicular to bf. 

Then, AKbHObA; KHsbAG ; BKhBH — AOssA— |: KraFH+KHrsBH •!- AOs=A-i-/. 

Also, EK X KF=5 AK X KL (EuC III. 35.), 
or, (ft— ^)(i + ^)=AxKL, .'. KL= j—y 

and AL (=ak + kl)=Ah jr— = r . 

But since lab is a right augle, lb, if joined, is a diameter, 
(Euc. in. 31.), 

.-. lb^=ab^ + al2, (Euc. l 47.), 



=iVl--(^^i^^)l. 



which is the expression required. 

d. If the area of the whole surface of a spherical zone is 
required, the areas of the base and top of the zone must be 
added to the area of its convex surface. 

Let r be the radius of the sphere ; ft, the radius of the base 
of the zone ; ty the radius of its top ; and A, its height. 

Then 27rrA=the area of the convex surface of the zone, 
7rft^=the area of the base, 
7r^^=the area of the top, 

.'. TT (2rA + ft^ + ^^)=the area of the whole surface of the 
zone. 

N 4 
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97. To find the volume of a parallelepiped. 

In a parallelepiped, let there be given the length of a side 
of the base, the perpendicular distance between the given 
and the opposite side (or the breadth) of the base, and the 
height, to find the volume of the parallelepiped. 

Let I be the length of the base 1 

b the breadth of the base > of the parallelepiped, 
h the height J 

and let the volume be denoted by v. 

Then v = Ibh (Art. 7. ff.). 

lfl = b; Y = Ph: and if / = 6 = A; Y = P. 

If the base is rectangular, and the parallelepiped upright, 
/, by hy are three contiguous edges of the solid. 

Examples, 1st. Given / = 3 ft. 8 in. ; 5 = 2 ft. 4 in. ; A = 16 fl. 10 in. : 
required v. 
Ans, y = 144 cub. ft. 32 cub. in. 

CALcuiiATioN (App. Art. 14.). 

3 . 8 s= length of base. 
2 4 s= breadth of base. 



7 . 4 
1.2.8 

8 . 6.8^ area of base. 
16 . 10 = height. 



136 . 10 . 8 
7 . 1.6.8 

144 . 0.2.8 



2 8 

or, 1^+ X44"^T728 ^^^^^ ^^^ 
or, 144 cubic feet, 32 cubic in. = volume of the proposed parallelepiped. 

2d. Given Z = 2 ft. 9 in. ; i = 9 in. ; A = 25 ft. : required v. 
Ans. V n 51 cubic ft. 972 cubic in. 

3d. If the height of a square pillar is 18 ft., and the sides 
of its base 1.25 ft.^ what is the solid content of the pillar? 
Ans. 28.125 cubic ft. 

4th. If one of the edges of a cube measures 10 ft. 4 in., 
what is the volume of the cube ? 
Ans. 1103^^ cubic ft. 

6th. The length and breadth of the base of an oblique 
parallelepiped are T^ and 5 ft. respectively, and the lateral 
edges, which are 4 ft. in length, are inclined at an angle of 
42° to the plane of the base : required the volume of the 
parallelepiped. 

Ans. 100.36875 cubic ft. 

a. Let the lateral edges (and consequently the lateral 
faces) of an oblique parallelepiped be produced indefinitely ; 
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let a point be taken in the produced part of one of the edges^ 
and through this point let a plane be made to pass perpen- 
dicular to the lateral edges : this plane is perpendicular to 
the lateral faces of the parallelepiped (Planes, Prop. 18.), and 
the area of the part of it inclosed by these faces is equal to 
the area of a section of the parallelepiped made at right angles 
to its lateral edges. 

In the produced part of one of the lateral edges, and from 
the point in which that edge is cut by the perpendicular 
plane, let a distance be taken equal to the length of a lateral 
edge of the oblique parallelepiped, and through the extre- 
mity of this distance let another plane be made to pass per- 
pendicular to the parallel edges. The produced lateral faces 
and the two planes at right angles to them form an upright 
* parallelepiplsd whose base is equal to a section of the oblique 
parallelepiped, made by a plane at right angles to the lateral 
edges, and its lateral edges of the same length as those of 
the oblique parallelepiped. 

The two parallelepipeds are equivalent (Prisms, &c. 
Prop. 2.), and the volume of the upright parallelepiped is 
equal to the product of the area of its base by its altitude 
(Art. 97.) : whence the volume of an oblique parallelepiped 
is equal to the product of the area of a section which is per- 
pendicular to the lateral edges, by the length of one of the 
lateral edges. 

b. If the oblique and upright parallelepiped are both cut 
by the same diagonal plane, each is cut into two triangular 
prisms of equal volume (Prisms, &c. Prop. 8.). Conse- 
quently, an oblique triangular prism is equivalent to an 
upright triangular prism whose base is equal to a section of 
the oblique prism, made at right angles to the lateral edges, 
and its height equal to the length of a lateral edge of the 
oblique prism. 

c. By producing the lateral edges of any oblique prism, 
with a polygonal base, constructing an upright prism having 
the produced lateral faces of the oblique prism for its lateral 
faces, and lateral edges of the same length as the oblique 
prism; and imagining diagonal planes to divide both the 
oblique and the upright prism into triangular prisms, it can 
be in like manner proved that any oblique prism is equiva- 
lent to an upright prism whose base is equal to a section of 
the oblique prism made at right angles to the lateral edges, 
and its height equal to the length of a lateral edge of the 
oblique prism. 

98. To find the volume of a prism. 

Since a prism is equivalent to a parallelepiped which has 
an equivalent base and an equal altitude (Prisms, &c. 
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Prop. 9.) ; and the volume of a parallelepiped is obtained by 
multiplying the area of its base by its altitude (Art 1. g.\ it 
follows that the volume of a prism is obtained by, 

1st. Finding the area of the base of the prism' by the 
proper rule (Section VIII.); and, 2d, multiplying this area 
by the altitude of the prism. 

If V^ express the area of the base of a prism, and h the 
height, the volume of the prism is V^h. 

Examples. 1st. Given the three sides of the base of a triangular prism 
equal to 5, 7, and 8 feet, respectively, and the height of the prism equal 
to 16 feet : required the volume of the prism. 

Am, 277.128 cubic feet. 

Caix;ulation. 

5 + 7 + 8 = 20 : and 20 -«- 2= 1 = semiperimeter of the base of the prism, 

10 — 5 = .51 

10—7 = 3 }- = excesses of the semiperimeter over the sides of the base, 

10 — 8 = 2J 

a/{10 X 5 X 3 X 2} = V'300== 17.3205 = area of the base of the prism, 
17.3205 X 16 = 277.128 cubic feet = volume of the proposed prism. 

2d. The base of a triangular prism is an equilateral tri- 
angle whose sides are each equal to 1 ft. 5 in. ; and the 
height of the prism is 12 ft. 5 in. : required its volume. 

Ans. 10.7905 cubic feet. 

3d. How many gallons of water will fill a reservoir which 
is 30 ft. deep, 60 ft. wide at top, 48 ft. wide at bottom, and 
150 ft. long. 
^ Ans. 1514400.917 gallons. 

4th. The circumference of a hexagonal pillar is 7 ft., and 
the height lift. 2in. : required the solid content of the 
pillar. 

Ans, 39.48835 cubic feet. 

a. It follows from Art. 97. c, and the preceding part of 
this article, that the volume of an oblique prism is equal to 
the product of the area of a section of the prism, made at 
right angles to the lateral edges, by the length of one of the 
lateral edges. 

£. Let AB be one of the lateral edges 
of an oblique prism : from B let B c be 
drawn perpendicular to the plane of the 
base (Planes, Prop. 10.), and let bc pierce 
that plane in C : then bg is the altitude 
of the prism. 

Through AB, BG let a plane, bgd, 
pass, cutting the plane of the base in a d, 
and the plane of the section which is at 
right angles to the lateral edges of the prism in A£. 
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The plane BCD is at right angles to the plane of the base 
(Planes, Prop. 18.): the angle bag measures the inclination 
of the prism to the plane of its base; and the angle dae 
measures the inclination of the plane of the base to the plane 
of the section which is at right angles to the lateral edges of 
the prism. Also bae is a right angle: therefore bag and 
DAE are together equal to a right angle (Euc. i. 13.): there- 
fore the angles bag, dae are complements of each other. 
Let the area of the base of the prism be denoted by h^ ; 
the area of the section which is at right angles to the 

lateral edges of the prism, by s'^ ; 
the inclination of the plane of the base to the plane of 

the section by i ; 
the length of a lateral edge (ab) of the prism by /; 
and the altitude (bg) by h ; 
Then by Art. 97. c, U^xh—s^xl 
But, A = / sin. BAG = I COS. dae = I cos i, (Art. 56.) 

.'. i^ X / COS. izzs^ X /, or i^ cos. i =«^ 

Hence the area of a section of an oblique prism, made by 
a plane perpendicular to the lateral edges of the prism, is 
obtained by multiplying the area of the base of the prism by 
the cosine of the inclination of the plane of the base to the 
plane of the section. 

Hence, also, if from all the angles of a given plane polygon 
perpendiculars are let fall upon another plane, and the feet 
of the perpendiculars are joined so as to form a second poly- 
gon of the same number of sides as the given polygon ; the 
area of the second polygon is obtained by multiplying the 
area of the given polygon by the cosine of the inclination of 
the plane in which it is situated to the plane of the second 
polygon.* 

99. To find the volume of a pyramid. 

Given the area of the base and the height of a pyramid to 
find the volume of the pyramid. 

Let b'^ be the area of the base of a pyramid ; h the height ; 
and V the required volume. 

Then b^ x hz=: the volume of the prism whose base is ^^, 

and height A, (Art. 98.), 

b^ X h 
:. — 5 — = the volume of the pyramid whose base is b'^, 

and height A, (Prisms, &c. Prop. 15. cor. 1.) : in words : — 
Multiply the area of the base of a pyramid by the height, 
and divide the product by 3 ; the result expresses the volume 
of the pyramid. 

* The second polygon is termed the projection of the given polygon. 
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Examples, Ist. The base of a pyramid is an equilateral triangle whose 
side measures 6 feet ; and the height of the pyramid is 16 feet : required 
the volume of the pyramid. 

Ans, y = 83.1384 cubic feet. 

Calculation. 
Area of base = j 'v/s (Art. 76. e.) = 9 V^= 15.58845, 

15.58845X16 an ^ no a X.' l^ 4. 

,• . v= ^ = 83.1384 cubic feet. 

2d. The sides of the base of a triangular pyramid are 13 ft., 
14 ft., and 15 ft., and its height is 63 ft.: required the 
volume of the pyramid. 

Ans. V = 1764 cubic feet. 

3d. The base of a pyramid is a regular octagon whose 
side measures 4 ft. 1 1 in., and the height of the pyramid is 
41 ft. : required the volume of the pyramid. 

Ans. V = 1595.1804 cubic feet. 

100. To find the volume of a cylinder. 

Given the radius of the base and the height of a cylinder 
to find its volume. 

Let r be the radius of the base, and h the height of a 
cylinder : 

Then irf^ = the area of the base of the cylinder, (Art. 86.) 
and 7rr^A=the volume of the cylinder. (Cylinder, &c. Prop. 5.) 

If the calculation is made with logarithms, 

log. V = log. TT + 2 log. r + log. h. 

Examples, Ist. Given r^= 1 ft. 6 in. ; A= 15 ft. j required v. 
Ans, v= 106.02867 cubic feet. 

Calculation. 

flog. TT . . . . 0.497150 

Log. V =s J +2 log. 1.5 » . » 4- 0.352182 

[ + log. 15 . . . . + 1.176091 

The number of this log. is 106.02867 . . 2.025423 
• *. the volume of the proposed cylinder is 106.02867 cubic feet. 

2d. Given r = lOf in. ; A zz 16 ft. : required V. 
Ans. V z= 40.339 cubic feet. 

3d. Given the circumference of a cylinder = 8 ft., and the 
height 18 ft. : required the volume of the cylinder. 
Ans. V =91.676 cubic feet. 

101. To find the volume of a cone. 

Given the radius of the base and the height of a cone to 
find the volume of the cone. 
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Let r be the radius of the base, and h the height of a cone. 

Then ttt^ = the area of the base of the cone, (Art. 86.) 
and 7rr^A = the volume of the cylinder which has the base 
irr^y and the height A, (Art. 100.) 

IT 7^ It 

• '. — 5 — = volume of the cone. (Cylinder, &c. prop. 6. cor.) 

JExamples. 1st. Given r = 1 ft. 1^ in. ; A = 16^ ft. : re- 
quired V. 

Ans. V = 21.8684 cubic feet. 

2d. Given the circumference of the base of a cone = 9 ft., 
and the height = 10.5 ft. : required the volume of the 
cone. 

Ans. V = 22.5609 cubic feet. 

3d Given the circumference of the base of a cone =24 ft., 
and the length of a side of the cone = 32 ft. : required the 
volume of the cone. 

Ans. V = 485.428 cubic feet 

102. To find the volume of a sphere. 

Given the radius of a sphere to find its volume. 

Let r be the radius of a sphere. 

Then 7rr^ = the area of a great circle of the sphere or the 
area of the base of an equilateral cylinder described about 
the sphere. 

Also 2r= the height of this cylinder, 

.'. 7rr^x2r=2vr^ = the volume of the cylinder described 
above the sphere. 

.•. f of 2wr^ = ^7rr^=:the volume of the sphere whose 
radius is r (Cylinder, &c.. Prop. 12.). 

The expression ^in^ may be resolved into the two factors 
47rr^ and ^r; of which 4 7rr^ expresses the convex surface 
of the sphere (Art. 95.), and ^r, the third part of its radius : 
whence the volume of a sphere is obtained by multiplying 
the surface of the sphere by the radius, and dividing the 
product by 3. 

4 Trr* X ^ r also expresses the volume of a pyramid whose base is 4 w r* 
and height, r. Whence the volume of a sphere is equal to that of a 
pyramid, the area of whose base is equal to the area of tlie surface of the 
sphere, and its height equal to the radius of the sphere. 

Examples, 1st. Given r= 10 inches : required v. 
Ans, v= 2.424 cubic feet. 

Calculation. 
r=10 .-. r3 = 103= 1000, 

,-. v = t ^1^ = 1 X 3.1416 X 1000 = 4188.8 cub. in. = 2.424 cub. ft 
3 
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2d. Required the volume of a sphere whose diameter is 
30 feet. 

Ans. 14137.2 cubic feet. 
3d. Bequired the volume of a sphere whose circumference 
is 50.3 feet. 

Ans. 2149.07373 cubic feet. 
4th. [Required the volume of the pontoon described in the 
3d example of Art. 95. 

Ans. ^TTiP (?x-^j. 

5th. Required the volumes of the sphere, cylinder, and 
cone described in the 4th example of Art. 95. 

Ans. The volume of the sphere =^7rr\ 

cylinder =27rr^. 
cone =37rr'. 

a. If the diameter of a sphere is 1, the radius is ^ and the 
volume=$X7r x (^^3 = ^x 7rx^=^x 3.1416=.5236. Let 
d be the diameter oi another sphere, whose volume may be 
denoted by x. 

Then, since the volumes of spheres are proportional to the 
cubes of their diameters (Cylinder, &c.. Prop. 12. Cor. 1.), 

1^ : (P::.o2S6 : x, 

.'. a:=£px.5236. 

Whence if the cube of the diameter of a sphere is mul- 
tiplied by .5236, the result expresses the volume of the 
sphere. 

103. To find the volume of a frustum of a triangular 
prism. 

Let ABCDEF be a frustum of a tri- 
angular prism. Through the three 
points l>,c,B, let a plane be made to 
pass; and through the three points 
D,o,E, let another plane be made to 
pass. The frustum is divided, by these 
planes, into the three triangular py- 
ramids d-abc; D-BCE; C-EDF. 

1st* D-ABC has ABC for base and 
D for vertex. 

2nd. D-BOE may be transformed into another pyramid, 
A-BCE (Prisms, &c.. Prop. 14.), 

And A-BCB may be considered as having abc for base 
and £ for vertex. 

3d. c-EDP, may be considered as having cep for base 
and D for vertex; and 
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D-CEF may be transformed into another pyramid^ 
A-CEF (Prisms, &c.. Prop. 14.); also, 

A-OEF may be considered as having acf for base 
and £ for vertex : 

E-ACF may be transformed into the pyramid b-acf 
(Prisms, &c.. Prop. 14.) ; and 

B-ACF may be considered as having ABC for base 
and F for vertex. 

Hence the three pyramids which compose the frustum are 
equivalent to the three pyramids D-ABC; e-abc; f-abc. 
Now, the volume of d-abc = area abc Xy of the per- 
pendicular from D, on the plane ABC (Art. 99.) ; 
the volume of e-abc = area ABC x y of the per- 
pendicular from E on the plane abc; 
the volume of f-abc = area abc x^ of the per- 
pendicular from F on the plane ABC. 

Wherefore the volume of the frustum A bcdef is obtained 
by multiplying the area of one of its bases (abc), by one- 
third of the sum of the lengths of the perpendiculars let fall 
upon the plane of the base abc from the angles d,e,f, of the 
opposite base. 

Consequently, denoting the area of the base of the frustum 
by i^; the perpendiculars from d,e,f, upon the plane abc 
(or the altitudes of the pyramids) by a, a', a"y respectively ; 
and the volume of the frustum by v ; 

,« fl + a' + a'' 
V = i^ X « . 

K the frustum is upright, the perpendiculars are equal to 
the lateral edges of the frustum. 

a. A plane drawn parallel to one of the bases of a frustum 
of a triangular prism, at a distance equal to one-third of the 
sum of the distances of the three opposite solid angles from 
the plane of this base, determines, with the produced lateral 
faces of the frustum, a prism which is equal in volume to the 

frustum; for the volume of each = i^ x ^ • Each of 

the lateral edges of this prism is equal to one-third of the 
sum of the lateral or parallel edges of the frustum ; and the 
volume of this prism is equal to the product of the area of a 
section made at right angles to its lateral edges by the length 
of one of its lateral edges (Art. 98. J.). Whence, denoting 
the lengths of the three lateral edges of the frustum by 
/, /', V\ respectively ; the area of the section of the frustum, 
made at right angles to its lateral edges, by *^, and the volume 
by y. 
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y^s'^x 



i+y+r 




b. A frustum of a triangular prism 
is frequently termed a Wedge. 

One of the lateral faces of a wedge is 
termed the back or head of the wedge, 
and the two remaining lateral faces, the 
sides. 

The straight line formed by the inter- 
section of the two sides is the edge of 
the wedge. 

Let AECF be a wedge : then if ae is the back, af, bf are 
the sides, and CF the edge. 

In the lateral edge be, let any point G be taken: in the 
planes A£, BF, let gh, gi be drawn at right angles to be, 
and let HI be joined: the section GHi is at right angles to 
BE (Planes, Prop. 4.), and consequently to the other lateral 
edges, AD, CF (Planes, Prop. 7.). If one side of the trian- 
gular section, for example GH=ri, is known, and the perpen- 
dicular from I, on GH=A (that is, if the breadth of the back 
of the wedge, and the perpendicular let fall from a point in 
the edge, on the plane of the back, are known), the area of 
the section made at right angles to the lateral edges of the 

wedge, viz. — , is known. Whence, denoting ad, by /; 

BE by P; CF, by Z'^ ; and the volume of the wedge by v ; 

_bh i+r+r 

If the perpendicular from the edge on the plane of the 
back of the wedge cannot be conveniently measured, let 
the measured lengths of the three sides of the section 
be Qizza; GH = ^; Hi = c: then the area of the sec- 
tion=^/[5(5— a)(5— i)(* — c)], (Art. 76.c). 

and v=i >/[«(*— a)(5-i)(s—c)j x ^ . 



Examples, 1 st. Given ft = 5 ; A = 8 ; Z= 12 ; T = 10 ; T' = 8 : required v. 
Ans, v=200. 



Calculation. 
:20: ' 
.•. v = 20x 10=200. 



ftA_5x8 HiiMiT^ 12 + 10 + 8 _ 

2 2 ^"- 3 3 ^"' 
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2d. Givena=9; & = 4; c = 8; /=13; Z'«14; r= 10: required v. 
Ana. y = 197.3086i^. 

Calculation. 

«=10.5; * — a=1.5; * — &=6.5; » — c=2.5, 

V{«(«-a) (« — &)(« — <?)} ->V{l0.5 X 1.5 X 6.6 x 2.6}«V2B6.9876« 15.998, 

.«. v= 15.998 X I2.a3f=197.3086/J. 

104. To find the volume of a frustum of a parallelepiped. 

Let EFGHABCD be a frustum of a 
parallelepiped; let the two diagonal 
planes AEHD^BPGCbe drawn, and let 
it, in the first instance, be supposed 
that the lateral edges of the frustmn 
are perpendicular to the plane of the 
base EFGH. 

The plane aehd divides the frustum 
ED into the two truncated triangular 
prisms efhabd, eghaod, and the plane bfgc divides it 
into the two truncated triangular prisms gefcab,ghfcbd. 

Now efhabd=^efh(ae + bf + dh); 
eghacd=^egh(ae + cg+ dh 

GEFCAB=:^GEr?CG+AE + BP^ 

ghfcbd=^ghf(cg + dh-|-bp] 

Taking the sum of these equations, and observing that the 
four truncated triangular prisms make up twice the frustum 
ED; also that efh =egh=:GEP = ghf = ^efgh(Euc. l 
34.); 

2ed=|x^efgh(3ae + 3bf + 3cg + 3dh), 
or 2ed=:|efgh(aeh-bf4-cg+dh), 

.'. ED=;:JefGH(ae + BF+ CG-f DH). 

If the lateral edges of ed are not perpendicular to the 
plane of the base efgh, it is necessary to replace ae, bf, 
CG, DH, by the perpendiculars let fall from a,b,c,d, upon 
the plane efgh. 

Hence the volume of a frustimi of a parallelepiped is ob- 
tained by multiplying the area of one of the bases of the 
frustum by one-fourth part of the sum of the four perpen- 
diculars let fall upon this base from the angles of the opposite 
base : consequently, if the area of the base is denoted by i^, 
the perpendiculars by a, a', a'', «''', respectively, and the 
volume by v. 



v=&^x 



a + fl^-f a'' + a 



fff 



o 
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a. A plane drawn parallel to one of the bases of a frustmn 
of a parallelepiped at a distance equal to one -fourth part of 
the sum of the distances of the four opposite solid angles 
from the plane of this base determines, with the produced 
lateral faces of the frustum, a parallelepiped which is equal in 
volume to the frustum ; for the volume of each 



= ft2x 



a + a' + a'' + (/'' 



Rf 



h. In the same way it may be proved that the Yolnme of a frustum of 
any prism whose base is a regular polygon, is given by the equation 

N 

in which l^ expresses the area of the base ; N,iiie number of sides of the 
base ; and a, fl^, c^% &c. the perpendiculars let fall from the angles of the 
opposite base upon the plane of the base, &'. 

Conse(]^uently a frustum of a regular prism is equivalent to a r^ular 
prism which has the same base and the same axis. 

c. If N is an indefinitely great number, the base of the prism be- 
comes a circle, and the prism a cylinder : whence, also, a frustum of a 
cylinder is equivalent to a cylinder which has the same base and the 
same axis. * 

105. Application of the rule for finding the volume of a 
wedge, or frustum x>f a triangular prism, to the determination 
of the volume of a parapet or rampart. 

Let the part of the first f/, 
figure between the lines 
a'f' and wx be the plan 
of a parapet forming one 
face of a redoubt on level 
ground, the crest and foot 
lines in which the several &\ 
slopes meet one another ^' 
being parallel to the ho- i 
rizon ; and let the second 
figm^ represent a vertical 
section of the same parapet, 
taken perpendicularly to 
the crests. 

Let fall DZ perpendi- 
cularly to the ground line 
AF, and draw the lines 
BZ, GZ, &c., as in the 
second figure : then, if 
planes be imagined to pass 
through these lines, they will divide the parapet into as many 
wedges as there are triangles. These last will represent 




Fig. 2. 
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sections perpendicular to the lateral edges of the different 
wedges; and the face of the redoubt being terminated hj 
vertical planes passing through a^f' and wx in the first figure, 
lines equal to those which pass through A^, b\ j>' will be the 
lateral edges of the wedge whose perpendicular section is 
ABZ : the lines passing tl^ough b^, c^, d^ will be equal to the 
lateral edges of the wedge whose perpendicular section is 
BCZ; the line passing through c^ and two lines equal to that 
which passes through d' will be the lateral edges of the 
wedge whose section is gdz, and so on. 

Let A,B,C, &c., represent the areas of the several triangles 
ABZ, BCZ, GDZ, &c., and let a, by c, &c., represent the lengths 
of the several lines passing through a^b', c', &c., on the 
plane. Then (Art. 103. b,) 

A.|(a + i + d)> 
B.|(i + c + rf), 

C.Kc + 2rf), 
D.^(2rf + e), 

and E .^(c?+e+/). 

will express the volumes of the several wedges. The sum of 
these terms may be put in the form 



+ |(a + b)^ 



B + C)c 
+ ^(A + B + 2C + 2D + E)rf 

+ J(d + e)^. 

+ i E/. 

Hence we obtain the following rule : — 

Multiply each horizontal line on the plane by the area of 
the triangle which, in the section, has an angular point in 
that line, or by the sum of the areas of all the triangles 
which have an angular point in that line : one-third of the 
sum of these products will be the volume of the parapet. 

If the sections of the redoubt are alike on all its faces, it is 
evident that the perimeter of each polygon formed by the 
crest or foot-lines may be multiplied by the areas of the 
triangles as above ; when one-third of the sum of the products 
will be the volume of the whole parapet of the redoubt. 

In a similar manner may the volume of the ditch of a 
redoubt be found when its contour lines are parallel to one 
another. • 

Example. The dimensions of the parapet on one face of a 

pentagonal redoubt are as follow : 

o 2 
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The horizontal line passing through D =40 feet. 



A'z = ...llft. 6in.l 
zf'=...20 

BmOTCn:=S 

Cp=.., 1ft. 6 in. 
Ey = ...15. 

XjT — ... O. 



a =23.288 feet. 



b =32.01 



whence, by com-^ 
putation. 



c =37.82 
c?=40. 
e =61.795- 
L/=69.061. 



From these data the volume of the parapet is found to be 
6493.7916 cubic feet, or 240.5108 cubic yards. 

The rule is applicable in whatever manner the dividing 
lines are drawn on the section; but since, in general, the 
vertical and horizontal lines of a rampart or parapet are given 
or may be easily measured, the areas of the triangles in the 
figure would be more easily computed than those of triangles 
formed by lines drawn in any other manner. 

If the crest and foot-lines in a plan should not be parallel 
to one another, as when the work is on ground inclined to 
the horizon, or when it is commanded by heights in the 
neighbourhood, the parapet or rampart may be divided into 
wedges by vertical planes imagined to pass through those 
lines and also diagonally, as shown by D^a, across the slope 
between every two such lines. The parallel edges of each 
wedge will then be the vertical lines passing through three 
points, as d', e', g, and the perpendicular section will be the 
horizontal projection or plan of a triangle, as d^e^g. 

In some of these wedges two or one of the vertical lines 
will become zero ; in which cases the volume of the solid will 
be equal to the product of the horizontal triangle by one- 
third of the remaining edge or two edges. 

106. To find the volume of a prismoidal solid like that 
which may be conceived to be formed by making an excava- 
tion, for a road, on sloping ground. The upper surface of 
the excavation is supposed to be inclined, but let the lower 
surface be parallel to the horizon ; and, the excavation being 
terminated by two vertical planes perpendicular to the direc- 
tion of its length, that surface 
will be rectangular : also let 
the sides have any given inclina- 
tions. 

Let BFHG represent the 
upper surface of the supposed 
excavation, projected on a hori- 
zontal plane, and let ad be the 
lower surface: let eabg and 
rCDH represent the vertical sec- 
tions at the extremities ; and at 
— '^sent let the inclinations of the 
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side planes to the horizon be equal to one another. Draw the 
vertical lines am, bn^ gp^ dg. 

If vertical planes pass through AG, bd, and through a 
line joining c, b, the middle part of the excavation, which is 
a frustum of a wedge, will be divided into two wedges : then, 
(Art 103. b.) 

^(AM + NB-f Pc).^AB.AG will be the volume of the 
wedge whose section perpendicular to the parallel edges is 
the triangle abg, and 

^ (am + gp + dq) . ^ CD . db will be the volume of the 
wedge whose perpendicular section is cdb. The sum of 
these volumes is that of the part contained between the 
vertical planes passing through AC and bd. 

Next, if a vertical plane pass through AC, and one through 
the point E and the Ime PC, the left-hand part of the excava- 
tion will be divided into two wedges, or rather into two 
pyramids ; and we have 

^(AM4-PC).^AC.AEfor the volume of the solid of which 
a section perpendicular to the parallel edges am, pc, is the 
triangle EAC ; also 

^PC.I^AC.PC for the volume of the solid whose section 
perpendicular to the edge PC is the triangle epc. The sum 
of these volumes is that of the solid forming the left-hand 
side of the excavation. 

In a similar manner may the volume of the right-hand side 
be found ; and if the inclmations of the sides of the excava- 
tion are equal, the volumes of the two side portions will be 
equal to one another. 

Now let ab, CD be each represented by a, 
AM, BN . . . by A, 

CP, DQ . . . by A, 
EA, BG . . . by A, 
FC, DH . . . by rf, 
and let AC, bd . . • by /. 

Substituting these values, the two volumes above found 
will be expressed by 

2 A-f-A al 2 A + A al 
"~3~~"1"^~T~'2"^ 

, A + A A/ k Id 
and-y-. 2 +^.Y- 

The first, which is the volume of' the middle portion, is 
equivalent to 

(3aA + 3flA).^/. 

o 3 
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The Becond being doubled will expresa the sum of the two 
side portions, and will be equivalent to 

for 2 iA in this last expression, putting bk + dh its equiva^ 
lent (since from the similar triangles ema, fpc we have 
b : h.:: d : h; whence bk = dh) the expression becomes 

(2hb -^ bk -{- dh + 2kd).^l: 

and the sum of the two equivalents is the value of the re- 
quired volume. 

But it is evident that the sum of the terms within the 
parentheses may be put in the form 

(* + a) h, 

■f (* + rf + 2 a) (A -f- A) : 

the first of these terms is the area of the section eabg, the 
second is the area of the section fcdh, and the third is four 
times the area of a vertical section parallel to these, and 
equally distant from each : therefore the required voliune of 
the whole prismoidal solid is equal to the product of one- 
sixth of the length by the sum of the areas of the sections at 
the two extremities, and four times the area of a parallel and 
equidistant section. 

The investigation would be similar to that which has been 
given if the inclinations of the two sides had been imequal ; 
observing that from the similarity of the triangles ema, fpc, 
and BN6, DQH we should have 

EM.PO = FP. AM, andBN*QH=:N6. DQ: 

the rule for the volume would be the same : it was first given 
by Mr. Macneil. 

107. To find the volume of a frustum of a pyramid or an 
upright cone. 

Let ABCDEF be a frustum of a pyramid or an upright 
cone; and let the areas 
ABC = 6S DBP = fS and 
the height hi=A, be 
given to find the volume 
of the frustum. 

Let the lateral planes 
of the frustum of the py- 
ramid and the sides of the 
frustum of the cone be * 
produced until they meet in 6 : also let GH I be perpendicular 
to the plane a bo, and let oh, which is the idtitude of 
G-DEF, be denoted by x. 
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Then Gi, the altitude of G- abg =GH + Hi=:jr + A. 
Since ABC : dep :: Gi' : GH^, (Priams, &c. Prop. 1. cor.) 

or, V^ : ^ ::{x+1if\x^y 

b: t :: « + A : ar, (Alg. Art 182./.) 

.-. bx :=tx + thy (Alg, Art. 182.) 

.". Jar — ^ar = ^ A, and a: =7 — -zrGH, 

— r 

, , th . , eh-^bh — th bh 

Again, Tolameo-ABO=:|ABOxoi>a|63x^--^=s|A x ^^; (Art.99.andl01.) 
And volume o«OBrM|DBF X OHai|<axj^ = |A X ^;^. 

Now, volume abcdbf =:.vol. o - abc — vol. o -dbf. 

.-. TOl.AB0DBF=|»X^-|»X^ = J*X^5f«|*(ia + 6/+<«). 



Since btzzVb^t% bt is a mean proportional (Arith. 
Art. 345. a.) between &^ and t^y the areas of the base and top 
of the frustum. 

Whence, to find the volume of a frustum of a pyramid or 
cone, — Add together the areas of the two ends and the mean 
proportional between them ; multiply this sum by the height, 
and take one-third of the result for the volume required. 

If A F is a frustum of a pyramid, the areas i^, f^ are deter- 
mined, from proper data, by the ndes for finding the areas of 
plane rectilineal figures (Section VIII.). If af is a frustum 
of a cone, r, / being the radii of the base and top, respec- 
tively, ft^ = 7rr« ; fi z= irr^ (Art. 86.) ; 

bt = V{7rr^ X7rr'2] ^^/tt^ rV^ =7rrr'. 

Examples, 1st. Given the sides of the base of a frustam of a triangular 
pyramid equal to 1% 15, and 18 ft. ; the sides of the top equal to 8, 10, and 
12 ft. respectively ; and the height equal to 16 ft.: required the volume 
of the frustum. 

Am, 1005.381 cubic feet. 

Calculation. 

12+15 + ie^:^^^^ 

22.5 — 12 = 10.5; 22.5 — 15 = 7.5; 22.5 — 18 = 4.5: 
a/ (22.5 X 10.5 X 7.5 X 4.5} = V' (7973.4375) =89,294 = ^2 : 

8-f 10-1-12 _30_,- 
2 T"^^' 

15 — 8 = 7; 15 — 10=5; 15 — 12 = 8. 

o 4 
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>i/{15 X 7 X 5 X 8} = v' (1575) « 39.686=^, 

V{89.294 X 39.686} = a/ (8543.721684) = 59.529=H 

.'. ih (bi + bt+fi) = iXie X (89.294 + 59.529 + 39.686) = 

188.509X16 3016.144 ,^- oqi w f * 
= — as 1005.381 cubic feet. 

2d. Given the radius of the base of a frustum of a cone s 3 feet ; 
the radius of tibe top = 2 feet ; and the height ^ 12 feet : required the 
volume of the frustum. 

Ans. 238.7(316 cubic feet. 

Calculation. 

3«=9, and 3.1416 X 9 = 28.2744 sq. ft. = irf^ or ft«, 
28 = 4, and 3.1416 X 4= 12.5664 sq. ft. = irf'« or fi, 
3.1416 X 8 X 2 = 18.8496 sq. ft.= irrr' or bt. 

I X 12 X (38.2744 + 18.8496 + 12.6664) »= 59.6904 x 4 a 238.7616 cubic feet. 

3(L Given a side of the base of a frustum of a square 
pyramid = 25 in. ; a side of the top = 9 in. ; and the height 
= 20 ft. : required the volume of the frustum. 

Ans. 43.1018 cubic ft. 

4th. Given the radius of the base of a frustum of a cone 
== 9 in. ; the radius of the top = 4| in. ; and the height 
= 14 ft. 3 in. : required the volume of the frustum. 

Ans. 14.68943 cubic ft. 

5th. Given the circumference of the base of a frustum of 
a cone — 3 ft. ; the circumference of the top = 2 ft. 8 in. ; 
and the height = 21 ft. : required the volume of the frustum. 

Ans. 13.43083 cubic ft. 

6th. The dimensions of a cask^ in the form of two conic 
frustums joined at the bases, are : bung diameter = 2 ft. ; 
head diameter = 1 ft. 8in.; length=:2ft. 3 in. : required 
the capacity of the cask, and the weight of the quantity of 
water which it is capable of containing, on the supposition 
that a cubic foot of water weighs 1000 ounces avoirdupois. 

Ans. Capacity of cask = 5.9559 cubic feet Weight of 
5.9559 cubic feet of water = 3 cwt. 1 qr. 8 lb. 3.9 oz. 

108. To find the volume of a segment of a sphere. 

Let ABC be a sector of a circle : ^ 

from c, let G£ be drawn perpen- 
dicular to ab; and let ABC re- 
volve about ab: the plane sector 
ABC produces a spherical sector ^ 
ABG6DF, the right-angled tri- 
angle AEG produces the upright 
cone AC6DF, and the arc BG pro- 
duces the spherical segment bggdf. 

LetAB=r; be=A; .•. AE=r— A; GE^=A (2r— A), 
(Euc. III. 35.) 
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The volume of sector ABCGDF=|7rXAB^xBB=f wr^A. 
(Cylinder, &c.. Prop. 12. Cor. 2.) 

AndTol. of cone aoodpb g ■■ — ^^ -^ ■ »|jrr«A— irrA'+JrA^. (Art. 101.) 

But vol. of segment b c g d 7 = vol. of sector a b c g d f— vol. of cone a c g s f, 

.-. Tol. ofiegmentBcoDF = |jrr«*— (|»r«A— *rA«+JrA')«rrA«— J»A'««*A»(r — g). 

Hence, to find the volume of a segment of a sphere, vrhen 
the radius of the sphere and the height of the segment are 
given : — From the radius of the sphere, subtract a third part 
of the height of the segment ; multiply the remainder by the 
square of the height of the segment, and this product by the 
constant tt ; the result expresses the volume of the proposed 
segment. 

Ex. Given r = 10 inches ; A ^ 4 inches : required v. 
Am. v= 435.6352 cubic inches. 

r— ^=10— J=8|: A«=4«=16; 7r = 3.1416. 
o 

.-. ttA* (r — I) =8.1416 X 16 X 8f = 435.6352 cubic inches. 

a. If CE (=&), the radius of the base, and be(=A), the 
height of the segment, are given, to find the volume of the 
segment : 

r=^^^, (Art. 96. a.) 

••-'*'(''-8>)— •*'V-2A %r*^\ 6A ;-»rA(3ft«+A»). 

• 

Hence, to find the volume of a segment of a sphere, when 
the radius of the base of the segment and the height of the 
segment are given : — To three times the square of the radius 
of the base of the segment, add the square of the height of 
the segment; multiply the sum by the height of the seg- 

ment, and this product by the constant -^ (=.5236); the 

result expresses the volume of the proposed segment 

Examples. 1st. Given the radius of the base of a segment of a sphere, 
10 feet ; and the height of the segment, 5 feet : requu^ the volume of 
the segment. 

Ans. 850.85 cubic feet. 

m 

Calculation. 

jfl.)k= .5236 X 5 =2.618 : 
3ft«4-A« = 3xl0*-f5« = 300-f 25 = 325, 

. • . i TT * (3 6« -f ft«) = 2.618 X 325 = 850.85 cubic feet. 
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2(L Given r=; 10.5; A =4.6: required v. 
Ana. v=: 572.6566. 

3d. Given J = 14; A =6.6: required v. 
Ans. V =2144.99286. 

Now, ^irh^h expresses half the volume of the cylinder, the radius of 

whose base is b, and the height, h : 
And jtvh^ expresses the volume of the sphere whose diameter is h : 
Whence the volume of a segment of a sphere is equal to half the 

volume of a cylinder which has the same base and the same height ; 

plus the volume of a sphere which has the height of the segment for its 

diameter. 

109. To find the volume of a spherical zone. 

A spherical zone being equal to the difference of two seg- 
ments of a sphere5 if the volumes of the segments whose 
bases are equ£d> respectively5 to the base and top of the zone 
are found by the formulae of the last article^ and the volume 
of the less segment is subtracted from that of the greater, 
the remainder expresses the volume of the proposed zone. 

If ft, the radius of the base, t, the radius of the top, and A, 
the height of the zone, are given to find the volume : 

r, the radius of the 8phere = ^A/)4^^+ ( "" J 

(Art. 96. c): 

A', the height of the less segment =r— V^r^—fi) ; (see the 
fig. of Art. 96.) 

A'^, the height of the greater segment =r— V{r^^b^) ; 

And from r. A', A'', the volume of the zone is found as 
before. 
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1. OF THE PLANE SCALE. 

Let any straight line be divided into ten equal parts : let 
one of the tenth parts be divided into ten equal parts (each 
bf which is consequently ^jj of y\j or y^^ part of the assumed 
Kne): let one of the hundredth parts be divided into ten 
equal parts^ &c. : then^ if one part of the last division is as- 
sumed as the representative of the unit of lengthy one foot, 
for example, two of these parts represent two feet, three 
represent three feet, &c. : one part of the last division but 
one represents ten feet ; two parts represent twenty feet, &c. : 
one part of the last division but two represents 100 feet ; 
two parts represent 200 feet, &c. : 

&C. &c. &c. 

Or, if the parts of the last division are assumed to re- 
present tenth parts of the unit of length, then the parts of 
the last division but one represent units of length ; the parts 
of the last division but two represent tens of the unit of 
length, &c. And, in general, if a line is divided into parts 
which are equal to tens of each other, or to tenth parts of 
each other, according as the parts are taken from right to 
left or from left to right, in whatever division, one part is as- 
sumed as the representative of the unit of length, the parts 
of the successive divisions, if taken towards the left, will 
express tens, hundreds, thousands, &c. : and if towards the 
right, tenths, hundredths, thousandths, &c., of the assumed 
unit. 

The construction and use of the scale of equal parts are 
founded on these principles. 

To construct a scale of equal parts, let ab be a straight 
line which is to form ten equal parts of the scale. 

Draw AC at right angles to ab : on AG set off ten equal 
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ports of any length, 
from A to c ; join C b, 
andthrougli the points 
1, 2, 3, &c., draw pa- 
rallels to ab: tiiea 
the parts of the pa- 
rallels intercepted be- 
tween c A, c B, will be 
equal respectively to y'g, y'W, y'p, &c., of ab, (Euc vi. 10.). 

Let AB and the ten parallels to a b be produced both ways 
toDandF : andletteneqofddiBtaiices ab; B,20; 20,30; &c, 
be taken in the straight line ad; and any number A, 100; 
100, 200 ; &C., of distances each equal to ad, from a to p : 
also let parallels to BC be drawn through the points 20, 30, 
. . . D, and parallels to AC through the points D; 100; 
200 ; &c. The figure thus constructed is a Bcale of equal 
puts, which, from the mode of dividing ab into tenth parts, 
IS generally termed a diagonal scale. 

The manner of uang this scale is sufficiently simple. As 
an illustration, let it be required to take 386 from it. 

liCt one foot of a pair of compasses be placed, in the line 
GE, at 300, and the other foot at 80 ; the value of the 
line intercepted between the feet of the compasses is 380. 
To augment this line by 6, let the feet of the compasses (the 
one bemg kept on the line 300, 300, and the other on the 
line 80, 90), be moved upwards to the parallel marked 6 : 
the length intercepted between the feet of the compasses is 
386. Whether the numerical value of the line is 3860 or 
386 or 38.6, &c., the manner of taking the distance from the 
scale is the same. 

The length of a line may be measured by applying a scale 
of equal pwts to the line, or by t^ing the lengm of the 
line in a pair of compasses, and applying the compasdes to a 
scale. 

Very short lines, or minute subdivi^oos of a line, are 
measured by means of a contrivance named a Vernier, for the 
description of wluch see Article 66. 

If two straight lines are measured with the same scale, the 
ratio of the numerical values of the lines expresses the ratio 
of the lines. 

Besides the scale of equal parts, the plane scale of a case 
of mathematical instruments contains, 

Ist. A line or scale of chords, marked C. 

If AB, the circumference of a quadrant, is divided into 
90 equal arcs or degrees, and stnught lines are drawn from 
A to the extremities of the arcs of 1°, 2°, 3°, 90°, 
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these Imes are the chords of 
l°,2%3°,&c., to theradiusAO. 

The scale of chords is 
formed by taking a straight 
line CD equal to ab^ the 
chord of 90®, or to ae, the 
chord of 60% and making c 1° 
equal to the chord aI**; c2** 
equal to the chord A 2% &c. 

The scale of chords is em- 
ployed to make an angle of 
any given number of degrees, 
or to measure an angle. 

For example, at the point A in the straight line AB, let it 
be required to make an atigle of 35**. 

From A, as centre, with the chord of BO*', (which is equal 
to the radius of the 
scale, (Euc, iv. 15.) 
describe a circular arc 
CD, and from O, as 
centre, with the chord 
of 35°, describe an- 
other arc, cutting CD 
in e; join ae. cae 
is an angle of 35°. 

If the proposed angle 
is greater than 90% it will be necessary to divide it into two 
parts, 90** and A (less than 90°), and to place in the arc CD, 
first the chord of 90® (ce), and then the chord of a. 

To measure an angle with the scale of chords. 

Let A be any angle. From A, as centre, with a radius 
equal to the chord of 60°, describe 
an arc bc : draw the chord BC, and 
with a pair of compasses apply the 
length BC to the scale of chords, 
measuring from c towards D: the 
number of degrees intercepted be- 
tween the feet of the compasses ex- 
presses the measure of the angle a. 

If the angle A is obtuse, it will be necessary, first, to place 
in the arc cb, the chord of 90°: and, second, to measure the 
remaining part of the arc in the manner already explained. 
Then 90 + the measure of the remaining angle (or arc) ex- 
presses the measure of the obtuse angle A. 

If the scale of chords should not extend beyond 60°, like 
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processes must be used when the proposed angle, or the 
angle to be measured, exceeds that number of degrees. 

2d. A line or scale of the sines of arcs from- 1° to 90°, 
(see Art. 30. a.) which is marked S. or Sin. This scale is 
used in the orthographic projection of the sphere. 

3d. A line of the tangents of arcs from 1** to 90°, (see 
Art. 30. b.); marked T. or Tan. 

4th. A line of semi-tangents ; marked S. T. 

5th. A line of the secants of arcs from V to 90° ; marked 
Sec. (Art. 30. c). 

The lines 3, 4, 5, are employed in finding the centres and 
poles of projected circles in the stereographic projection of 
the sphere. 



2. OF THE SECTOR. 




The sector is composed of two equal scales or arms, ab, AC, 
connected at the point a, like the legs of a ^ 

pair of compasses. 

Its use is to resolve questions relative to 
proportional numbers or lines. 

The scales or lines graduated on each 
arm of the sector are, — 

A scale of equal parts (called the line of 
lines), marked L. 

A scale of chords, marked C. 

A scale of tangents, marked T. 

A scale of sines, marked S. 

A scale of secants, marked Sec 

To explain the manner of using the sec- 
tor, — let AB, AC, be equal scales of equal parts. Then it is 
evident that if the arms of the sector are separated, and the 
points 1, 1 ; 2, 2 ; 3, 3 ; &c. are joined, a number of similar 
isosceles triangles A 1, 1 ; A 2, 2 ; &c. are formed, aH of which 
have A for their common vertex. 

Supposing now that it is required to find a fourth propor- 
tional to three given lines «, i, c. 

1st. From the point A take, in the arm ab, a length equal 
to a, and suppose that its extremity falls on the point 3. 

2d. From the point A take, in the arm ab, a length equal 
to i, and suppose that its extremity falls on the point 5. 

3d. Open the instrument imtil the distance of the two 
points, marked 3, in the two arms, is equal to c : and suppose 
c=4. 
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4th. The distance of the two points marked 5^ is a 
fourth proportional to a, b^ Cy which^ in the instance sup- 
posed^ is 6f . 

The arms are set to the distance c with a pair of compasses, 
and the distance of the two points 5y 5, on the two arms, 
is taken off with the same instrument, and measured on the 
scale AB or AC. 

The same line of " Lines " may also be employed to divide 
a given line into any number of equal parts. If, for example, 
it were required to divide a line into nine equal parts, or to 
find a line equal to one-ninth of that which is given ; the 
length of this line must be taken between the points of the 
compasses, and the arms of the sector must be opened till 
those points fall upon the divisions marked 9 on the ^^ Lines:" 
then the distance between the points 1 and 1 on the ^^ Lines'' 
will be equal to the part required : the distance from 2 to 2 
wiU be two-ninths, and so on. 

The scales of chords, sines, tangents, &c. on the sector, are 
used in the construction of problems relating to the projec- 
tions of the sphere : and the following is an explanation of 
the manner of taking, from the instrument, the length of the 
chord, sine, &c. of any number of degrees. The radius of 
the circle for which the chord, sine, or other trigonometrical 
line is required, being taken between the points of compasses, 
the arms of the sector must be opened till the points can be 
placed on the two brass pins which terminate the lines of 
chords, sines, &c : then the distances between the points of 
division denoting the proposed number of degrees will be the 
length of the required line. 

In general, the scales of chords on the sectors do not 
extend beyond 60** ; the scales of sines extend to 90° ; and 
there are two scales of tangents, one extending from to 45°, 
and the other from 45° to about 75°. The semi-tangent, as 
it is called, of any number of degrees, is the tangent of half 
that number of degrees. 



3. OF THE LOGARITHMIC SCALE, OR GUNTER'S 

SCALE. 

The logarithmic scale, or Giinter's scale, is employed for 
the same purposes as the sector. The lines usually put on 
this scale are, — 1st, a line of numbers, marked N: 2d, a line 
of sines, marked S : 3d, a line of tangents, marked T. 

The line of numbers is constructed by taking, from a scale 
of equal parts, the logarithms of the natural numbers from 



208 LOGARITHMIC SCALE. Appendix. 



6878930 a M4» JM 

( I |<«I < t I * 4 t * ' 



A B C D K F GHKL M N 

1 to 10, and setting off each from the be^ning of the scale ; 
measurmg from A in the direction ay. 

The log. of 1 being 0, 1 is written at A, the left extremity 
of the line. 

The log. of 2 is .30103 ; this distance is taken from a scale 
of equal parts, and ab made equal to it. 

The log. of 3 is .477121; this distance is taken from a 
scale of equal parts, and AC'made equal to it. 

And in like manner the logarithms of 4, 5, ... . 10, are set 
off from A to the points marked D, £, . . . L. Then al is a 
logarithmic scale of numbers from 1 to 10, or from 10 to 
100, &c. 

Again, if the distance ab be set off from L to M ; since 
AL is the log. of 10, and lm the log. of 2 ; am is the log. of 
10 4- the log. of 2, or the log. of 20. 

In like manner the logarithms of 30, 40, . . . 100 are 
formed by setting off from l, in the direction ly, distances 
equal to AC, ad, . . . al respectively. 

If the scale is of sufficient length, the divisions ab, ac, 
&c. may be divided into parts equal to the lengths of the 
logarithms of 1.1, 1.2, &c., 2.1, 2.2, &c. 

The lines of log. sines and log. tangents are constructed to 
a radius = 100. The logarithm of the radius is consequently 
equal to ay or 2. 

CL C 

If a : i :: c : «?, T =;ij and log. a — log. ft= log. c — log. d, 

,•. log. c? = log. c — (log. a — log. ft). 

Hence, in any proportion (the terms of which are quanti- 
ties represented on the scale) the difference, on the scale, 
between the first and second terms is equal to the difference 
between the third and fourth terms : and the fourth term is 
obtained by subtracting, from the third term, the difference 
between the first and second terms. 

The points indicating the log. sin. 90^ and log. tan. 45^ 
are placed directly under the point marked 100 on the line 
of numbers ; and, since the nat. sin. and nat. tan. of 34' 23'' 
(nearly) are equal to one-hundredth part of the radius, the 
points which, on the logarithmic scales of sines and tangents, 
denote those angles correspond to the point marked 1 on the 
line of numbers. 

As an example of the use of the logarithmic scale of 
sines, in combination with that of numbers, let it be required 



Appendix. PROTBACTOB. 209 

^ ^ J /. ^1 ^. AC sin. BAG / 

to find CB from the equation cb = — ; (see 

^ sm. ABC ^ 

Art. 71. ex.), 

or from the proportion sin. ABC : sin. bag :: AC : cb. 

Extend the points of the compasses from 52° 18' (= supp. 
abc) to 84** 23' ( = bac), on the line of sines ; and, putting 
one point on 1328 ( = ac) on the line of numbers, the other 
point will extend to 1670 ( = cb) on the same line. Thus 
the required value may be found. 



4. OF THE PROTRACTOR. 

The common protractor is a semicircle, the circumference 
of which is divided into 180 equal parts or degrees. 

It is used either to make an angle of any proposed number 
of degrees, or to measure d 

the magnitude of any angle. 

To make at the point C, 
in the straight line CE, an 
angle of any number of de- 
grees : Place the centre of . 

the protractor at the point ( X^ 

C, and its straight edge (or 
radius) along the line CE : mark on the paper (suppose at f) 
the position of the proposed number of degrees on the gra- 
duated circumference of the protractor, and draw the straight 
line cf: the angle ecp contains the proposed number of 
degrees. 

To measure any angle, ecf. Place the centre of the pro- 
tractor at c, the vertex, and its straight edge along CE, one 
of the sides of the angle : then the measure of the angle is 
expressed by the number of degrees marked on the circum- 
ference at the point f. 




5. OF PROPORTIONAL COMPASSES. 

This instrument consists of two brass or silver plates, in each of which 
is a perforation extending nearly its whole length, and each terminates 
at liioth ends with steel points. Two short plates, which slide in the 
perforations, and on eacn of which is a line serving as an index, are 

P 
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capable, by means of a screw, c, of being made fast 
together at any part of the perforation ; while the 
two portions of the compasses are allowed to turn 
separately on the axis of the screw. 

It is manifest that, at whatever point the screw 
c may be made ti^ht, the legs ca and ca', cb and 
GB^ being respectively equal to one another, if the 
instanment be opened so that the legs form any 
angle, the distance aa^ will bear the same propor- 
tion to bb' as CA or ca' bears to cb or cb'. 

Four scales, of " lines," of " planes," of " solids," 
and of "polygons," are usually engraven on the 
instrument : the first serves for dividing a line into b/ 
equal parts ; the points b, b' being extended so far 
as to take between them the given line, the distance a a' will be such a 
part of that line as is expressed by the reciprocal of the number on the 
graduation in coincidence with the index at c ; or, if the points a, Af are 
made to comprehend the given line, the distance bb' will be the corre- 
sponding multiple of that line. It is easy to perceive, therefore, how the 
instrument may be used for the purposes of enlarging or reducing plans. 
The lines of planes and solids are but seldom required: if the index near 
c be set to either of the divisions 2, 3, &c. on the former scale, the dis- 
tances A a', bb' will be to one another in the ratio 1 to a/ 2, 1 to VTT, &c. ; 
and if set to the like divisions on the latter scale, those distances will be 

to one another as 1 to 2 , 1 to 3', &c. ; the uses of the lines in the con- 
structions of similar planes and similar solid figures must be evident. 

The line of " polygons " serves for the inscription of regular polygons 
in circles ; the index at c being placed at the number designating the 
proposed polygon, and the points b, b' extended so as to comprehend the 
radius of the given circle, the distance a a'' will be equal to the side of 
such polygon. 



6, OF MARQUOrS PARALLEL RULERS. 

These are instruments of wood, ivory, or metal by which 
lines parallel and perpendicular to one another, at given dis- 
tances, may be drawn with considerable facility, and they 
constitute an improvement on an instrument intended for 
like purposes, which is said to have been introduced in this 
country from Germany. They are extensively used in 
drawing the geometrical planes, profiles, and elevations of 
works relating to civil and military architecture. 

The principal instrument has the form of a triangle, as 
ABC, right angled at B, of which the hypotenuse AG has any 
convenient ratio to 
the shortest side B c, 
generally that of 
3 to 1 ; and when 
used for drawing 
parallel lines at small 
distances from one 
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another it is placed^ as in the figure^ with the hypotenuse in 
coincidence with an edge of a rectangular ruler^ as mq, 
12 inches in length. Along the edge m n^ the triangle is 
made to slide, and it is manifest that if a b be placed in co- 
incidence with a given line, on moving the triangle to any- 
other position, as a&c, a line drawn along the edge ah will 
be parallel to ab at a distance from it (measured in a di- 
rection perpendicular to its length), which bears the same 
ratio to A a, the space described by the angular point A (or 
by an index w), as bc bears to AC: that is, by the con- 
struction above supposed, the interval between the parallel 
lines is equal to \ of the distance moved along the ruler 
MQ by the point A, or by the index m. The reason is 
evident, for ad being drawn parallel to bc, the triangles 
Aa£?, ACB are similar to one another; and 

Afl . ad:: AC : bc. 

The edges mn and pq, on both faces of the ruler, have 
scales such as are represented near pq in the figure : the line 
pq for example is divided so as to form a scale whose smallest 
graduations are each equal to ^^ of an inch, whUe each of 
the divisions close to the edge PQ is three times as great, or 
is equal to /^ of an inch. 

If, therefore, it were required to draw by the edge ab of 
the triangle lines parallel to one another at any distance 
expressed in twentieths of an inch, each of which may repre- 
sent a foot, a yard, a fathom, or any other denomination in 
length (suppose, for example, f§) ; the hypotenuse AC of the 
triangle must be placed on the edge pq, with the index m at 
the zero line in the middle of the scale, and the line ab ii^ 
coincidence with some given line ; then sliding the triangle 
till the index is in coincidence with the thirty-second division 
of the scale, a line drawn by the edge ab in the new position 
will be parallel to the given line, and at a distance from it 
equal to 32 divisions of the scale p q. 

It is manifest that if BC were made parallel to any given 
line, on sliding the triangle on an edge of the ruler to any 
other position, 2c& ahc^ a line drawn along he will be parallel 
to the given line, at a distance from it which has, to the 
space passed over by the index wi, a ratio expressed by that 

of 3 to ^/8. 

The scales corresponding to pq on the two faces of a ruler, 

as MQ, are usually those of 20, 40, 35, 45 parts to an inch: 

generally two such rulers are furnished with a triangle ; and 

on the other are scales containing 30, 60, 25, 50 parts in an 

inch. 

p 2 
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When the scale by which a plan is to be drawn is greater 
than any of those which correspond to pq on the rulers, one 
of the scales, as FQ, on an edge of the ruler, may be used ; in 
this case, if lines parallel to one which is given are to be 
drawn along the edge ab of the triangle, at distances equal 
to any given number of divisions on the latter scale, it is 
evident that after bringing ab to the given line with the 
index m at the zero of the scale, that index must be moved 
over three times the number of divisions. When lines are to 
be drawn parallel to one another at considerable distancesi, 
the edge BC of the triangle may be placed contiguously to 
an edge as mn of a ruler ; and the triangle being made to 
slide on that edge as far, if necessary, as the whole length of 
the ruler, lines drawn along the edge ab will be parallel to 
one another. 

Marquoi's rulers are also used with great convenience in 
drawing lines perpendicular to a given line: thus let the 
triangle ABC, with MQ applied to it as in the figure, be put 
in such a position that B c may coincide with the given line ; 
then, nioving the hypotenuse AC along mn, all the lines 
drawn along the edge ab will be perpendicular to the given 
line. 

In some cases a ruler having on one only of its edges a 
scale consisting of divisions equal to y^ of an inch is used ; 
and, in order to be enabled to draw lines parallel to one 
another, at various intervals smaller than the exteftt of one 
of these divisions, several right-angled triangles having sides 
in different ratios to the hypotenuses are provided. Thus, if 
the ratio of one side, as ab, to the hypotenuse, be that of 1 
to 2, the interval between the lines parallel to ab will be 
5^^ of an inch ; if the ratio be as 1 to 3, the interval will be 
j^jj of an inch, and so on. 

Keith's parallel rulers are nearly similar to those of Mar- 
quoi ; but the ratio of the hypotenuse to a perpendicular let 
fall upon it from the opposite angle is as 4 to 1. 



7. or THE SURVEYING COMPASS. 

The surveying compass consists of a magnetised needle sup- 
ported on a pivot in the centre of a cylindrical box about 
3 inches in diameter and 1 inch in depth, and capable of 
turning freely round in a horizontal position. 
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Attached to the upper eurface of the needle, tuid carried 
round with it, is a circular card, 
the diameter of which is a little 
less than that of the box. The 
circumference of the card is divided 
into half degrees, beginning from a 
point over the north pole of the 
needle. In some instruments the 
degrees are numbered from to 
360° ; in others from 0, both ways 
to 180°; in others from to 180°, 
and again, in continuation, from 1° 
to 180°. 

To the convex surface of the box 
are attached, 1st, a eight vane. A, 

having a longitudinal opening, along the middle of which is 
stretched a fine thread or wire ; and, 2d, diametrically oppo- 
site to A, a second sight vane, B, with the interior surface of 
which is connected a triangular priamatic lens, which can be 
raised or depressed by a elide at E. 

The eye being directed through the opening B to the 
thread a, the thread and that division on the circumference 
of the compass card which is at the foot of the thread are 
made, by the prismatic lens, to appear in the same straight 
line. By this arrangement, the determination of the number 
which ie nearest to the foot of the thread is rendered easy, 
and the number can be read without moving the eye from b, 
or losing the coincidence of the thread a with a distant object. 

One extremity of the needle always points to the magnetic 
north, and consequently the diameter pas^ng through the 
zero of the compass card coincides in direction with the 
magnetic meridian. Hence, if the diameter passing through 
the sight B and the thread A, ia made to ctHucide with tae 
direction of the visual ray, from a distant object to the eye 
of an observer, the division on the card, which coincides with 
the thread A, gives the measure of the angle contained be- 
tween the magnetic meridian and the direction of the distant 
object. This angle is termed the Azimuth, or the Bearing of 
the object. 

The m^netic, does not coincide with the true meridian. 
The angle between them, which is termed the variation or 
declination of the compass, varies at different times and in 
different places. At Woolwich, in July, 1843, it was 23° H' 
North-west. 

Magnetic meridians near each other are assumed to be 
parallel to each other. 
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The sight yanes^ a, b^ are provided with hinges^ by means 
of which they are folded down over the compass card. When 
the instrument is to be used they are turned up so as to be 
at right angles to the plane of the card : and by moving the 
slide E, the prism B is raised or lowered until the thread A 
and the numbers on the edge of the compass card can be 
distinctly seen. The instrument is either held in the hand, 
or mounted on a triangular stand. 

To take the bearing of a distant object. 

Let o be a spire whose bearing from c is to be taken. 

The centre of the compass being placed 
at C, and the eye at the sight b, the in- 
strument is turned round until the vertical 
thread A bisects the spire o* Then, sup- 
posing that the angle NCA is 54% the 
bearing of the spire is 54° from the mag- w 
netic north. If E, w, are the east and 
west points, the bearing co is 54° N. E., 
or 54° from the magnetic north towards the east. 

The plan of a road, or of the boundary of a field, or a 
wood, &c., may be made by beginning at any angle A, taking 
the bearing and length of ab, the straight part of the road 
or boundary from the angle a to the next angle B ; taking 
the bearing and length of bc, and proceeding in this manner 
till the bearings and lengths of all the straight lines which 
form the crooked line abode .. . are taken; and construct- 
ing a similar figure on paper. 

For example, y""^** 

if the bearing of ab is 45° N.E., and the length of ab= 150 

the bearing of bc is 15° N.E., and the length of bc = 100 

the bearing of CD is 24° N.W., and the length of CD = 180 

&c. &c. &c. 

and A is the point from which the plan is to be traced : 

through A, draw the magnetic meridian an, 

and we perpendicular to an, to mark the 

directions east and west : on the e side of 

AN make an angle nab = 45°; and make 

ab =r 150 yds. : through B draw BN parallel 

to AN (bn is the magnetic meridian passing 

through b): on the e side of bn make an 

angle nbc = 15°, and make bc =: 100 yds.: 

through c draw CN parallel to AN or bn, 

and on the west side of CN make an angle 

NCD = 24°, &c. 

A b c D . . is a plan of the road or boundary. 

If the angles which the adjacent sides 

make with each other are required. 
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ABC = ABN + NBC = (180°— NAB)-f NBC=180° — 46°-^l^** = 150^ 
BCD=180°— BCS— DCN=180°— NBC— DCN=180°— 15«»— 24*'=141°. 

If the figure is a polygon, the positions of the beginning 
and end ought to coincide. Also, the sum of all the angles, 
together with four right angles, ought to be equal to twice 
as many right angles as the polygon has sides (Euc I. 32. 
cor.). 

To find the angle contained by two straight lines conceived 
to be drawn from a point to two 
distant objects. 

Let p be the point, and f, g, 
the distant objects. 

Let the bearings npf, npg, 
be measured; then if the direc- 
tions PF, PG lie on opposite sides 
of the meridian nps, the sum of 
the angles npf, npg is the angle 
required : but if on the same side 
of the meridian n p s, the difference 
of the angles npf, npg, is the 
angle required. 

If F, G, are two given points in 
a plan, the place of p in the plan 
may be found by means of the 
two bearings npf, npg. For if 
magnetic meridians are drawn 
through the points F, G, the alter- 
nate angles npf, pfs are equal ; 
and also the alternate angles 
NPG, PGS. Whence if, at the 
point F, the angle sfp is made equal to NPF, and at the 
point G, the angle SGP is made eqiial to npg, the place of P 
is determined by the intersection of the lines fp, gp. 

It will be observed that the whole use of the compass, in 
these processes, is to measure angles. 




N 




8. OF THE PANTAGRAPH. 

Tms ingtrument, which is extensively used for the purpose of enlarging 
or reducing maps or plans, consists of four bars of brass which are capa- 
ble of turning freely on joints or axes at a, b, c, and d ; these are 
the angular points of a parallelogram which is formed by the 
bars when in all possible situations. A frame carrying a short 

p 4 
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tube In a Tertical position is 
made to slide on bb, the pro- 
longation of AB ; a similar mune 
with its tube slides on the bar 
BD, and a tube is fixed at f in 
the prolongation of ac. 

A wire fixed vertically in a 
Cylinder of lead enters, as at a, 
into the tube on be, and serves 
AS a fulcrum upon which the 
whole instrument turns ; the tube 
at F and that which slides on bd 
carries, one of them, suppose at 
ft, a pencil, and the other a 
pointed wire or tracing point. ^ 
The bars be and bd are gradu- 
ated, and, when the frames carry- 
ing the tubes are in their proper situations, the points a, 5, and f are in 
a straight line : from the construction of the instrument this rectilinear 
direction of the points is retained, whatever be its position about the 
fulcrum a. 

In the diagram the points a and h are supposed to be placed on their 
respective arms at the graduation marked 1 — 2, in which situations 

aft : OF ( : : OB : a a) : : 1 : 2. 

Now, let the instrument be turned about a till it takes some other 
position, as a a'f' : then, since an', a a' are identical with an, a a, we 
have 

aV : of':: 1 : % 

and consequently, 

hV : ff':: 1 : 2. 

Hence it is evident that if the tracing point at F be made t^ pass over 
the lines on any given map or plan, a pencil at h will describe a similar 
figure in which the several lines will be equal in length to one half of the 
corresponding lines in the given figure. If the tracing point were placed 
at h and the pencil at f, it is evident also that, on the former being made 
to pass over the lines on a given plan, the latter would describe a similar 
figure in which each line would be twice the length of the corresponding 
lines in the given figure. 

In like manner, by placing the frames a and h at other graduations on 
the arms be and bd, maps or plans may be enlarged or reduced in any 
proportion between the homologous lines, according to the ratio between 
'the distances of the fulcrum a from b and a. 

If the fulcrum be placed at ft, a pencil at a, and the tracing point at f, 
a copy of an original map wiU be made, of equal size, but in a reversed 
position. 



9. SOLUTION OF A CUBIC EQUATION BY THE 

ARITHMETIC OF SINES. 

It is proved in Art. 41. that cos. 3 A = 4 cos.' a — 8 cos. a; or, 
writing - for a, that cos. a = 4 cos.' 5—3 cos. -^ 

o - O 9 

^a Z a \ , 

. . . COS.^ — 7 COS. r-=7 cos. a . . . . .1 

o 4 3 4 
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Assuming cos. - ==-ror x=n cos.^ j, and substituting tliis expression in 
equation 1., 

a:* 3af 1 
r^ An At 

3 n' 1 

or, a:* T--a?=n' X t cos. a 2 

4 4 

Now, n COS. ■= is evidently one of the roots of equation 2. : and since 

COS. a, cos.XSSO**— a), COS. (360°+ o) are all expressed by the same 

*•* /A * o>i J:^ /860°--a\ /360°+a\ , 

quantity (Art. 24. o.) n cos. I — ^ 1, n cos. I — ^ — 1, are also roots 

of equation 2. 

But COS. — 3 — ssin. ^^90 g — ^(Art.l7.)asln.^ 3 — )a— sin. — ^ — (Art. 19.0.) 

. , ..11 360° -fa . 90° -fa 

And, sumlarly, cos. -^ — = — sm. — -^ — ; 

O 

__ COS.* , 90O— » , 90O+» 

Whence, n x — ^ — ; — n x sin. — g — ; — » x sin. — g — are the roots of equation 2. 

If the roots of the equation 7^ — pa? = q are required ; comparing this 

equation with the equation o? —x'='j^ X -}cos. a, it is evident that if 

3n^ 
the quantities n and cos. a are assumed such that-j-=j9,and r? x ^os.a=^, 

the two equations are rendered identical, and their roots are consequently 
expressed Dy the same quantities. 

But if --7-=p, n2=_Z and n=: — 7^, 
4 -^ 3 Vs 

Andlfn»xJcos. — 7,cos.« = 4g^«3„4,-r^«-^-^. 

As the greatest value of cos. a cannot exceed 1, it follows that — ^— >- 

2pVp 

is a proper fraction, and, consequently, that 2p\^p>Sqs/Sy or that 

4p^ > 27 q^ or ^Vp' >.i ?*• 

The quantity /> being negative, the proposed equation (a^ — px^iq) 
falls under the second case of Art. 289. Alg., which is termed tne irre- 
ducible case. This case can be, therefore resolved with the help of the 
trkonometrical tables. 

For a^—px=^qf being the general form of the equation, deprived of 
its second term, if in the trigonometrical tables an arc a is found such that 

natural cos. a = , t the roots of the equation are 

2pVp 

a 2'v/p^ a 

«= n X COS. j; = — 74- X COS. r; 

3 V3 3' 
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. 90®— a 2>/p . 90®— a 
x^=^ — » X sm. — 5 — = y^ X sin. — r — ; 

. 90®+ a 2Vp . 90® + a 
«= — n X Bin. — - — = t4-X sm. — 5 — . 

If attention is given to the sign of q^ these formulae may be employed 
whether the equation is 3^ — px=q, or a^ — px=^ — q. 

Otherwise, a solution in the case of q negative can be obtained from the 
formula 

. « a 3 . a . 

sin.^ - — -r sm. ^ = — sm. a, 
3 4 3 

in the same manner as the preceding solution, in the case of q positive, 
has been deduced from the formula 

, a 3 a 1 

COS.^ ii z COS.;r^ 7 COS. a. 

3 4 3 4 

__ ' 2V0 . a 

The roots are x= — j^ X sm. - ; 

a/3 3' 

SVn^^ 90®+ a 

x= — 7^ X COS. ^ — ; 

VS 3 

2Vi 90®— a 

ar«= J& X COS. — - — , 

Vs 3 

Ex. Required the roots of the equation or' — 3a? = 1. 

In this instance, /? = 3 ; 9 = 1, 

SqVs SxVs 1 • ^o 

• ^ ,- = 7:^= s= COS. 60°= cos. a; 

• • 2pVp 2X3V3 2 

. • . COS. ^ = COS. 20® ; sin. — r — = sm. 10® ; sm. — ^ — = sm. 50® : 

00 o 

also ?^^=?^=2- 

.\x=: 2 COS. 20®= 2 X .9396926 = 1 .8793852 ; 
a: = — 2 sin. 10®= — 2 X .1736482 = — .3472964 ; 
ar= — 2 sin. 50®= —2 X .7660444 = — 1.5320888. 



10. LOGARITHMIC SERIES FOR a', «*, «-*, log. (1 +x), &c. 

Lbt a be a constant quanti^, x a variable, and a, b, c, ... indeter- 
minate coefficients. Then, if a* is expanded into a series arranged 
according to the ascending powers of x, the first term of the develope- 
ment ought to be 1 ; because, if a; is made equal to 0, a* becomes a°= 1 
(Alg. Art. 36.), and all the terms of the second member of the series, 
which are multiplied by ar, vanish. Let, therefore, 

a*=l+Aa: + Ba:* + ca:' + Da;*+ &c. . . . . 1 
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Changing the variable x into y, let 

a*'=l +Ay-|-By* + cy3-|-i)y*+ &c. .... 2 

Next, changing the variable x into x-\-y, let 

a*+y =1 -hA(x-|-y) H-B(ar+y)«+c(a:+y)S-|-i>(x-|-y)*-f &c. . 3 
Multiplying the series 

a*= 1 4- Aa: + bx* + &c. by the series c^=^ 1 + Ay + By* -f &c. 

Since the first members of equations 3, 4, are equal, the second mem- 
bers are equal ; and since the equations are true whatever be the value 
of y, the coefficienta of the same powers of y must be also equal (Alg. 
Art. 174.). 

Now the coefficient of the first power of y in eq. 3. is a + Sbx + Scjr^ + 4d«3 4. &c. 
And the coefficient of the first power of y in eq. 4. is a + a^x + abj^ + acx^ + ftc. 
Consequently, A-I-2BZ 4- 3cj[> + 4Dai3+ &C.S A + A2jr + A BxS 4. Ao«3.f. &c 5 

These expressions being equal, whatever be the value of Xj the co- 
efficients of the same powers of x in equation 5. are also equal. Whence 



2b=a'; 3c^ab; 4d = ac, &c. 

A* A^ A* 

.•.B-~; 0-27^; »=2X4^^- 
Substituting these values of b, c, d, &c., in equation 1., 

a'=l-|-Aar + Ja:H^a:^+2^ar*-+-&c. . . . 6 

To determine the quantity a: let Aa;=l, or x= -, and let - be 
substituted for x, -g for x*, -5 for x^, &c., in equation 6 

. i , , A 1 , A« 1 , A' 1 , A* 1 , . 

Denoting the numerical series 1 H- 1 + o + o~^ + o q a + ^c. by «, 

equation 7. becomes 

1 

a^=e 8 

Taking the logarithms of both members of equation 8., 

i 1 

log. (a* ) = log. 6, or - log. a = log. f , 

.• . log. a= A log. 6, and a= * ^' . 

The number e (the value of which, computed from the numerical 

series 1 + 1 + i + ^+2-^-|- &<%, is 2.718281828+) is the base of 
Napier*8 system of logarithms. Denoting the logarithms of this system 
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by the symbol /,, and supposing that the logarithmic valaes of both 
members of equation 8 are taken in Na^ier*s system, the logarithm of c 
becomes 1 and A=/,a. Substituting this value of a in equation 6, 

To change the exponential equation a*=lH--5^j — + &c. into the 

exponential equation for €', it is only necessary to change a into c and 
l^a into /,€ or 1. With these changes, equation 9. becomes 

^1^1.2^1.2.3^1.2.3.4^ 

If ar is changed into — x, the even powers of x are +, and the odd 
powers — , 

a. Since log. 1 = 0, it is evident that log. (1 + x) becomes zero when 
x=0. 

The indeterminate series proper to represent log. (1 + a;) cannot 
therefore be of the form 

log. (1 + ar) = A + Bx -|- ca;*+ &c» 

Assume, therefore, log. (1 -Ha:) = Aa? + B a:* 4- car' + &c. • . . . 1 
X being, in this expression, a variable quantity, let x become x + y; 
then log. (l+ar+y) = A (arH-y) +B (a?+y)*+c (a:-hy)H &c. . . . 2 

But l+:r-hy=(l+a:)(l±J±y)=(l + x)(lH.j^), 

.•.log.(l+ar-|-y) = log.(l+ar)-hlog.(l + j^) .... 3 
Now, if in equation 1., the variable x is changed into j[ , 

JL ^p X 

Substituting this value of log. ( 1 + t-tt J ^^ equation 3, 

log.a+x+y) = log.(l + «) + ^ + ^j^, + ^j^3+&c....4 

Equations 2. and 4. being true for every value of the variable y, the 
coemcients of the same powers of y, in both equations must be equal. 
Whence 

A + 2Bar + 3ca:»-|-4Dx3-j- &c.=: ^ 



l+a;* 
Multiplying both members by 1 + ^» 



A + A 

+ 2b 



a; + 2B 

+ 3c 



ar^-j- &c.=A, 



a:«-|-3c 
+ 4d 

.•.(A-|-2B)a: + (2B + 3c)a;«+(3c + 4D)a:3_|. &c.= a-a = 0, 
.-. A-|-2B-|-(2B + 3c)a;-f-(3c-f 4D)a:2-f &c. = 0. 
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If, in this series, the yariable x=0, A-f-2BssO .', b= — |a. 
Similarlj, 

it is found that 2b+3 c=0, and that c= — -13= —f of — i a= ^a ; 
that 3c-|-4d=0, and that d= --}c= — ^ of j.A= — -» a; 

Substituting these values of b, c, d, &c., in equation 1., 

log.(H.a:)=A(:r-^ + J-.|'+&c.) ... 5 
If both members of eq. 5. are divided by or. 

If, to determine A, from this expression, x is made equal to 0, the result 
obtained is 

— ^A, which is indeterminate. 

Let *=^. and therefore '^' ^j "*" '^ = log. (l + \)-^^z log. (l + i)=log. (l + 1)*. 
Expanding f 1 + - j into a series by the binomial formula (Alg. Art. 175.) 

/. 1\» ..«/'l\.« «— 1/1\2.« »— 1 «— 2/l\3 

1^ 1 ^ »-l 1 . »-l x-2/l\« A 
= 1+ 1 + -y-.- + -2--3-V«; +*^- 

1 12 3 

Now, if a?^- = 0, z=: « : but if z= oo, the quantities -5-, «— , 2~»&c. 

are severally equal to zero, and the second member of the last equation 
is reduced to 

<»• to 2 + ^ + O + 2^4 + 2X4:5 + **• 
This numerical series has been already denoted by the character f, 

Under these conditions, therefore, log. f 1 + -J ^A=log. t. 

Substituting log. c for a in equation 5, 

log.(l+a:) = log.£(ar — ^ + ^— - + &c.) 
Taking the logarithms in Napier*s system, in which log. c = 1, 

/,(l+a:) = ar~ + ^-.^+&c. ... 6 
If X is changed into — a;, this expression becomes 

rgSL rfS ff^ 

/,(1— «)=-« — 2 ""3"""4"~*^- ... 7 
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Now, if /,(!— Of) is subtracted from /,(l-|-x) the rem&inder is the 

1 4-x 
logarithm of the quotient of 1 + a: divided by 1 —a?, or of - , 

b. If 1 -f - or is substituted for ., , and therefore ^ — ; — for a?, 

n n 1 — X zn-f^z 

(^ — -i— J for a:*, &c., in the last formula, 

But /, f J = /, (n + z) — /,n : whence, substituting this expression 

for its equivalent, and transposing l^n to the 2d member of the equation, 

Napier's logarithm of n being known, this formula gives the log. of n + r. 



11. OF THE RESOLUTION OF TRIANGLES BY 

CONSTRUCTION. 

In any triangle, if the numerical values of two angles and a 
side, or of two sides and an angle opposite one of these sides, 
or of two sides and the included angle, or of the three sides, 
are given, and a triangle is constructed with the representar- 
tives of these values from a scale of equal parts, and a scale 
of chords or a protractor, the sides of the proposed and of 
the constructed triangle are proportional to each other, and 
the two triangles are equiangular and similar (Euc. VI. 4, 5, 
6, ?•). Consequently approximations to the values of the 
unknown parts of the proposed triangle, whether sides or 
angles, may be obtained by measuring the corresponding 
sides and angles of the constructed triangle with the scales 
employed in its construction. 

Taking as examples, 

1st. The first example of Art. 58. Case L, in which the 
hypotenuse c = 361.4 yds., and the acute angle a = 41° 12', 
of a right-angled triangle are given to find a, b. 

Construction. — Draw the indefinite line ad : take, from a 
scale of equal parts, the distance 361.4, 
and from ad cut off ab equal to this dis- 
tance (Euc I. 3.): at the point a, in the 
straight line ab, make the angle 
BAE =41° 12' (Art. 1. and 4. App.), and 
from B let fall the perpendicular BC upon a 
(Euc. I. 12.). Then abc is the tri- 
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angle required: and if AC^ bc are measured on the scale 
from which the distance ab was taken^ it will be foimd that 
AC or b=272 yds. nearly, and bc or a = 238 yds. 

2d. Art. 59., Case I., Ex.1., in which A=74M4', 
B =49** 23', a =471.5, are given to find c, ft, c. 

Construction. — From a scale of equal parts take B =471.5 : 
at the point B in the straight line BG make 
the angle CBA =49° 23', and at the point C 
in the straight line bc make the angle 
BC A = 180** - (74** 14' -f- 49° 23') = 56° 23'. 
ABC is the triangle required ; and if AC, ab 
are measured with the proper scale of equal 
parts, it will be found that AC = 372 nearly, 
and ab = 408. 

3d. Art. 59., Case II., Ex. l.,inwhichA=78°13', a = 153, 
c=137, are given to find b, c, b. 

Construction. Draw the indefinite line ad : at the point A 
make an angle dab =78° 13' ; make 
AB = 137, and from b as centre with 
a radius = 153, describe the circum- 
ference of a circle cutting ad in c : 
join BC: then ABC is the triangle 
required; and if AC is measured 
with a scale of equal parts, and the 
angles B, c with a scale of chords or a protractor, the fol- 
lowing values are found, viz. 

ft=101.6; B = 40°^; c = 61 °i, nearly. 

Since BA is less than BC, the point A faUs within the cir- 
cumference of the circle described from the centre B with the 
radius bc : the two points e, </, in which the circumference 
cuts AC, are, consequently, on opposite sides of the point a. 
Let B c' be joined. 

Then, in the triangle bac', the sides ba, bc' are equal to 
BA, BC, respectively; but the angle bac' is equal, not to 
the proposed angle A, but to 180°— a. 

The triangle bac' is consequently distinguished, by the 
data, from the triangle BAC. 

When, therefore, the given side which is opposite to the 
given angle is greater than the given side which is adjacent 
to the given angle, the second Case of Art. 59. is not am- 
biguous. 

4th. Art. 59., Case II., Ex. 2., in which A=41° 36', a = 
248, c:=: 354, are given to find B, c, b. 
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Ccngtructunu — Draw the indefinite line ab: at the point 
A, make an angle dab=4F 36^: 
also make ab=354; and finran 
B as centre with a radin8=2489 
describe the drcomference of a 
circle. 

Then, ranee b a is greater than 
BC or cLy the point A falls without the circomferenoe of the 
circle described from the centre b with the radius BG : the 
points c, cfj in whidi the drcmnference cuts ad, are con- 
sequently on the same side of the point a« Let bc> bc', be 
joined. 

B7 this construction, 

in the triangle ABC, a=41*'36'; bc ora=248; ABQrc=354: 
And in the triangle abc', a'=41° 36^; bc' or a^248 ; ab or ^=354. 

If it is known that, in the proposed triangle, the angle O 
is acute, abc is the triangle reqjiired; or, if it is known 
that the angle c is obtuse, abcK is the triangle required, 
(see Euc. yi. 7.) : but if it is not known whether c is acute 
or obtuse, each of the triangles abc, abc/, fulfils the con- 
ditions of the question. 

The values of the angles and side, measured in the usual 
manner, are 

ABC =67"*; ACB=7r|; ac=343.8; 
ABC'=29°^; ACB=108**i; AC'=185.5. 

K a is equal to BC'^ the distance of the point B from the 
line AD, the circumference described from b with the ra- 
dius a touches the indefinite line AD: the angle bc^'a is a 
right angle, and the side ac^^ or b and the angle B have 
each only one value. 

If a is less than the distance from b to the straigK); line 
AD, the problem is impossible. 

From this discussion of the second Case of Art. 59., it 
follows : 

That if the side opposite to the given angle is greater than 
the side adjacent to the given angle ; or (the side opposite to 
the given angle being less than the side adjacent to the given 
angle) if the angle opposite to the greater of the given sides 
is known to be an acute angle, or an obtuse angle ; or, if the 
less side is equal to the perpendicular let fall from the ex- 
tremity of the greater of the given sides on the third side of 
the triangle ; the case is not ambiguous. 

But, tnat if the side opposite to the given angle is less 
than the side adjacent to the given angle, and greater than 
*^e perpendicular let fall from the extremity of the greater 
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side on the third side of the triangle, and it is not known 
whether the angle which is opposite to the greater of the 
two given sides is acute or obtuse ; the case is ambiguous. 

5th. Art. 59., Case IV., Ex. 1.; in which a =800; J = 
562 ; c=320, are given to find A, B, C. 

Construction. — Take from a scale of equal parts the dis- 
tances 800, 562, 320; and with 
these three distances, as sides, con- 
struct the triangle abc, (Euc. i. 22.) 
ABC is the triangle required: and 
if the angles are measured with a 

scale of chords or a protractor, it will be found that A= 128* 
B=33°^; c = 18°^; nearly. 




12. OF SURVEYING WITH A THEODOLITE. 

The survey of a tract of ground consists in determin- 
ing the relative positions of the remarkable points in it, 
the situations and forms of buildings, the directions of roads 
and rivers, the boundaries of woods, fields, &c., on the sup- 
position that all are projected on a horizontal plane. The 
objects imagined to be so projected are represented on paper ; 
and sometimes, both for civil and military purposes, hori- 
zontal contour lines of the natural features of the country 
are determined and introduced on the plan. 

In order to find, by means of the theodolite, the positions 
of the principal objects, as the churches, mills, &c., a base 
having been measured in the manner described Art. 60., 
the instrument properly adjusted is set up successively at 
its two extremities, and the angles contained between this 
line and others supposed to be drawn from thence to such 
principal objects as are visible are observed. If possible, 
the instrument should be placed at each of those objects, and 
the angles between the lines last mentioned should be ob- 
served: the equality of the three observed angles of each 
triangle to 180 degrees is a proof of the accuracy of the ob- 
servations. 

Since a building, when used as an object or station, does 
not generally permit the theodolite to be placed upon it 
accurately at the spot which constitutes an angular point of 
a triangle, it is customary either to observe the angle with 
the instrument at some point near the object, afterwards 
reducing it (Astron. and Geod., Art. 395.) to the v^ue which 

Q 
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it would have at the proper station-mark, or to plant verti- 
cally in the ground near such object a picket or pole as an 
angular point, placing the instrument over the spot when 
the angle is to be observed there ; the position of this spot 
being correctly determined, that of the building with respect 
to it may be ascertained by measurement. 

K AB represent the measured base, and the positions of 
several objects, as P, Q, B, s, &c., are determined by the in- 
strument in the manner just described, the lines imagined to 
join them may be considered as new bases, by means of 
which the positions of 
other objects may be 
foomd in like manner. 
Frequently also objects 
are determined by the 
methods indicated in the 
Treatise on Astronomy 
and Geodesy, Arts. 424 
— 426., or by the method * 

of cross-bearings indicated in that work. Art. 364. ; the prin- 
cipal distances ap, AQ, PQ, &c., may then be computed by 
the rules of plane trigonometry. Li order to find the po- 
sitions of intermediate points, it is convenient to measure 
from one of the principal stations, as A, distances, towards 
another, as Q, to places, as a, d, &c., where the station-line 
crosses the streams, roads, or hedges, leaving pickets driven 
into the ground at all such places, in order that the points 
may be s^terwards distinguished. The like should be done, 
as at c, dy e, &c., upon the other station-lines ; and from 
these points, by offsets or otherwise, new points may be fixed 
till as many harve been foimd as will serve for tracincc the 
form of the river, road, or boundary line which is to^ re- 
presented. In executing these measurements, the chain 
should be kept as much as possible in a horizontal position, 
being stretched for this purpose in a rectilinear direction 
over the small inequalities of the ground ; and should the 
groimd have a general inclination, the chain may be sup- 

f)orted at intervals in a horizontal position, the point on the 
ower ground, vertically under its extremity, being deter- 
mined by a plummet suspended from that extremity. 

In order to obtain the figure of an irregular line, as amfisc 
betwe^i any two fixed points, as a, c, by means of offsets, 
the points p, q, r, where perpendiculars from the bends m, 9i, s 
meet the line ac must be found by estimation or by means 
of a simple instrument having siffhts at right angles to one 
another; then the distances ap, pq, &c., as well as the per- 
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pendicuIaFS pm^ qn^ &c., being measured^ the situations of 
m, n, &C.5 will be determined. By offsets also, the points 
m, 72, &C5 may be transferred to paper on which the Ime ac 
has been already laid. 

When it is required to obtain the contour of a piece of 
groimd which it may be impossible to pass over, as when it is 
covered with an impenetrable wood, it is necessary to make 
the survey by going with the instrument quite round the 
boundaries of the ground ; and when it is required to survey 
a line of road, a river, or a coast, having extensive bends, so 
that the form cannot be determined with sufficient accuracy 
by means of offsets from one station-line, the operation must 
consist in taking short lines nearly coincident with the sinu* 
osities of the object from one extremity to the other: the 
manner of proceeding in these cases, when a theodolite is 
used, may be understood from the following description. 

Let EF, FQ, QB, represent a series of station-lines along 
a road, or river, or on part of the contour of a wood, and 
let E be the first station of the theodolite, the centre of the 
latter being vertically over that point, ns being the direction 
of the magnetic meridian indicated by the needle in the 
compass-box of the instrument, and the north point of the 
needle being at n. The optical axis of the telescope is always 
vertically over a line marked ns in the compass-box ; and, at 
present, let both that axis and the line N s be m a vertical plane 
passing through the needle ns ; also let it be supposed that the 
zero point of the graduations on the horizontal circle of the 
theodolite, as well as the index of the vernier, is vertically under 
or over »• The lower plate being then fixed to the stand by 
the clamp-screw, the upper plate with the telescope is turned 
till the crossing of the wires in the eye-piece of the latter is 
in apparent coincidence with the object at f ; and then the 
degrees passed over by the index expresses the value of Ae 
angle 72 ef, which denotes the bearing of the station-line ef 
from the magnetic meridian of £• 

ISTow, the upper plate being clamped fast to the lower, let 
the theodolite be removed, and adjusted with its centre ver» 
tically over f; then, turning the whole instrument hori- 
zontally, let the crossing of the wires be placed in apparent 
coincidence with E. In this state, while the needle lies in 
the direction w's' parallel to ns, with its northern point at »', 
the zero of the graduations will be vertically under «' and 
the index of the vernier over ff on the line fe : the angle 
EF*' should manifestly be equid to the alternate angle wef; 
and, if the needle coincides with the direction of a line 

making an angle with ns in the compass^box equal to the 

Q 2 



228 SUBVEYING. Appendix. 

observed angle nEF, when the optical axis of the telescope 
is in the line F£^ it is evident that the bearing aef has been 
correctly observed. 

Next turn the upper plate of the theodolite, the lower 
one remaining clamped to the stand, till the crossing of the 
wires in the telescope is in apparent coincidence with the 
object Q : then the arc passed over by the index will be qn'h, 
b.i the graduation undST indexlt A ^ express t£ ar^ 
s'gnfh; consequently, 180° being taken from the value of 
this arc, there will remain the value of the angle n^FQ, or 
the bearing of fq from the magnetic meridian n'sf of F. 

The instrument being now placed wilh its centre verti- 
cally over Q, and the upper plate being clamped fast to the 
lower, turn the whole till the crossing of the wires is in ap- 
parent coincidence with f ; then, if the needle make an angle 
with j^s in the compass-box equal to the observed angle n^FQ, 
or its supplement, it will follow that the latter angle has 
been correctly obtained. Turn next the telescope, from its 
actual position in the direction qf, till the crossing of the 
wires is in apparent coincidence with b; then, the zero of 
the circle being at n" in the magnetic meridian of Q, the 
bearing of the line QB from that meridian is expressed by 
the angle nf^Qn or its supplement «^^qb. The verification 
of this angle is to be made at b ; and in the like manner the 
operation proceeds to the end of the road or river, or till the 
circuit of the tract of groimd is completed. This process is 
called surveying by the back-an^le ; and, supposing A to be 
the last station, should the bearing of e, the first from the 
magnetic meridian of A, be equal to the bearing of A from 
that of £, the work would be said to close welL 

When such operations are performed in the field, the oh» 
served bearings of the stations with their measured distances 
from one another, and such ofisetsas may have been mea- 
sured on the right or left hand of the station-lines, ef, fq, 
&c., to remarkable objects, or bends, are inserted in what is 
called a Field-book. Each page of such book is divided into 
three columns ; and in the middle one, beginning from the 
bottom, are inserted the successive bearings and distances, 
while the ofisets are written in the columns on the right and 
left hand, according as they have been measured on the 
ground. 

Allotments of land in some of the colonies are usually of 
a square form; and these are traced on the ground from 
a base of 6 or 8 miles in length, measured along the bank of 
a river or on one side of a square previously set out. Such 
line is divid^^d into parts each equal to one mile, and these 
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Into halves and quarters of a mile, the points of division 
being represented by stakes driven Into the ground, or other- 
wise : at each extremity of the base-line a perpendicular Is 
set out by means of a theodolite, a circumferentor, or a sur- 
veying compass, and ia divided In like manner. Lines Ima- 
gined to join the points of division in directions perpendicular 
and parallel to the base contain within them the several 
allotments. In order to trace any such line on the ground, 
which probably is covered with timber, the surveyor deter- 
mines, by the needle of the Instrument, the bearing of the 
base line from the magnetic meridian passing through the 
point In it from whence he is to proceed ; and adding to 
that bearing, or subtracting from it 90 degrees, he obtains 
the bearing of a line perpendicular to it. Directing then 
the telescope, or the sights of the Instrument, so as to 
make with the direction of the needle the angle thus foimd, 
he observes some remarkable tree (small ones. If such there 
be, in the same line being cut down); and having caused 
notches to be made in it, in order that it may be recognised, 
he measures the distance up to It.. He then sets up the In- 
strument on the other side of the tree, and having directed 
the telescope, or the sights, at an angle with the meridian 
equal to the former, he observes some other tree in that line, 
measures up to it, and marks it : in the like manner he pro- 
ceeds to the end of the line, leaving pickets or stakes at 
every quarter of a mile in its length. 



13. OF LEVELLING- 



When a spIrlt-leVel has been accurately adjusted and is 
set up vertically over any point on the ground, the optical 
axis of the telescope being turned round on the vertical axis 
of the Instrument wiU, In every position, be In a plane which 
may be considered as a tangent to an imaginary sphere 
whose centre Is that of the earth, and whose surface passes 
through the centre of the motion ; or will be in a plane pa- 
rallel to one which touches a sphere whose surface passes 
through the point on the ground: It follows that, if the 
levelling staff resting on the ground be held vertically at any 
spots which are at equal distances from the centre of the 
telescope's revolution, all the points In which the axis of the 
telescope produced would meet the staff will be at equal 

Q 3 
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distances from the centre or from the surface of the sphere^ 
or of the earth considered as such* 

These are called level points ; and it is manifest that, if 
the depressions, or distances from the ground on which the 
foot of the staff is placed to the points on the latter through 
which the produced axis of the telescope passes, are not 
equal to one another, the differences of those depressions, 
the staves being considered as in parallel directions, will ex- 
press the depressions of the several points on the ground 
below a horizontal plane passing through the highest, or their 
elevations above a horizontal plane passing through the lowest. 

Before a course of levelling is performed it is usual, when 
great accuracy is required, to have the ground surveyed and 
pickets driven till their heads are on the level of its surface, 
at the points at which it is proposed to have the station-staff 
held up : and it is obvious that the most simple process is to 
place the spirit-level at or very near the middle of the dis- 
tance between every two such pickets. 

Thus let A, B, c, D, &c., be points at which the staff is to 
be held up, and l, l', l'', &c., the telescope of the spirit- 
level, the axis of the l * j> q 

latter being equidis- "t:^^^=ds™*T 5^ ^CZZI^^^^ 

tant from each of the ^ ^*■^s^.^;---~-~^2^^ 5 

two vertical lines pass- ^ "" 

ing through the nearest points, but not necessarily in a plane 
passing through two such lines. Now the line ab being the 
optical axis of the telescope when adjusted between the points 
A and B, a and b are points which the upper edge of the 
sliding vane on the staff passes through when in apparent 
contact with the crossing of the wires in the telescope ; and 
the difference between the heights Aa, B& expresses (in the 
figure) the height of A above B. In like manner, the spirit- 
level being placed midway between the positions Bft and erf 
of the staff, and cd being the direction of the optical axis of 
the telescope, the difference between Be and erf expresses 
the height of B above e. The like differences are taken up to 
the last station in the line. 

It is customary to enter the measured distances « J, erf, ef, 
&c., in the middle column of a field-book, while in one of the 
side columns is entered the heights B&, erf, D^ &c., called 
the fore-readings, and in the other, the heights A a. Be, ee, 
&c., called the back-readings. By this arrangement, if 
merely the height of a above d is required, that height will 
be found by taking the difference between the sum of the 
fore-readings and the sum of the back-readings. If the 
profile of the ground is to be represented in the direction of 
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the line from A to D, the following method may be used. 
Imagine the horizontal line a i to be produced indefinitely 
towards z^ and the vertical lines Ce, T>fy &c.j to be produced 
till they meet it in p, q^ &c.: then the heights A a and Bi 
are given by the operations ; Cp is found by adding the 
excess of cd above Be to si ; J>qi& found by subtracting the 
excess of ce above d/* from Cp; and so on. The distances 
abj bp, &C.5 being set by any convenient scale upon a line 
representing az; perpendicukrly to this line make a a, bB, 
pCy &C.9 equal to the computed lengths of those lines; then 
a curved line joining the points A, b, c, d, &c., will repre- 
sent the required profile. A horizontal plane passing through 
az^ or any plane parallel to it from which the vertical dis- 
tances to A, B, c, &c., are reckoned either upwards or down- 
wardSj is called a plane of comparison. 

When the inclination of the ground to the horizon is not 
considerable^ it is customary to use a sort of double levelling ; 
thus^ let A and B be two stations^ n the place of the vane on 
the staff at b when in coin- 
cidence with the wires in the f n 

telescope at a, the level being 
set up at A, and let m be the 
position of the vane on the staff 

at A when in coincidence with the wires in the telescope at b, 
the level being set up at b. Then, it being supposed that 
B n and Am are perpendicular, and that the visual rays or level 
lines an and bm are parallel to the horizon; also, that the 
heights Aa, B&, of the telescopes from the ground are equal 
to one another ; it is easy to prove, BC being drawn parallel 
to an or 6wi, that Bn — Awi, the difierence between the two 
readings, is equal to 2 AG, or that half the difference between 
the readings is equal to the height of A above B. This method 
is not so convenient as the former, since there is great diffi- 
culty in setting up the stand of the level so that the optical 
axis in the two positions may be at equal heights above the 
ground. 

When the inclination of the surface of the ground to the 
horizon is great, the stations A, B, c, &c., being very near 
one another, the instrument must be placed successively at 
each of those points while the staff is held up at the next 
below it; and then the differences between the heights A a, 
Bd, &c., of the instrument and the a ^^ 
heights B^', Cc\ &c., of the sliding "^^^ U 
vane on the staff are considered as ~^'^- 

the heights of A above B, B above c, 
and so on. 

Q 4 
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This method may be followed when it is required to de- 
termine the forms of the contour lines on the features of a 
country: thus, let ab, ac, ad, be the directions of three 
vertical planes imagined to cut the rounded extremity of a 
height ; and let it be required to find 
on the ground the lines in which the 
surface would be cut by horizontal 
planes at distances from one another 
equal, for example, to 3 feet vertically. 
Setting up the spirit-level at A, and 
having pickets planted in the ground 
at B, c, and D, in order to show the 
directions, fix the vane on the station- 
staff at a height from its foot equal to 
3 feet in addition to the height of the telescope above the 
ground at A ; then let an assistant convey the staff, holding 
it in a vertical position, from A towards B, till he arrives at 
a point, as a, where the upper edge of the vane is in apparent 
coincidence with the crossing of the wires in the telescope. 
The assistant may then proceed to the line AC, and after- 
wards to AD, moving backwards or forwards in each of those 
directions till he finds points, as d and ^, at which the vane 
of the staff will coincide with the crossing of the wires ; and 
the horizontal distances between A and a, A and d, A and ^, 
must then be measured. 

If the station-staff is sufficiently long, the vane may be 
fixed on it at a distance from its foot equal to 6 feet in ad- 
dition to the height of the instrument at a ; and the assistant 
placing himself in the directions A b, AG, AD, must move till 
the vane appears to coincide with the crossing of the wires 
as before : the horizontal distances a&, de^ gh^ must then be 
measured, and pickets must be driven into the ground at &, e, 
and A. 

The spirit-level must now be removed to i, and again 
adjusted ; and the vane being fixed on the staff at a distance 
. from its foot equal to 3 feet together with the height of the 
instrument from the ground at b, the assistant must proceed 
in the direction ^B, and stop at c when the top of the vane 
is in coincidence with the crossing of the wires ; the hori- 
zontal distance of c from b must then be measured. The 
operations may be continued as before from & or e as far as 
necessary tow£U^s B : then, commencing at e and afterwards 
at A, they may be continued in like manner towards c and D 
respectively. 

The angles which the directions A b, AG, AD, make with 
the magnetic meridian ns passing through A being found 



Appendix. MULTIPLICATION OF DUODECIMAL NUMBERS. 233 

by the Compass of the theodolite or spirit-level, these direc- 
tions may be represented on paper : then the measured dis- 
tances A a, aby &c.; Ac?, de^ &c. ; A^, ghy &c., being set, by 
the scale of the plan, on those lines of direction, curves drawn 
through a, d^ g ; b^ e, h; Cy f^ A, &c., will be the contour 
lines required. 

When the depression cp of any point C below a horizontal 
line passing through another point A has been determined 
by means of a spirit-level at the 

latter point ; if the distance from 

A to C should be considerable, the 
surface of an imaginary sphere to * 
which Ajo is a tangent, and whose 
centre is that of the earth, will de- 
viate sensibly from that straight line, and allowance should 
be made for it. Thus, let ww be the deflection of the 
spherical surface from Am at any point m; then (Astron. 
and Geod. Art. 427.), when Aw, which may be considered as 
equal to the arc atz, is equal to one mile, mn is equal to 
about 8 inches; and the deflections mriy pq^ &c., at different 
distances from A, vary nearly as the squares of the distances 
Am, A/?, &c. Hence, the deflection mn being given, the 
deflection corresponding to any given distance, as a/?, can be 
found. Let /? y be this deflection ; then, if the surface of 
the ground is, as in the figure, below that of the imaginary 
sphere, pq must be subtracted from pC, the depression ob- 
tained by the spirit-level, in order to have the true depres- 
sion Cq. 




14. OF THE MULTIPLICATION OF DUODECIMAL 

NUMBERS. 

The area of a parallelogram is obtained by forming the pro- 
duct of numbers which express the values of the base and 
altitude of the parallelogram ; and the volume of a parallele- 
piped by forming the product of numbers which express the 
values of the length, breadth, and height of the parallele- 
piped. 

These numbers are frequently expressed in feet, inches, 
lines, &c ; the principal unit being 1 foot, and 1 of each 
inferior denomination being -^^ part of 1 in that denomina- 
tion which immediately precedes it. Such numbers are 
termed duodecimals. 
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The product of two duodecimal numbers k most readily 
obtained by reducing them to fractional or decimal expres- 
sions of a foot, and performing the multiplication of these 
expressions by the rule for the multiplication of fractions or 
decimals. 

The product may, however, be obtained without this re- 
duction. 

be V c' 

For let « + Y2 "*" 122 "^ ^^' ^ ^' "*" 12"** 12^ "^ ^^' ' express 

two duodecimal numbers : then, if the first of these polyno- 
mials is multiplied by the second (Alg. Art. 12.), and all the 
partial products which have the same denominator are re- 
duced into the same term (Alg. Art. 6.), as under, 

"+ -12 + -^ + **^ 
« + 12 + -125" + *^ 



a!h a! c 

''''^ 12" ■*■ 12"^- 

Va m^ Vc 



12 ■ • 12^ ' 12 



.3' 



c'a dh &c 

12^ 123 "^ 12* 



, a'b^-Va , a'c + h'h-{-c'a Vc+&b c'c . . 
««+ j2 + 12^ + 123 + 12* • ' • ^ 

the result is the product of the proposed duodecimal numbers : 
and since 1 in each term is -^^ part of 1 in the preceding 
term, it is evident that the product is also expressed by a 
duodecimal number. 

Whence, also, the product of two duodecimal numbers 
being a duodecimal number, if this number is multiplied by 
a third duodecimal number, the product is again a duodeci- 
mal number. 

In arranging duodecimal factors for multiplication, the 
terms of the multiplicand and multiplier which have the 
same denominator are written in the same vertical column ; 
and this arrangement is also followed with the partial pro- 
ducts. 

If the left-or highest term of the partial product of the 
multiplicand by each term of the multiplier be written in 
the vertical column of the term of the multiplier, and the 
other terms of the partial product, in order, from left w 
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right, it Is evident that thiB arrangement will be obtained ; 
and if the right or lowest term of the partial product of the 
multiplicand by each term of the multiplier be made to fall 
one place to the right of the lowest term of the partial pro- 
duct of the multiplicand by the preceding term of the mul- 
tiplier, that the same arrangement will be obtained. When 

b V 
a, a\ — , 1^, &c are replaced by particular numbers, the 

last is the order which must be followed. 

If the factors have the form of compound numbers, the 
product, also, is written as a compound number. 

The first term {a! a) of the product expresses an area, in 
square feet. 

The second term i — ^o — ) expresses an area in -^^ 
parts of a square foot : and the third term i =-p 

of c *4~ o o "^ c, cl\. 

or yTa /* ^^ TTT parts of a square foot, or square 

inches : hence if 

the second term is multiplied by 12, and the product added 
to the third term, the value of the second and third terms is 
expressed in square inches. 

In like manner, since the fourth term expresses an area in 
■^^ parts of a square inch, and the fifth term in y^^ parts 
of a square inch, or square lines, if the fourth term is mul- 
tiplied by 12 and the product added to the fifth term, the 
result is the value of the fourth and fifth terms expressed in 
square lines. 

Hence this rule for determining the product of two duo- 
decimal numbers : — 

Write the one factor under the other as if for addition of 
the two numbers : 

Form the partial product of the multiplicand by the 
number which expresses the feet of the multiplier (by the 
rule for the multiplication of compound numbers), and write 
the terms of the product under the corresponding terms of 
the multiplicand : next form the partial product of the mul- 
tiplicand by the number which expresses the inches of the 
multiplier; write the first term of this partial product one 
place to the right of the first term of the preceding partial 
product, and the other terms in order from right to left : 

Again, form the partial product of the multiplicand by the 
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number which expresses the lines of the multiplier ; write the 
first term of the product one place to the right of the product 
by the number which expresses the inches of the multiplier, 
and the other terms in order from right to left : 

Proceed, in this manner, till all the partial products are 
formed: then find the sum of the partial products by the 
rule for the addition of compound numbers : the result is the 
product of the proposed numbers, ^o expressed duode- 
cimally. 

In the same manner may the product of two duodecimal 
numbers be multiplied by a third duodecimal number. 

The result is a number expressed duodecimally. 

If the number which expresses the feet of the multiplier is 
0, the partial product of the multiplicand by the number 
which expresses the inches of the multiplier must still be 
made to occupy its proper place by writing the first term 
one place to the right of the lowest denomination of the 
multiplicand ; if the number which expresses the inches of 
the multiplier is 0, the first term of the partial product of the 
multiplicand by the number which expresses the lines of the 
multiplier must be written two places to the right of the 
lowest denomination of the multiplicand ; and so on. 

Examples. 1st. Find the product of the duodecimal 

12»h«. I44ths. 12tl»8. 144ths. 

numbers 3.5. 7 . and 5.0. 8. 



12thi. 

3.5. 
5.0. 


14(tlis. 

7 

8 




17 . 3 . 
2 . 


11 
3.8. 


. 8 


17 . 6 . 


2.8, 


, 8. 



If the factors of this product express the numbers of feet, 
inches, and lines in the base and altitude of a parallelogram, 
the product expresses the area of the parallelogram in square 
feet, 12th parts of square feet, 144th parts of square feet, &c 

Also if the second term is multiplied by 12 and the third 
term added to the product, the result, 6x12 + 2 or 74, expresses 
a number of square inches : and if the fourth term is mul- 
tiplied by 12 and the fifth term added to the product, the 
result, 8 X 12 + 8 or 104, expresses a number of square lines. 
Whence the area of the parallelogram, expressed in square 
feet, square inches, and square lines, is 17 feet, 74 inches, 
104 lines. 
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12th«. 144th«. 

2d. Find the product of the duodecimal numbers 4.3.7; 

12th8. 144ths. 12th.. 144tli». 

2 . 6 . 9. ; and 10 . 8. 

ISthi. 144th». 

4.3.7 
2.6.9 

8.7.2 
2.1.9. 6 



3.2. 


8 . 3 


11 . . 2 . 
10 . 8 


2 . 3 


9.2.1. 
7.4. 


9 . 10 . 6 
1.5. 6.0 


9.9.5. 


11 . 4.0.0. 



If the factors of this product express the numbers of feet, 
inches and lines in the length, breadth and height of a paral- 
lelepiped, the product expresses the volume of the paralle- 
lepiped in cubic feet, 12th parts of cubic feet, 144th parts of 
cubic feet, &c. 

The number of cubic inches in tj + tI^ + tt^^ ^^^ cubic 
foot is obtained thus : — 

9 ^ IQ t 5 113 ar\A llSv^^i 11 — 1367 nf a miKio 

foot = 1367 cubic inches. 

The 5th, 6th, and 7th terms may be, in like manner, re- 
duced to cubic lines ; the value of the 5th and succeeding 
terms is, however, generally expressed in fractional parts of 
a cubic inch. In this example, the 5th term is y\ or ^ of a 
cubic inch. 

Whence the volume of the parallelepiped, expressed in 
cubic feet and inches, is 9 cubic feet, 1367^ cubic inches. 



THE END. 
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New Edition. Fcp. 8vo., with Vignette Title and 1 9 Plates, comprising 224 
distinct figures, 6«. • 

VII. 

AN ELEMENTARY TREATISE on ALGEBRA. By James Thomson, 
LL.D., Professor of Mathematics in the University of Glasgow. I2mo. Ss, 



Mathematical and Scientific Works, 



Tin. 



CROCKER'S ELEMENTS of LAND SURVEYING. New Edition, 
corrected throughout, and considerably improved and modernised, by T. G. 
BuiiT, Land Surveyor, Bristol. To which are added Tables of Six-figure 
Logarithms, superintended by Richard Farley, of the Nautical Almanac 
Establishment. Post 8vo., with Plan of the Manor of North Hill, Somerset, 
very numerous Diagrams, a Field-book, Plan of Part of the City of Bath, &c., 
12«. 



IX. 

TABLES of SIX-FIGURE LOGARITHMS: containing the Logarithms 
of Numbers from 1 to 10,000, and of Sines and Tangents for every Minute of 
the Quadrant and every Six Seconds of the First Two Degrees. With a 
Table of Constants and Formulae for the Solution of Plane and Spherical 
Triangles. Superintended by Richard Farley, of the Nautical Almanac 
Establbhment. Post 8vo. 4«. 6d, 



X. . 

A TREATISE on GEOMETRY, and its Application to the Arts. By 
Dr. Laroner. Fcp. 8vo., with Vignette Title, and upwards of 200 Figures, 

68, 



XI. 

AN ENCYCLOPEDIA of ARCHITECTURE, HISTORICAL, 
THEORETICAL, and PRACTICAL. By Joseph Gwilt. Bvo. with 
upwards of 1000 Engravings on wood, from Designs by J. S. Gwilt, 2/. 12<. 6d. 



XII. 

A DICTIONARY of SCIENCE, LITERATURE, and ART: com- 
prising the History, Description, and Scientific Principles of every Branch of 
Human Knowledge : with the Derivation and Definition of all the Terms in 
general use. Edited by W. T. Brands, F. R. S. L. & E. ; assisted by 
J. Cauvin. The various departments are by gentlemen of eminence in each. 
Bvo., with Wood Engravings, SU 



XIII. 

ENCYCLOPAEDIA of GEOGRAPHY; comprising a complete Descrip- 
tion of the Earth : exhibiting its Relation to the Heavenly Bodies, its Physical 
Structure, the Natural History of each Country, and the Industry, Commerce, 
Political Institutions, and Civil and Social State of all Nations. By Hugh 
Murray, F. R.S.E. : asMsted in Astronomy, &c. by Professor Wallace; 
Geology, &c. by Professor Jameson ; Botany, &c. by Sir W» J. Hooker, 
Zoology, &c. by W. Swainson, Esq. New Edition, with Supplement 
brought down to December, 1843; with 82 Maps, drawn by Sidney Hall, 
and upwards of 1000 other Engravings on wood, from Drawings by Swainson, 
T. Landseer, Sowerby, Strutt, &c., representing the most remarkable objects 
of Nature and Art in every region of the Globe. Bvo. 21, 
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ft SktUtt Catalogue of 
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Messrs. Longman & Co. have just published the Jhliotbing—^ 
A Grammat of the Latin Language. 

By C. 6. ZuMPT, Ph. D. Profescor in the University of Berlin. Translated fVom th« 

9th Edition, and adapted fbr the nse of Enfdish stndeata, by Lbonhard Schxits, 

Ph. D. ; with the co-operation of Professor Zum ft. 8to. lis. cloth. 

" Thus, beyond all question, is the work of Dr. Schmitc henceforward the authorised 

▼eraion oi Zumpt's Latin Grammar ; a book which well deserves its great cdebrity, 

and the high esteem in which it is held by the best scholars."—ExAiiiNSA. 

Prof. Zumpt's School Latin Grammar. 

Translated, and adapted fbr English Schools, by Dr. Schvitc, with the co-operation 
of ProftsBor ^T^XPT. 12mo. [In the press. 

Also, prepariog for publication, 

Prof. Zumpt's Latin Exercises. 

Exercises to his Grammar of the Latin Langdage, by Professor Zuxft. 12mo. 

A Copious English-Latin Lexicon. 

Compiled from the ^st Sources. By the Rer. J. E. RtDDLit. M.A. Author bt** A. 
Complete Latin-English Dictionary." ftc. &c., and the Rev. T. Kbrchxtu 
Ajwou), M.A. Rector of Lyndon, ana late Fellow of Trinity CoU. Cambridge. 

A Speaker for the use of Schools. " **"**' 

Selected from Classical Greek, Latin, Italian^ French^ and Rngliah Writers— Demo* - 
thenes. Thucydidea, Homer, Sophocles, Cicero. Livy, 'VlrgiL Lticretius, Shaks- 
peare, Milton, Burke, Bacon, ftc. By the Rev.W. 8xwbi.l, a.u., of Exeter College, 
Oxfora. [In the preia. 

New Class-Book for Ladies' Schools. 

The Modem Poetical Reader and Speaker. Sdected nrincipaUj from the best Modem 
Poets, by especial Permission of the Authors. By Mrs. Piduser. 12mo. 

[In the preas. 

Mrs. Marcet's New Spelling Book. 

The Mother's Filrst Book ; contaming Rei^ng made Easy ; and the Spelling Book, 
in Two Farts. By Mrs. Majlcbt, Author of " Mary's Grammar," " Con-rersationa 
on Language," &c. &c. 2d Edition, 12mo. with woodcuts. Is. 8d. 

A New Grammar for Boys, by Mrs. Marcet. 

Willy's Grammar t interspersed with Stories, and intended for the nse of Young Boys. 

By Mrs. Mabcst, Author of '* Mary's Grammar,'* " The Gaine of Grammar," oc. 

ad Edition, 18mo. 2b. fid. 

'* A most useftil little book. aubitantiaUy the same as ' Mary's Grammar,' bnt 

adapted to Boys, instead of Girls. The principle of this work is that on which we 

believe all succesdnl teaching must rest."— Sfsotatob. 

The Bey. J. Pycrofib's Greek Grammar Practice^ and 
Latin Grammar Practice. [Tide pp. 2 and «. 

*,* Parents deairons ofgrounding their sons for the public schools will find these 
wonts highly valuable. They have the approbation of some of the first scholjua and 
instructors. The Rev. J. E. Riddle, author of the Latin Dictionary, has tested to 
titeir value to junior classes, to those who would teach themselves, and all who would 
make progress In a sound acquaintance with Greek and Latin Grammar. With these 
boodu, any well-educated lady might teach Latin to herself and her son with more 
ease than French or Italian in the common way. Words and phrases are taught at the 
same time as rules and Inflections. 
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ELEMENTARY CREEK WORKS, LEXICONS, 
GRAMMARS, ETC. 



Kuhner's Elementary Greek Grammar. 

An Elc8wiita>7 Oraaawr of tits Gicak TangMfn. Bj Dr. B«pluk«l Kfihner, 
Co-Iteetor of tbe I/rceam at HaaoTer. TrasiUted Vr J. H. MfllaRl, St. John's 
CoUmc, Cambridge ; Ufa ■■•o»d Ct>wiwJ UtmUm at Hffl Hfll Granmur Schaoi. 
Bro. m. clofh. 



**Itdr<iPda BM aradi pleiKrarft to b« »tlet»wwwyw^ti>i*yongtr ww l «W— 
may be regarded aa a pattern of accnracy and care. I perceive with great aatisfkc- 
tion, from jma Prefitoe, that tov hav« thonnif falj entered intp the ideas irhi(^ 
have goidea me in the praparanoB of my gnonmatical works, that yon have rightly 
asAunatsd tbm, and iMfc exhibited them in a dear Uclit.** 

SxTRaor or a Lxma rsfOM Dm. KOmBR to tkm TmxvnMott. 

Brasse's Greek Gradus. 

A Greek Gradns : or, a Greek, Latin, and GasliriiProeodHl LexixMA: eontamiBc 
the Interpretatiion, in Latin and Engliah, of aU words which ooenr iatteGrenc 
Poetf, from the Earliest Period to the time of Ptolony PhUadelphns: wtth tbe 
Quantity of the Srltoblea vcrifled by Authorities : and combining the advantages 
«r a LexiooA «f&B Greek PoetsudaOndtGradnB. Fortfaenseof Scboels 
tmi OoDeges. By tiie late Rev. Dr. Ba*.8SB. To which is added, a Synqpris of 
the Greek Metres, br the B«r. J. R. M^jor, D.D. Head Master of King's CoU^e 
School. London. 2i Edition, revised and corrected by the Rev. F. B. J. Talpy, 
MjI. formeriy Head Master of Reading SehooL 8vo. Ifis. doth. 

Giles's Greek and English Lexicon. 

A Lexicon of the Greek Langnage, for the nse of Colleges and SdiMds : eontainbig 
—1. A/6r«ek-EqgU>h Lexicon, combtninje the aiKantages of sn Alphabetical 
and Derivative Anangtment ; 3. Aa English-Greek Ijexicon, more oopions than 

giy ttiat has ever yet appeared. To which is prefixed, a condsc Grammar of the 
reek Lanenage. By the Rev. J. A. Gix.«s,LI>.D. late Fellow of C.C. College 
Oxon. 2d Edit, irith corrections, 1 tluckvol. Bvo. 21a. doth. 

*/ The Engtish-Grsek Lexicon, sepanitdy. Ts. 8d. elotti. 

" In two joints it Moels erery other Lexieon «f the kind ; aaady, im the 
■■fUdl4}reek part, and in the Classiflcation of Greek Derivatives vninr their 
prfanitives."— Moody's Evox Gsbbk QjuJiiiAn. 

F^eroff 8 Greek Grammar Practice. 

Kb Three Parts : I. Lessons in Tocabnlary, Noons, AcHectives^ and Terbs In 
Grammatical order; 2. Greeks made ont of each omwan (or tnaslatMW; 
8. ^iglish of the same Ibr retnnalAtien. By the Rev. Jamm Pveaorr, B.A. 
Trtaiity Collaflo, OmMatA ; Avthor of •< A Co«ne of Eagbdi MamUam/' te. 
]3iBo.as.6d.eloth. 

** The plan is excdlent, and win tend greatlv to fadlitate the acquisition of (he 
two langoagfs. By dUigont praotios in these lessons and TocaMaoOi, the popil 
becomes p r ogressively master of all thedillLcnltles that obstraet his earlv progress, 
Oad gntdnalSrf Itlalns to a vreIl*«ronndod knowledge, and oonseqncntrrash, of the 
bewdlasof the Grsok and LatiaJdioas."— lom Bou. 

Moody's Eton Greek Grammar in English. 

The New Eton Greek Grammar ; wfttithelisihaof Aeeent, and theOmatityof 
the Peanlt : eontaining thq Bh>n Greek Ofammar in EngUsh : the Syntax and 
Frosody as used at Eton ; also, the Analogy be t w a en the Gredi and Latin Lan- 
Koues: Introductory Exercises and Lessaas : wiith nnmenms Addittauft to the 
textT The whole being accompanied by Practical and Pnflosophled Notes. By 
CumuMT Moopy, aIm. of liftgihiWne HaB. Oafcrd ; and BdUor of the Eton 
Latin Giammar in ltacIidi.lM Bdiliim,oaiiBMly ft«ised, te. Ubo. ^ delh. 



Yalpy's Greek Grammar. 



The Elements of Greek Grammar : with Notes. By R. YAi.rr, D.D. late Master 
of RaadfBg Sdwol. New Etttion, Bvo. te. M. boards; bound, 7s. 0d. 



STANDARD BDUCATIOKAL WORKS. 



Valpv's Greek Dekctus, and Key. 

DelMvoi SenteaUanun Grccftrain, ad utwn niwiua acooinmodatu: cum 
NdtaUa«tLexioo. Anctore R. T^a.rr, D.D. Rditlo Koira, •adernqM aaote et 
MBcadatay 12iBe 4f. cloth. 

Kbt tollM above, hda^ a LllMlTnaidati<m Into togUah, Itao. 9k 8d. i 



Valpy's Second Greek Delectus. 

Swoad QnA Ddtoetu ; or,19ew Analecta Minora: intended to be read in Schools 
Ulween Dr. Valpf *■ Qreek Delectus and the Thiid Greek Delectas : with 
Radish Notes, aad a coploos Gre<k tead Ea^sh Lexicon. By the Rer. 
r» R. J. y^un, M.A. tanaoAj Head Master of Heading School. 9d Bdltioa, 
ove. es* 9d. uuvad. 

The Sstoads «f« taken *«Ba the Mtovi^ Writers:— 

Homer 
Tjrrtsos 
Bioa ; Moechns 
Rryciasof Cjnicaai 

Affckjrtas. 

Valpy's Third Greek Delectus. 

TlwTrelrd Greek Delectos; or^New AnaleCta Midpra: wICh Ea^Mi Kotes. In 
Two Parts. By the Rer. F. E. 3. Vixrr, M.A. focmeriy Head Master of 
ReadingSchooL 8vo 15s. 6d. bound. 

*«" Hie Parts may be had separately. 

Paw 1. PR08B. 8to. 8b. 6d. beaad. — Pabt 2. POETRT. 8to. 9s. 6d. bonari. 



HkrodBs 


JEliaa 


Sophooles 


JEsop 
Bslqtetae 


TheSmtaagint 
St. MaCthow 


.Ssehylas 
Aristophaaes 


PtalMBh 


ZeaophoB 


Heiodotaa 


PdysBnas 


Swipides 


Aaacieon 



Valpy'fi GredE Exercises, and Key. 

Gtew Exercises; beiag an latoodoolioa to Gicek OomposltioB, leadtag the 
sfeadeat from the BlaBaeats ef Ovaamar to the U^^her parts of Syataa, aad 
minniwc the Greek of the words to a Lexicoa at ute ead : with Specimeas of 
the Oie& Dialects, aaitiMCriiiealCaaooser Dawes aad Porua. ithEdittoa, 
with aasay AddilMM and Cervsetioas. By Oe Rer. P. E. J. y^utT, M.A. 
iDnwtlyHewl Master of Re^^SebooL 12a». Os. 6d. detk. 

Ear, Bmn. Ss. 6d. sewed. 

Neilson's Greek Exercises, and Key. 

Oraek Exercises, ia Syataz, EUipeis, IMalecta, Prosody, aad Metaplu'asis. To 
whidi is prefixed, a concise bat compeeheasiTe Syntax; with Obsenratioas oa 
some Idioms of toe Greek Laagoage. By the Rev. W. Nbilson, D.D. New 
Edltioa, 8ro> Sa. boards.— Kav, 3s. boards. 

Howard's Introductory Greek Exercises, and Key. 

latrodnetory Greek Exercises to those of Hoatiagfocd, Dnabar, NeUson, aad 
ottien ; anaaged aader Medeb, to assist tlie learner: with Exercises on the 
dlftraart Toues of Verbs, e xt ra c te d fhna the Table or Picture of Cebcs. By 
Nathaxixl Rowabo. New Editioa. with coMideraUe improtements, 12mo. 
8s. 6d. dotlw— Kbt, ISbo. Ss. 6d. doili. 

I^. Major's Greek Vocabulary. 

Greek Yoeabalary ; or, Exercises ea the Dediaable Parti of Speech. 9j the 
Her. J. B. Majou, D.D. Head Mastor ef the Kiaa^ College School, Xioadm. 
Id Editioa, e oii e ct e d aad eahnged, Umo. 9s. 6d. ootti. 

Evans's Greek Copy-Book. 

rpa^€VS Aorof; ■!*«> Calamus Seriptorins: Copies IbrWritiag Gicek ia 
' Sdioola. By A. B. ET4M, D.D Head Master of Markei-Bocworth Free 
Grammar School. Sd Edition, 4to. fa. ckith. ^ 

TheuwofoM Copy -Book Is sufloieat for seeniiag a Ann aad dear Greek haad. 



^^^^#«^^^^/«#<M^^#^/^ 



Dr. Major's Guide to the Greek Tragedians. 

A Guide to the Readiaff of the GteekTragediaas: being a series of artidesoa the 
Greek Draow, Greek Metres , aad Caaoas of CrWdan. CoOseled aad arranged 

a the Rev. J. R. Maior, D.D. Head Master ct King's G»Ikge School, London. 
Sdttien, ealarged, five. 9s. cloth. 



The Rtv. J. Stager'i Tranllatimu, 

Maittaire on the Greek 



Bos on the Greek EllipsiB. 
Hermann's ElemenU of 
Hoogeveen on the Greek 
Di 






>n the Greek 



LATIN WORKS, DICTION ARIES,IGRAMMARS, ETC. 

Arnold and Riddle's Enirlish-LatiD Lesicon. 
Riddle's Latin Dictionary. 

Bn»™lelj { Til, LiBll-Ellgluh Di«iMl«rf,'*M. Ii. ilolh.' 

Riddle's Young Scholar's Latin Dictionary, 

Tba Yimni SchUu? Lilic-Ksiliib ud EcaUib-LtUB Dictimirri >>i(ii; u 
AbrldffFnat or Um ■bars. ILh Editiira, oontcttd ud alvged. tqiun IZdD. 

■•■"«'{SS!S!Sgs=;,*Sitr'- 

kiiid,i<innluuihi>iddbi>£u>£d(a^|uliia«iBiida'Hi. BUdlrt u Innli- 
fnSiiumt nftnca to kLodnd EnglUnnndi, b vUeh ftnfctl Bunm H w a 



Zumpl's Latin Grammars and Ese 

lAutbDiiBHl Tersions). 



STANDARD EDUCATIONAL WORKS. 



Pycroft's Latin Grammar Practice. 

Latin Grammar Practice: 1. Lesaona in YocabnlarTi Nonna, Adjectivea, and 
Verba, in Grammatical Order; 2. Latin, made out of each column, for Trans- 
lation; S. English of the same, for Re-translation. By the Ker. Jambs 
Pxcaonr, B.A. Trinity College, Oxford ; Author of **A. Coarse of English 
Reading," &c. 12mo. 2a. 6d. cloth. 

Valpy's Latin Grammar. 

The £lements of Latin Grammar: with Notes. By R. Yatpt, D.D. late Master 
of Rouiing School. New Edition, with numerous Additions and Corrections, 
12mo. as. 6d. bound. 

Taylor's Latin Grammar. 

A Latin Grammar, founded on the Eton, and arranged ' in a Tabular Form, to 
facilitate Reference and assist the Memory : with Notes, and an Explanation 
of the Grammatical and Rhetorical Figiuea in more general use. By the Rev. 
G. Tatlor. D.C.L. Lecturer of Dedbam, and late Master of the Grammar 
School, ad edition, 3b. cloth. 

Dr. Kennedy's Latin Grammar. ^ 

Latinae Orammaticae Curriculum; or, a Progressive Grammar of the Latm 
Language, for the use of all Classes in Schools. By Rev. B. H. Kstnbdt, D.D. 
Head Master of Shrewsbury School. 2d Edition, 12mo. is. 6d. cloth. 

Moody's Eton Latin Grammar in English, &c. 

The New Eton Latin Grammar, with the Marks of Quantitr and the Rules of 
Accent; containing the Eton Latin Grammar as used at Eton, the Eton Latin 
Grammar in English : with important Additions, and easy explanattwy Notes. 
ByCusMBHT MooDT,M A. of Magdalene Hall, Oxf.: Editor of the Eton Greek 
Grammar in English. 4th Edit, revised throughout and enlarged, 2s. 6d. cloth. 

The Klon Latin Accidence : with Additions ana Notes. 2d Edition, 12mo. Is. 

Graham's First Steps to Latin Writing. 

First Steps to Latin Writing : Intended as a Practical Illustration of the Latin 
Accidence. To which are added. Examples on the principal Rules of Syntax. 
Bv G. F. Gbabam, Author of " English, or the Art of Composition," &c. 
2a Edition, considerably enlarged and improved, 12mo. Is. cloth. 

Valpy's Latin Delectus, and Key. 

Delectus Sententiarum et Historiarum ; ad usum Tironum accommodatus : cum 
Notttlis et Lexico. Anctore R. Yalpt, D.D. New Edition, with Explana- 
tions and Directions ; and a Dictionary, in which the Genders 9f Nouns, and 
the principal parts of Yerba, are inserted. 12mo. 2b. 6d. cloth. 

Ket; being a Literal Translation. By a Pbivatb Tbacbeb. New Edition, 
careftillr revised, and adapted to the alterations in the new edition of the text, 
by W. R. BvBDON, 12mo. Ss. 6d. cloth. 

Valpy's Second Latin Delectus. 

The Second Latin Delectus; designed to be read in Schools after the Latin 
Delectus, and before the Anaiecta Latina Minora : with EngUsh NotcB. Br 
the Rev. F. E. J. Yalpt. M.A. Head Master of the Free (irammar- School, 
Burton-on- Trent. 2d Edition, 8vo. 6b. bound. ' 

Valpy's First Latin Exercises. 

First Exercises on the principal Rules of Grammar, to be translated into Latin : 
with familiar Explanations. By the late Rev. R. Yaxft, D.D. New Edition, 
with many Additions, ^8mo. Is. 6d. cloth. 

In this work it has been endeavoxuvd to sive the learner some little knowledge of 
the elements of thimos, while he is studying the construction of words. A few 
general principles of science and morality imprmted on the memory at an early age, 
will never be erased iVom the mind,and will often lay the foundation of a substantial 
fabric of uscfal knowledge. 

Valpy's Second Latin Exercises. 

Second Latin Exercises ; applicable to every Grammar, and Intended as an Intro- 
duction to Yalpy'B " Elegantiae Latin»." By the Rev. E. Yalpt, B.D. late 
Master of Norwich School. 6th Edit. 12mo. 2b. 6d. cloth. 
Intended as a Sequel to Yalpy's " First Exercises ;" with which the youthful 
reader is supposed to be ftillv acquainted before these Exercises are put into his 
hands. He will thus be lea, by ^ reeular gradation, to Yalpy's " Elegantiie 
LatiuB," to which these Exeri-ises will be an introduction. The Exammps are 
taken from the purest Latin Writers (chiefly the Historians) in ProBe and Verse. 
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Valpy's Latin Vocabulary. 

A Kew Lattn TvalwltfT i adapM totiMlmkLatrnGsunaMn: «tthTablM«r 
Nvmeral Letten, EnfDah and. Latin Akbwriaftians. and tha Talot of Ronaan 
and QittdaaCoiBS. B7 B. VAUn, OJ). Utfa BiOtion» ISn*. ^ bowul. 

Yalpy's Elegantiee LatiDS, and Eev. 

Elegantia Latina ; or, Rolea and EzeidMs fflnstrataTt of ElagaBl Latin Sljlai 
intended for the use of the Middle and HUher ClaMac of Cnaniinar 9tbiS4$m 
WHhtbe€MKualL«tittof«waioatdiA4mttPlinaoa. Bj Bot. B. TmmIw. 
latelCaatar^lionnehSchooL 11th Iititiaa, wimntnif Hi— UM dSJi 



KsTy being the Original Paaaagea, which have boen 
■erre a* examplea and Ezercisei in the above. U 

Butler's Praxis, and Key. 

A Pcazia on the Latin Prepoaiitiona : betef . oaallampitoUlwta* tfaab Ovkin, 
8igniflaatioa,aad6oTeniaMat, i»til»«a|f of Bttraiaa. Bv tlw late BIAO0 
BuTun. ethEdiiiMi,8v«.fa.«dLhMi*. 

KsT, 6e. board*. 

An Introduction to the Composition of Latin Verse j 

containing Rules and Exereiica intended to iUnatrate tha Mannapa, Caationw, 



by THoxaa Ebkomxtxa Ammou>, HJL 



itrodttetorr Latin Enereiaee to fboee of Caarko, EUia, Tvaer^and otben : 
deeijtned fcrlho Yonnger CliMea. By Natbax isb Bowaso. AFewEditini, 



and Opinions, nacntioned by tbt Boman Poets, and to ifender fc^nu. ijtti 
principal Idiotes of tha Latin Ltngwage. By the lata CnusTorKmx Bavibk, 

A.B. ad Edition, csrefUIy revtsae by r^ - - ** * " ' 

12mo. aa. 6d. fllott. 
Kbt to the Second Edition. lAoio. Ss. fid. sewed. 

Howard's Introductory Latin Exercises. 

Introdttetof 
designed! 
ISmo. as. M. elbtti. 

Howard's Latin Exercises extended. 

Latin Exercises Extanded ; or, a Seriea of Latin Bxerekes, seleeted ft«m the beat 
Boaaaa Writom, and adapM to tha Bnlaa of SynteXyiMctknlailyiB thaBten 
Oaanonar. To whioh are added. Bof^ttshExaasplM to totranalatad into Latin, 
inunediaicly nnder the sanende. AnanndnBdarModsk. 1^. NAtBJorzxi. 
Howard M«w Edition, 13bso> Ss. 6d. aloCb. 

Kbt, 2d Edition lamo. 2b. 6d. doth. 

Bradley's Exercises, &c. on Latin Grammar. 

Series orExereiaes and Qvastiona; adapted to the best Latin GxaBunan, and 
designed as a Guide to Paning, and an Introdnetion to tha Exaaeiaea of Talpjr, 
Tamer, Clarke, Ellis, fte. ftc. By the Rct. C. BaAOLxr, Ticar ef Glaabnry. 
4LtK Edition, ISmo. 2s. ed. bovnd, 

Bradley's Latin Prosody, and Key. 

Exercises in Latin Prosody and Tersifloation. By the Bcv. C BnADun, Vicar 
of Glasbnry, Brecon. 8th Edition, with, an A|^ndix on Lyric and Dnumtte 
Measnres, lamo. Ss. 6d. clotlk 

KxT. Sth Bditiott, UMo. as. U. sowed. 

Turner's Latin Exereises. 

Exercises to the Accidence and Granunar ; or, an ExeiapUjIeatMnof tbt sareral 
Moods and Tenses, and of the prmcipal Rnles of Constmctum: consisting 
chiefljr of Moral Sentences,- oollected o«t of the beat Roman Avthoca, ana 
trandWkad into Engliab.to ba readeicd bach into I^tiu ; with ruftiiannsa to Smi 
Latin Syntax, and Notea. By William Toaxxx, M.A. lata Master •£ the 
Free School at Cokheeter. New Edition, Iteow Sa. clotli. 

Beza's Latin Testament. 

Nomm Testaaaentam Domini Noafcri Jean Chriati, Inteipreto Thboboba Bsba. 
Editio Sterao^rpa, 1 vol. 12bio. Sb. 6d. bomtd. 

Valpy's Epitome Sacra Historiae. 

Sacra Historue Epitome, in nram Scholamm: cnm Kotis Angllcia. Bt tha 
Rev. F. E. J. YkLPY, M.A. Head Master of the Free Gmnmar^Aaol,Bnrte«- 
on-Tient. 7thEdition, ISmo. as. cloth. 

EDITIONS or CREEK CLASSIC AUTHORS. 

Barker's Demosthenes. 

Demoethenea— Oratio Philippica I., (Mjnthiaca I. IL and III.,I>e Paca,iEsduaaa 
contra Demoothenem, De Corona. wUh BnglMh Notaa. By B U. BAnKJKX. 
ad Edit post 8to. 8s. M. boarda. 



STAK^AED BDirCATfOKAL WORKS. 



(Edituv Co&omnri 
CEdzfus Rbx, 



Major's £uripide8. 

BaapiilM. From iht Ttzt^ and witk a Tfantltlion of tht Note*, Prtfaea. aad 
Siippl«iii«Bt, of PoiMB ; Critical and BxpUmatorj Bemarks, origuMi and 
Mleeted ; nivstratiau aad Idioms from MattblBy iMwca, Vlger. tte. ; and a 
Syw^MiB of Metrical Sntems. By Dr. Major, HeadMMtar of King^ GoUaga 
School, London. I toI. post 8to. 24s. cloth. 

Sold leparately as follow, 5b. eadi : — 
Ax«a«ns. | MaDBA,4tliEdU. I Pxoinaa^^Edtt. ^ 

, HBcnBA.,<thEdit. | 0M8Taa,M Edit. \ 

Brasse's Sophocles. ' 

Sophocles, complete. From the Text of Hermann, Erfordt. Ac. ; with original 
Explanatory English Notes, Qaestions. and Indieea. By Off. BRa.8BS, Mr. 
Bvwama, aad Ber. F. Yaatt. 9 vob. poaiSvo. Ste. cloth. 
Sold sfepaiately aa »lIov, fm. aaeh : — 

Burges's .^schylas. 

JiB^ylns— -The Pvemathens : English Notes, te. By G. Bonoia, AM, Trinity 
Coliege» Cambridge. 2d Edition, post 8to. fis. boards. 

Belfoui^s Xenophon's Anabasis. 

The Anabasis of Xeaoi^on. Chieflr aecording to the Text of Hntohlnaon. 
With Explanatory Notes, and Illnstrations of Idioms from. Vlser, Ac., copion* 
Indexes, and Examination Qncstians. By F. ComnvoRAir bblsovx, M.A. 
Oxon. F.R.A.S. LL.IX faite Professor of Arabio in the Oieek Uaiversito- sf 
Corfu. 4th Edit, with Corrcctiona and Improvements, post Sve. 8s. 6d. ods. 

Barker's Xenophon's C3n'opaBdia. 

The Cyropcedia of Xenophon. Chiefly mnn the text of Diadorf. With Notes, 
Critical and Explanatory,from Dindorf, Fiaher, Hutchinson, P<m>o, Schneider, 
starts, and other eminent schalars, aceompuiied by the sditoi's comments. 
To which an added, Exaorination Qasations, and oopieua Indieea. By £. H . 
Bahku, late of Trinity CeU-Camb. Post8Te.«s.6d.bda. 

Stocker's Herodotus. 

Herodotus ; containing the Continuous History alone of the Persian Wars : 
with Engliah Notes. By the Rev. C. W. SToexxa.D.D.Vioe^ Principal of 
St. Alban'B Hall, Oxford ; and late Principal of Elisabeth College, Guernsey. 
A New and greatly Improved Edition, 2 vols, post 8vo. 18s. doth. 

Valpy's Homer. 

Homer's Iliad, complete : English Notes, and Questions to first Bight Books. 
Text of Heyne. By the Bev. E. Talpy, B.D. late Master of Norwich Sohoel. 
•th Edition, 8vo. liOs. Bd. boand.--Text only, 5th Edition, 8to. 0a. M. bound. 



EDITIONS OF LATIN CLASSIC AUTHORS. 

Valpy's Tacitus, with English Notes. 

C. Comelii Taeitl Opera. From the Text of Brotier; with aia Explanatory 
Notes, tra n s lat e d into English. By A. J. yAi.rT, M.A. S vols. postSvo. 24s. bds. 

Barker's Tacitus — Germany and Agricola, 

The Germany of C. C. Tacitus, firom Passow's Ten; and the Agricola, from 
Brotier*s Text: with Critical and PhilOlogieal Remarks, partly origin^ and 
rartly eoUcetsd. By B. H. BAnxn, htle of Trinity College, Cambridge. 5th 
Edition, revised, 12mo. 6s. 6d. cloth. 

Valpy's Ovid's Epistles and Tibullus. 

Eleeta ex Ovidlo et TibuQo : cum Netis Anglicis. By the Rev. F. E. J. Taw, 
M.A. Master of Burton-on-Trent School. 3d Edition, laoiO. 4s. 6d. cloth. 

* «" This selection is the same as that used at Eton, improved by the introduce 
tion of English Notes, designed to explain difflculties m the sense, and to account 
for deviations. 

Bradley's Ovid's Metamorphoses. 

QvidU Metamorphoses ; in osum Sohdlarum excerptas : qolbus accedtmt Notnln 
Anglicx et Qruestiones. Studio C. Bkaslbt, AM. Editio Octava, limn. 
4i.od. cloth.. 
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Valpy's Juvenal and Persius. 

Decuni J. JnToialiB et Fenli Flacd SatlnB. Ex edd. Rnperti et KaBB% cspar- 

Bte. Acradnnt, in gnttiain JKTentatis, Note qvaedam Anslica MiintB. 
lited by A. J. yA.u>TrM.A. 8d Edit. 12mo. fc. 6d. bd. 
Tbe Tbxt only, 2d Edition, Sb. bovnd. 

Valpy's Virgil. 

F. '^gilii Manmis BueoUen, 0«orgica, .Xneia. Accednnt,in KtaOm JKventntls, 
' Notn qiuedam AngUce KriptK. Edited by A. J. Vaut, M.Ji. lOtli Edition, 

ltau>. 19. 6d. bonno. 
The Tbxt only, 19tli Edition , Se. 6d. bound. 

Valpy's Horace. 

Q. Horatii Flacci Opera. Ad fldem optimbrom exemplarinm castigata ; cum 
Notolis Anslida. Edited by A. J. Yalft, M.A. New Edition, 18ino. 8b. bd. 
Hie same, without Notes. New Edition, 3«. 6d. 

*/ Hie objectionable odes and passages hare been expunged. 

The Rev. Canon Tate's Edition of Horace. 

Horatins Bestitutos : or, the Books of Horace arranged in Chrondlogicil 
Order, according to the Scheme of Dr Bentley, from the Text of Oesner, oor- 
rectedf and improred : with a Preliniinai7 Dissertation, very much enlaiged. 
cm the Chronology of the Works, on toe Localities, and on the Life ana 
Character of that Poet. By Jakes Tats, M.A. 2d edition, to which is now 
added, an original Treatise on the Meitres of Horace, 8to. doth, ISs. 

Horace on the Middle System. 

Classical Student's Translation of Horace ; or, the Works of Quintus Horatius 
Flaecus, trsnslated for Classical Students, on the Principles of the Middle 

a stem of Teaching Classics. By Ber H. P. HAUOHToif, B.A. Bector of 
u-klield, Leicestershire ; Author of ** The Middle System of Teaching 
Classics." Royall8mo. 8b. doth. 

Barker's Cicero de Amicitia, &c. 

Cicero's Cato Malor, and Laelius ; with English Explanatory and Philological 
Notes j and with an English Essay on the Bespect paid to Old Age hj the 
Egy^rtians . the Persians ,the Spartans, the Greeks, and the Bomans. By the 
late £. H. Bahxbk, Esq. of Trinity College, Cambridge. Oth Edition, Mkno. 
4s. 6d. doth. 

Valpy's Cicero's Offices. 

M. 'Tullii Ciceronis de Ofilciis Libri Trea. Aooedunt, in usiun JuTsntntis, Nets 
quaedam Anglice scripts. Edited by A. J. Taltt, MJL. Editio Quinta, 
aucta et emendata, 12mo. 6s. 6di doth. 

Valpy's Cicero's Twelve Orations. 

Tweire Select Orations of M. Tullius Cicero. From the Text of Jo. Casp. 
OreUius; with English Notes. Edited by A. J. Yai.pt, M.A. 8d Edition, 
post 8to. 78. 6d. boards 

Barker's Ceesar's Commentaries. 

C. Julius Cnsar's Commentaries on the Gallic War. From the Text of Onden- 
dorp ; with a sdection of Notes from Dionysius Yossius, from Dts. Daries and 
Clarke, and fnm Oudendorp, Ac. Ac. To which axe added. Examination 
Questions. By E. H. Baxxxk, Esq. late of Trinity College,Cambridge. Post 
8to. with several Woodcuts, 6s. 6d. boards. 

Bradley's Phsedrus. 

Phiedri Fabulas; in usum Schdiamm expurgata: quibus aooedunt Notote 
AnglicaeetQuBstiones. Studio CBbadlkt, A.M. Editio Nona, 12mo. 2b. 6d.cL 

Bradley's Cornelius Nepos. 

Comelii Nepotis Yitae Excellentium Imperatorum: quibus accedunt Notulsi 
AngUcae et Qnaestiones. Studio C. Bxaslbt, A.M. Editio Outava, iamo.3B.6d.d. 

Bradley's Eutropius. 

Entropii Historiae Bomann Libri Septem * quibus accedunt Notube Anglicn et 
QusBstiones. Studio C. Bkaolxt, A.M. Editio Dttodecima,I2mo. 28. 6a. doth. 

Hickie's Livy. 

The First FiTe Books of Liyr: with English Explanatory Notes, and Examina- 
tion Questions. By D, B. Hickib, LLrb. Head Master of Hatiiukiead Grammar 
School. 2d Edition, poet 8to. Ss. 6d. boards. 



STANDARD EDUCATIONAL WORKS. 



WORKS BY THE REV. S. T. BtX>OMnELD, D.D.IF.8.A. 



Bloomfield's Greek Testament. 

The Greek Testament: with copious Enslish Notes, Critical. Philol 
Explanatory. 5th Edition, greatly enlarsed, and verv considerablj 
in 2 closely-printed Toltimes, 8vo. with lup of Palestine, £2, cloth. 



▲ New Recension of 




Bloomfield's College and School Greek Testament. 

Hie (xreek Testament: wi& brief English Notes, Philological and Explanatory. 
Especialhr formed for the use of Colleges and the Public Schools, but also 
• adapted for general purposes, where a larger work is not requisite. By the 
Kev. S. T. BlooxriELD, D.D. F.S.A. Vicar of Bisbrooke. Rutland ; Editor of 
the larger Greek Testament, with English Notes ; and Author of the Greek 
and English Lexicon to the New Testament, printed uniform with, and in- 
tended to serve as a Companion to, the present work. 9d Edition, greatly en- 
larged and considerably unprored, llteo. 10s. 6d. cloth. 

Bloomfield's Greek Lexicon to the New Testament. 

Greek and English Lexicon to the New Testament ; especially adapted to the 
use of CoUeees and the higher Classes in the Public Scnools, out also intended 
as a convenient Manual for Biblical Students in generaL 2d Edition, greatly 
enlarged, and very considerably improved. Fep. 8vo. on a wider paper, 
10s. 6d. clotfa. 

Bloomtield's Greek Thucvdides. 

The History of the Peloponnesian, Wa^, by Thueydides. 
the Text; wi " 
Philological, 
and arranged from the best Expositors, ..... .».»«..« . vuut,u.uui«s v/uu^uk^u- 

etarv : accompanied with ftill Indices, both of Greek Wonls and Ptiraaes ex- 
'alned, and matters discussed in the Notes. Dedicated, by permission, to the 
ight Hon. and Right Rev. Charles James, Lord Bishop of London. Illus- 
trated by Maps and Plans, mostly taken from actual survey. 2 vols. 8vo. 38s. cL 

Bloomfield's Translation of Thueydides. 

The Histor^r of the Peloponnesian War. By THncTDiDss. Newly translated 
into English, and accompanied with very copious Notes. Philological and 
Explani^ry, Historical and Geographical ; wiui Maps and Plates. 3 vcds. 8vo. 
£2. 58. boaras. 

HISTORY, CHRONOLOGY, AND MYTHOLOGY. 

Lempriere's Classical Dictionary, abridged 

Por Public and Private Schools of both Sexes. Bv the late£. H. Barker. Tri- 
nity College^ Cambridge. A New Edition, rerisetf ud corrected througnont. 
By J. Cauvm. 8vo. 12s. bound. 
" ,* This is the only edition containing all the most recent improvements and 
additions of Professor Anthon, and- other eminent scholars ; and it is hoped that 
it will be distinguished ttom all other editions of Lempriere, which, thouj^ larger 
in sise, contain a vast quantity of matter not calculated to assist the scholar, 
and wluch has been purposely expunged from this edition : thus diminishing the 
expense of the work, without ij»unng its utility as an elementary school-book. 
All indelicacies, both m matter and language, have been carefully avoided. 

Blair's Chronological and Historical Tables. 

From the Creation to the Present Time : with Additions and Corrections from 
the most Authentic Writers ; including the Computation of St. Paul, as con- 
necting the Period from the Exode to the Temple. Under the superintendence 
of Sir HxNK't Ellis, K.H. Principal Librarian of the British Museum. Imp. 
8vo. 31s. 6d. half-bound morocco. 

Man^all's Questions.— the omlt GBinrn«B amo coxplkts edittom. 

ffistoneal and Miscellaneous Questions, for the Use of Young People ; with a 

Selection of British and General Biography, Ao.Ae. By R. Makonall. New 

Edition, with the Author's last Correctums, and otner very considerable 

Additions and Improvements. 12mo. 4s. 6d. bound. 

" The most comprehensive book of instruction existing, and to be preferred to 

all the others to which it has served as a model."— QuAUTxaLT Rxviiw. 

Theonlv edition with the Author's latest Additions and Improvements, brought 
dowB to the present time, bears the imprint of Messrs. Lomomam and Co. 
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Corner's Sequel to MangoslFs Qnestioiw. 

QvMtioiu <m the Hictory of Barope : a Sequel to Mangnall's HittniiBal Qwb- 
tlons; comprising Qneitiotis oA tlM Hltfteryof til* VtUkmt •! ObattuatKi 
Europe not ooinpreli«|ded la tbat work. By J0U4 Coaxxa. New Editiaa, 
12mo. to. bound. 

Hort's Pantheon. 

The New Pantheon; or, aa IntradoetfaM to the Mytbdocr of ttia Aaaiaiito,ia 
Question and Answer : compiled fbr the 0ie at Tovng Persons. To which ave 
added, aa Aoceataated Index. Questioae for Kxerdse, and Poetical mustra- 
tioBS of Grecian MTthoIonr, nom Hotter and YirKil. Br W. J. Hoav. New 
Edition, eoasiderablT enlarfed by the addttlM of the Oiieatal aad Narfhem 
Mythology. ISmo. IT Plates , 6s. (id. bound. 

"Superior to all other iuTenile mythologifla ia torn aad tehdeaey, aad de- 
cidedly in the pleaente it grres a child.**— Qvij»aUiY Eavnw. 

Hort's Chronology. 

An Introduction to the Study ot Chronology aad Aodeat Htstevy : ia QacstiM 
and Answer. New Edition, iStto. 4*. booad. 

Muller^s Introductory System of Mythology. 

Introdoetion to a Scienttie Syetem of Mythology. By C. O. Mttzxam, AaOior 
of <' The HistMry aad AatiquitlM of the Derfc Baee," fte. Trenatetod fiwm 
the German by Joan Lbxtch. 8to. uniform with " MtUler*t Dofiaas," 
las. doth. 



Knapp's Universal History. 



AitAbndgmentoftJniTeraalHiitorTfadaptedtotheUeaofFamiUesaadSeboolki 
with appropHato Questions at the end of each Section. By the Rev. B. J. 
Kkapp, M.A. New Edition, with considerable additkma, I2mo. to. bound. 



Bigland's Letters on the Study of History. 

On the Stady aad Use of Ancient and Modern History ; containing Observations 
and ReflectiouB on the Causes and Consequences of those ETents which hare 
produced conspicuous Changes in the aspect of the World, aad the general 
state of Human ABairs. ByJoaMBloiARa. 1th Edition, lTol.l2BM».tB.hd». 

Eeightley's Outlines of History. 

OujSaee of Iflstor y, f^o m the Baill est P eriod. By Tkokas K«oaTi:.sT. Esq. 
Now K di t Jea, corrected and eonalderably improved, tep, 8to. 0b. doth j or 
6s. 6d. bound. 

Sir Walter Scott's History of Scotland. 

History of Scofland. By Sir Wii,Txa Scon, Bart New Edition,2 vols. fep. Svo. 
with Vignette Titlea, lai. cloth. 

Cooper's History of England. 

The ISstory of England, from the Earliest Period to the PMscat Tlae. On a 
plan recommended by the Earl of Chesterfield. By the Ber. "W. Cooraa. 33d 
Edition, considerably improfed. Mma. 2k. 0d. do&. 

Baldwin's History of England. 

The: 

BA£DWB]i, 

eareftiUy revised' and coirected, with PortraSto. Btae Ss. 6d. bottsd. 



I History of England, for the use of Schools and Touag Penoas. By Sinraav 
&£D-WB]i, Esq., Author of '* The History of Botne,^ fte. A New Bditioa, 



Valpy's Elements of Mythology. 

Elements of Mythology; or, an Easy History o tbit Pagan Deities : intended to 
eaaUe (he wung to widerstand che Ancient Writers of Greece aad Bomi. By 
B. Vaut, I>.D. 8th Editkm, 12mo. 9s. bowtd. 

Valpy's Poetical Chronology. 

Poetical Chronology of Ancient and EngUsh Hietnry : with Historieal aad Bxjda- 
natory Notes. By B. Valpt, D.D. New Edit 12mo. 8b. 6d. doth. 

Howlett's Tables of Chronology and Regal Gene- 
alogies, combined and separate. By the Bev. J. B. Howurt, M.A. 2d 
EditioB, 4to. to. 6d. doth. 

Riddle's Ecclesiastical Chronology. 

Ecclesiastical Qwonology: or. Annals of the Chnstiaa Church, from Us Foun- 
dation to the Present Time. To which arc added, List* of Councils aad of 
Popes, Patriarchs, and Archbishopa of Canterbury. By the Bev. J. £. B»Di«, 
M.A. 6vo. Ito. cloth. 
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Tate's Continuous History of St. Paul. 

The Cotitiauova Hwtonr of the Labonn and Wrltingi of St. Paul, on fbebaalaef 
the Acta .with fntercalaiy matter of Sacred Nanrntive. nupUed fhnn the Epistlaa. 
and eluddated ia oecaekmal Dbsertations : with the HO&S PAULlNJE of 
Dr. PALET, in a more correct edition ( witii occasional notes), subioined. By 
J. Tatx. iLA. Canon Residentiary of SL Panll. 8*u. irifli Map, lias, cloth. 

CEOMETRY, ARltHMETIC, LAND-SURVEYING, ETC. 

Narrien's Astronomy and Greodesy. 

Practical Astronomy and. Geodesy : inchiding the Prciieetians of the Sphere and 
Spherical Trigonometry. For the nse of nte Soyal Military Cdlege. Sand- 
must. By JoHH Nasubm, P.R.S. A B,A.S. Professor of MatlMmalses, Ac. 
in the Loatitation. 8to. 14a. 

Scotf s Arithmetic and Algebra. 

Elements of Arithmetic and Algebra. For the use of the Royal Military 
Ckdlege, Sandhunt. By W. Boorr, Bsq. A.M. and P.R.A.S. Scoood Mathe- 
matical Proflessor in ttie Institution. Sro. 10s. bound. 

Narrien's Elements of Euclid. 

Elements of Geometry : consisting of the flrrt ftmr^ and Che sixth. Books of 
Euclid, chiefly from the Text of Dr. Robert Simeon ; with the principal 
Theorems m Proportion, and a Course of Practical Geometry on the Ground. 
Also, Four Tracts relating to Circles, Planes, and SoUds ; witii one on 
Spherical Geometry. For the use Of the Royal Military College, SandOuust. 
By JoBM Nauubn, F.R.S. and R.A.8. Profiessor of MalhematUM> Ao, in the 
Institution. 8n>. with many diagrams, 10s. fid. bound. 



Professor Thomson's Elementary Algebra. 

An Elementary Treatise on Algebra. Theoretical and PracticaL 
Thomsox, LXi.D. Professor of Maaiei 
13mo..fis. cloth. 

Crocker's Land Surveying. 

Croclier's Elements of Land Burreymg. 



By Jaxm 
oiaticB in the rainfwsity of Glaagow. 



New Edition, conrsotsd tfanogbout, 
and QonsiderablT improved and modinniaed. by T. O. Bomt, LaJMlr-Surreyw, 
BristoL To which are added, Tablas of SijB-llgnre LogavithatMy snpecinlended 
by Ricliard Farley, of the Nautical Almanag EstaUwmMat. Post Sw. with 
Plan of the Manor of North Hill, Somerset, bekwginc to J. W. Antoni, Esq., 
numerous IMs^rams, a Field-book, Plan of part of vm City of Bath, Ac. ISs. cL 

Illustrations of Practical Mechanics. 

By the Rer. H. Mouux, M.A. Professor of Natural Philosi^hy and Astronomy 
in King's College, London. Being the First Tolume of lUustrations of Science, 
by the rrofaasors of King's College, ad Edition,! vol. fcp.8v<K with munsrous 
Woodcuts, 8s. cloth. 

Keith on the Globes, and Key. 

A New Treatise on the Use of the i^obes; or, a Philosophieal flow of tli»Barth 
and HesTens: comprehendbur an Account of the Fignn^ Magnitads,^ said 
Motion of the Earm : with uie Natural Chafes of ns Surfiice, caused by 
Floods, Earthquakes, Ac. : together with the Frinciplee of Meteorology and 
Astronomy: with the Theory of Tides, Ab. Preceded bjr an extensiTe seleetion 
of Astronomical and other Definitions, ftc. Ac. By Thomas Karra. New 
Edit, considerably improred, by J. Rowbotkak, F Jt.A.S. and W. H. PUox. 
12mo. with 7 Plates, 6s. fid. bouud. 

In this edition are introduced many new questions rdating to the positions of tiie 
Sun, Moon, and Planeta, for Itae ysaxa 1836, 1899, 1810, 1641, and ISO, respectively. 

*.* The only oxiivnni edition, with ttie Author^ latest Additions and Improve- 
ments, bears the imprint of MeesiSw Lokomam and Co. 

Kit, by Puos, reviled by J. Rowbothajc, 12mo. 2b. fid. cloth. 

Keith's Trigonometry. 

An Introduction fo the Theoryand Practice of Plane and Spherical Trigimamctry , 
and the Stereograpbic Projection of the Sphere, including the Theory of Navi- 
gation ; comprehending a variety of Rules, Formnte, Ac. with their Practical 
Applications to tbe Mensii ration of Heighta and Distances, to dstsmine tiie 
Latitude by two Altitudes of the Sun, the Longitude by the Lunar Obsorvatiims 
and to other important Problems on the Sphere ; and on Nautical Astnmomy' 
By Thomas Keith. 7th Edition, corrected by S. MAyMAXD, 8vo. lis. cloth. * 
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Taylor's Arithmetic, and Key. 

The Arithmetician's Guide ; or, a complete Exercise Book : for Public Schools 
. and Private Teachers. By W. Tk.\u>a.. New Edition, 12mo. 9». 6d. bound. 
Ket to the same. Bj W. H. Whitb, of the Commercial and Mathematical 
School, Bedford. 12mo. Is. bound. 

Molineux's Arithmetic, and Key. 

hn Introduction to Practical Arithmetic ; in Two Parts : with Tarious Notes, and 
occasional Directions for tiie use of Learners. By T. Molinbdx, many jears 
Teacher of Accounts and the Mathematics in Macclesfield. In Two Parts. 
Part 1, New Edition, 12mo. 2s. 6d. bound.— Part 2, 6th Edit. I2mo. 28. 6d. bd. 

Kbt to Part 1, 6d_KBT to Part 2, 6d. 

Hairs Key to Molineux's Arithmetic. 

A Key to the First Part of Molineux's Practical Arithmetic ; containing Solu- 
tions of all the Questions at full length, with Answers. By Joseph Haxx, 
Teacher of Mathamatics. 12mo. Ss. bound. 

Simson's Euclid. 

The Elements of Euclid : Tis. the First Six Books, together with the Eleventh 
and Twelfth; also the Book of Euclid's Data. By Robert Simson, M.D. 
Emeritos Professor of Mathematics in the UniTenrity of Glasgow To which 
are added, the Elements of Plane and Spherical Trigonometry; and a Treatise 
on the Construction of Trigonometical Canon: luso, a concise Account of 
Logarithms. By the Rev. A. Robbbtson, D.D. F.R.S. Savilian Professor of 
Astronomr in the University of Oxford. 25th Edition, careftiUy revised and 
corrected oy S. Ma.tna.&d, 8vo Qs. bound.— Also. 

The Elements of Eticlid : vis. the First Six Books, toother with tlie Eleventh and 
Twelfth. Printed, with a few variations and additional references, from the 
Text of Dr. Simsom. New Edition, carefully corrected by S. Ma.tna]u>, 18mo. 
fie. bound.— Also, 

The same work, edited, in the Symbolical form, by R.Bla.kxi.ock,M. A. late Fellow 
and Assistant-Tutor of Catherine Hall, Cambridge. New Edit. 18mo. 6s. cloth. 

Joyce's Arithmetic, and Key. 

A System of Practical Arithmetic, applicable to the present stnte of Trade and 
Money Transactions : illustrated by numerous Examples under each Rule. By 
the Rev. J. JoTCB. New Edition, corrected and improved by S. Ma.tka&d. 
12mo. 3s. bound. 

Kbt j containing Solutions and Answers to all the Questions in the work. To 
which are added. Appendices, shewing the Method of makins Mental Calcula- 
ticms. and a New Mode of Setting Sums in the Early Rules of Arithmetic. New 
Edition, corrected and mlarged by S. Mathabd, ISmo. 3s. bound. 

Morrison's Book-Keeping, and Forms. 

The Elements of Book-keeping, oy Smgle and Double Entry ; comprising several 
Sets of Books, arranged accoraing to Present Practice, and designed for the tise 
of Schools. To which is annexM, an Introduction to Merchants' Accounts, 
illustrated with Forms and Examples. By Jambs Mo&kison, Accountant. 
New Edition, considerably improved, 8vo. 8s. half-bound. 

Sets of Blank Books, ruled to correspond with the Fotir Sets contained in the 
above work : Set A, Single Entry, Ss. ; Set B, Double Entry, 9s. ; Set C, Com- 
mission Trade, 12b. ; Set D, Partnership Concerns, 4b. 6d. 

Morrison's Commercial Arithmetic, and Key. 

A Concise System of Commercial Arithmetic. By J. Mobbibon, Accountant. 

New Edition^ revised and improved, 12mo. 4b. 6d. bound. 
Kbt. 3d Edition, corrected and improved by S. Matmabd, Editor of ** Keith's 

Mathematical Works." I2mo. 86. bound. 

Nesbit's Mensuration, and Key. 

A Treatise on Practical Mensuration : containing the most approved Methods of 
drawing Geometrical Figures; Mensuration of Superficies; Land Surveying; 
Mensuration of Solids ; the Use of the Carpenter's Rule ; "nmber Measure, in 
which is ohewn the method of Measuring and Valuing Standing Timber ; Arti- 
ficers' Works, illustrated by the Dimensions and Contents of a House ; a Dic- 
tionary of the Terms used in Architecture, &c. ByA. Nbsbit. 12th Edition, 
corrected and greaUy improved, with nearly 700 Practical Examples and nearly 
300 Woodcuts, 12mo. 6s. bound. — Ket, 7th Edition, 12mo. 6b. bound. 

Nesbit's Land Surveying. 

A Complete Treatise on Practical Land Surveying. By A. Nesbit. 7th Edition, 
gieatly Enlarged, 1 vol. 8to. illustrated with 16U Woodcuts, 12 Copperplates 
and an engraved Field-book, (sewed,) Us. boards. 
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Farley's Six-Figure Logarithms. 

Tables of Six-figure Logarithms ; containing the Logarithms of Numbers fVom 
1 to 10(000, and of Sines and Tangents for every Minute of the Quadrant aiid 
evMy Six Seconds of the first Two Dnrees : with a Table of Constants, and 
i'ormtilaB for the Solulion of Plane anaSpherical Triangles. Superintended by 
Richard Farlbt. of the Nautical Almanac Establishment. PostSvo. (unenn- 
merated,) 4s. 6d. cloth. 

Nesbit's Arithmetic, and Key. 

A Treatise on Practical Arithmetic. By A. Nxsbit. Sd Edition, 12mOt Si. bd. 
A Key to the same. 12mo. 5s. bound. 
A. Second Part of the above is in the press. 

Balmain's Lessons on Chemistry. 

Lessons on Chemistry ; for the use of Pupils in Schools, Junior Students in the 
Universities, and Readers who wish to learn the fundamental Principles and 
leading Facts. With Questions for Examination, a Glossary of Chemical 
Terms, and an Index, By William H. Balmaqt. Fcp. 8to. 6s. cloth. 

Mrs. Lee's Natural History for Schools. 

Elements of Natural History, for the use of Schools and Young Persons ; com- 
prising the Principles of Clasufication, interspersed with amusing and in- 
structive Original Accounts of the most remarkable Animals. By Mrs. Lxn 
CTormerlT Mrs T. E. Bowdich), Author of " Taxidermy," &c. 12mo. with 65 
Woodcuts, 78^. bound. 



WORKS FOR YOUNG PEOPLE, BY MRS. MARCET. 

Mrs. Marcet's New Spelling Book. 

The Mother's First Book ; containing we Reading made Easy, and Spelling 
Book. New Edition, 12mo. Is. 6d. cloth. 

Mrs. Marcet's New Grammar for Boys. 

Willy's Grammar, interspersed with Stories, and intended for the use of Young 
Boys, ad Edition, 12mo. 2s. 6d. cloth. [See page 1. 

Lessons on Animals, Vegetables, and Minerals. 

ISmo. 2s. cloth. 

Conversations on the History of England. 

For the Use of Children. 2d Edition, with additions, continuing the History 
to the Reign of George III. 18mo. 5s. cloth. 

Mary's Grammar : 

Interspersed with Stories, and intended for the use of Children. 6th Edition, 
revised and enlarged, 18mo. 3s. 6d. half-bound. 
** A sound and simple work fbr the earliest ages."->Qx7AnTSRLT Rsmw. 

The Game of Grammar : 

With« Book of Conversations (fcp. 8vo.} shewing the Rules of the Game, 
and affording Examples of the manner of playing at it. In a varnished box , or 
done up as a post 8vo. volume in cloth, 8s. 

Conversations on Language, for Children. 

Fcp. 8vo. 4s. 6d. cloth. 

Willy's Stories for Young Children : 

Containing The House-Building— 'The Three Pits The Chalk Pit, The Coal Pit, 
and The Gravel Pit)— and TheLand without Laws. 3d Edit. 18ma 2s. nalf-bd. 

Willy's Holidays : 

Or, Conversations on different Kinds of Governments : intended for Young 
Chiidren. 18mo. 2a. half-bound. 

The Seasons : 

Stories for very Young Children. New Editions, 4 vols.— Vol. 1, Winter. 3d 
Edition ; Vol. 2, Spnng, 3d Edition ; Vol. 3, Sununer, 3d Edition ; Vol. 4, 
Autumn, 3d Edition. 2s. each, half-bound. 
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CeOGRAPHY AND ATLASU. 

Butler's Ancient and Modern Geoflraphy. 

▲ 8k«tch of Ancient and Uodem OtognidiT. By Suitm. Bimnt, D.D.late 
BMioP of Tifthfldd, fohnerly Head MMter of flhtetwlwry SdtooL New Edition, 
rerindbyhisSoinf BTo. 8i.Doardi; iKrand in roui, Vk. 

Butler's Ancient and Modem Atlases. 

Aa AtiMOfliedMBOvQgnahfi eondotiagof Twonty-tbiwColoiuod lUn,lh» 
a new Mt of pUtes, conectea, with a completB Indea. Bj the lato Dr. Bvrum. 
8to. 12i. half-boundd— By the lame Author, 

An Atlas of Ancient Geocraphj ; conidiiting of Twentj-twn Colonrad Maps, with 
a complete Acoentoatea Indeic 8vo. I3B. half-boond. 

A Gensnl Atias of AneieBt and Modem OeosmphT; eo m i slhi g of Fectv-five 
eelowBd Maps, and faidkaa.^4to. 2te. hBtf-bcnmL ^ ' 

*•* tht LatltBde and Lragitade are glren in tiie Indteei. 
The Plates of the present new edition have heen re-enfrared. with eoneetioni 
fh>m the soTcniBMBt enrveys and the siost recent sottraes efialbcpiation. 

Xditsd hy the Author^ Son. 

Abridgment of Butler's Geography. 

An Ami(gment of Bishop Bntlar*s Modem and Andcnt Geography: arrawed in 
the form of Qneation and Answer, for the use ot Beg^anen. ByjfanT 
CvNKnoHAX. 8d Edition, fcp. 8to. 2b. doth. 

Butler's Greographical Copy-Books. 

OntMne O ety a pl&d Copy-BoelM, Andent and Modem ; with the Uaoa of Lati- 
tude and Longitude only, for the Pupil to HU up, and designed to accompany 
theabore. 4to.eaeh4a.; ortqgetherfSewed«7s.M. 

€k)ld8niith's Popular Geography. 

Geography on a Popular Flan. New ESt. including Extracts from recent Yoyagee 
and TraTels, with Engmriagi^ Maps, Ac. ByBer.J.GoLBeKim. ltao.14s.od. 

Dowling's Introduction to Goldsmith's Geography. 

Introdnemn to GdUsmith's Grammar of Geography : for the use of Junior Pupils. 
By J. Dowuno, Master of Woodstock BoaidingSdMoL NewBdit.Ukno.td. id. 

By the same Author, 
Five Hundred Qncstlona on the Maiw of Buope, Asia, Africa, North and Sonth 
America, sod. the Brithh Ides: prindpally from the Maps in OoktamMh's 
'~ ' New]UitionrfiBiOw8dv--KaT,ed. 



Gk>ld8mith's Geography Improved. 

Grammar of General Geography :beinfl an Introdnetian and O—panfam to Ike 
larger Work of the same Anifaor. By the Bev. J. Gowaxirm. New Edition, 
improred. Reriaed throngfaont and correoted by Hugh Murray, Esq. With 
New Yiswa, Maps, fte. ISaao. Si. 6d. bound.— Knv« 6d. sewsd. • 

Mangnall's Geography, revised. 

A CooMBdinmof Geograpbi: for tfae nseof Schools, Prirate FamlUea, Ac. By 
B. Uaironau;. A new Sottion, revised and corrected th n wi gh o ut . 12mo. 
7s. 8d. bound. 

Hartley's Geography, and Outlines. 

Googr^ihy for Youth. Byfhe Ber.J.HanncT. New Edit (the 8th), eontainlag 

tfae latest Changes. Itao. 4s. (UL bound.~By the same Author, 
Outlinea of Geography : <be Pint Conne for ChUdren. New Edit. ISmo. Qd. od. 



THE FRENCH LANGUAGE. 

Hamel's French Grammar and Exercises, by Lambert. 

Hamel'B French Grammar and Exercises. A New Edition, in one volume. 
Carefhlly corrected, greatly improred, enlarged, and arranged, in conformity 
with the last edition of the Dictionary of theFrench Academy, and in confotr- 
ndt; w;^ the hMteditton of the Frendi Oeamaaar of the UniToraity of Piance. 
By N. Lambert Uaao. 6s. fld. bound. . 

Kit, 4s. bound. 
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Hamel'8 French GrammBr.— (The Original Edition.) 

A New UbIvwhU Frateh Onunmar ; being u aoennta Sjeteai of Freneh Aed- 
dMMe tad Syntas. By N. Hambl. Onduto ia the Uaifevritf «f Caen, and 
Biaotor of the Town nf X'Atgle. in Kennaad j. New Edit gieatly impeoTed, 
Itao. te. bd. 

fiamel's French Exercises, Key, and Qnestions. 

Andk QnMnaalieal SttidMt. ByN.HAKM. N««r MittoM, canMlj PPited 

and greatly improved, 12mo. 4». bonnd. 
Kbv, Brn^ Sk braad^-^teMCioira, arith Str» M. Mwad. 

Hamel's World in Miniatore. 



nie World in Miniature ; containing a fkifiiM Aeoooatof tha SMmVob, Bxtmi, 
Production^ Oovenunent, Popalatton. Mw uie ri . Ci B iodtia% te. oftitediifcrent 
Coantviee or the Worid: far Tranwlatfcn into FNaeli. Ihr H. Ha-mmv. New 
Edition, corrected and brought down to the pteaaattiaMy Buo. 4a. td. bd. 

Sandhurst College French Grammar. 

A Smnaaarrof French Graaonar, for the Uie af Ckt Oenthnifln Cadete «f the 
Boral MUitanr CdUege, Saadfawat. Bj Hmai Masoun* Fxaaoh Master 
In the Inatitattoa. H Edition, Uno. 3s. cMIW 

Tardy's French Dictionary* 

An Bajplanatary Pireaoodng Dicttoaaiy «f fl>a FraMh Lengaage, ia Fnoeh end 
Bapiih; wheieia the eaafOtSoundaraMrjr Syllable iadietinctlj ■Barhed,«6eoid- 
Ing to the method adopted by Mr. Walker, in his Pronouncing Dictioaarr* To 
wmch are prellaed, the Principles of the French PnnuncUuon, dbc. Mj the 
Abbd Takdt. New Edit. carSlUIy revised, ISato. «b. boaad. 



CNCLI8H GRANIMARS, READING BOOKS^ ETC. 

Mrs. Felix Sumnerly's Mother's Primer. 

The Mother's Primer. A LittleChild's First Steps in many ways. By Mrs. Faux 
SvxxaaLT. F^ivo. printed in Coioara, with a Frontispiece drawn on 2inc 



byWiUiamM« 
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The Rev. I. Pycroft's Course of English Reading. 

ACowsacfJbli^iah Beading, adapted to every Taste and edacity: with Stac- 
dotes «f Men of Genius. Bj the Rev. Jaxbs Prcmorr, B. A. Ttinity College, 
OsfBNk Anthor of ** Latin Oraiamar Practiee," and ** Greek Orammar Prae- 
ttea.'' Fcp.8n>.8s.M.<doth. 

Matmder^s Universal Class-Book : 

A Xew Swies of Reading Levons (original and selected^ for Every Day ia the 
Tear : each Lesson recording some importaat Event in Genwal History, Bio- 
graphy, ftc. which happened on the day of the month under whidh it is juaced ; 
or detailing, in fluniUar laagnage, interesttag facts in Sdenoe: also, a variety 
of DeKrijiSve and Narrative Fieoee, intexmersed with Poetieal Gleanings : 
Questions Ibr Examination bring appended to each day's Lesson, and the 
wlude earefUly adapted to nractical Toltioa. By Samnel Msnader, Author 
of ** The Treasury of Kaowudge," Ac. Si Edition, revieed, 12dm. fis. bound. 

Lindley Murray's Works. 

Taa OMLT Gamriini Enrrioxs, with *hi Avraoa'a last Coaaicnova. 

U. latroduetioB au Lecteur Frsneois, 






1. First Bo(A for Children, Wth editioa, 

ISmo. 6d. sd. 

2. English Spelling-Book, 47th editioa, 

18mo.]i9d.b^. 
9. Introduction le-the Ea^iah Beader, 

8Mh edit Umo. 9B.ld.bd. 
L The EwgHsh Be sder, Mtfa edH. Maw. 

6. Sequel to ditto, 7th edit. 13mo. 4s. fid. 

bound. 
L Bo^dish Granunai;, Olat edit. Umo. 

wBe VOm utta 

T. Ca^ish Grammar abridged, ISUt 

edit 18mo. Is. bd. 
8. EnaJish Exerciaee, fiOtb adit Ubm. 

9s. boaad. 
9. Key to Eaarcises, IZmo. ts. bd. 
W. Bserelses aad Key, 4eth aad 9fllh 

editioBs, ia 1 tu.Ss. 6d. bouad. 



9th edition, 13mo. Ss. 6d. bound. 
13. Leotsor Tnagtois, tOi «At UmoL 

6s*bonad« 
IS. Libiaiy Edttioa of Oraamiar, Bxer- 

dses. aad Key, 7th edit 9 vols. 

8vi>. Sis. bds. 

First Les s on s ia Eaglidi Grammar, 

New adit ravisM and enlasMd, 

Umo. 9d. bd. 
Oia n i ia s tio a l Qaastions, adMtad to 

tha Oraaaaar of Liiidlay Mwiay : 

with Notes. By C. BuAnux. 

A.M. MhBdlt&Bpiio^^tianio' 

Sa.6d.bd. 
BaJUxMd Edit of Murray's Abridged 

English Graaunar, by Dr. Gluts. 

18mo. Is. 6d. <doth. 
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Mayor's Spelling Book. 

Th« Engliah SpeUins-Book : Bccompaaied bj a P rogr c a ri Te SeriM of Msjr tad 
fkmiliar LcMons : mtetuled as an IntrodnctioD to the Reading and Spelluu of 
the Engttsb Language. Bj Dr. Mayor. 462d Edition, with Tariona revinona 
and Improrementa of Dr. Maror, legally oonTeyed to toem by lua aesianment. 
with Frontispiece by Stothard, and 44 beantifdl Wood Encravinn, oetigned 
expressly for the work, by Harvey. The whole printed in an entirely new qrpe, 
12mo. Is. 6d. bound. 

'•* The only Genuine Edition, with the Anther's latest Additions and Improre- 
ments, besxs the unprint of Hessis. Tionginap and Co. 

Carpenter's Spelling-Book. 

The Scholar's Spelling Assistant; wherein the Words are arranged according to 

their principles of Accentuation. By T. Cabtbmtbx. . Mew Edition, corrected 

throughout, 12mo. Is. 6d. bound. 

NOTICE.— The only Genuine and Complete Edition of Ca&fxmtbk's Spbixiho is 

published by Messrs. Longmsn snd Co. and Messrs. Whittaker and Co. Any 

parson selling any other edinon than the aboTe is liable to action at law, and. on 

diaooTcry will be immediately proceeded against, the whole book beipg copyright. 

Blair's Class-Book. 

The Clasa-Book ; or, 366 Reading Lessons : for Schools of either sex ; every leason 
having a olearly-deflned object, and teaching some principle of Science or 
Morauty, or some important Truth. By the Rev. D. Blaol, New Edition, 
I2mo. M. bound. 

Blair's Reading Exercises. 

Reading Exerdaes for Schools ; being a Sequel to Mavor's Spelling, and an Intro- 
duction to the Claaa-Book. By the Rev. D. Bi.azB. New Edition, corrected, 
12mo. 28. bound. 

Smart's English Grammar, and Accidence. 

The Accidence and Principles of English Grammar. By B. H. Sxabt. I2bm>. 

4s. cloth. 
The Accidence separately. Is. sewed in doth. 

Smart's Practice of Elocution. 

The Pracdce of Elocution ; or, a Course of Exercises for acquiring the several 
requisites o a good Delivery. By H. B. Sxaxt. 4th Edition, angmented, 
mmcularly by a Chapter on Impassioned Reading (Qualified by Taste, with 
Exercises adapted to a Chronological Outline of English Poetry. 12mo. Os. d. 

Graham's Art of English Composition. . 

English ; or, The Art of Composition explained in a series of Instmctions and 
Examples. By G. F. G&ahaic Zd Edition, revised and corrected. Fcp. 8vo. 
78. cloth. 

" Among the many elementary worka on English composition, we know of 
none so a<unirably adapted to tiie purpose at whicn it aima aa thia.'*— Aiuia. 

Graham's Helps to Enjrlish Grammar. 

Helps to English Grsmmar ; or, EasyExerci^es for Young Children Illustrated 
by Enmraigs on Wood. By G. F. Gkaham, Author of ** English ; or, th« 
Axt ofComposition." I2mo. 3s. cloth. 
" At once exact, fully intelligible and explanatory, and, above all, caxeAilIy 
suited to the capacity of children."— ATHXHJrox. 

Aikin's British Poets. 

Select Worka of the British Poets. From Ben Jonson to Bcattie. WitkBiogra- 

Ehical and Critical Prefaces, by Dr. Aikix, A New Edition, with Supplement, 
yLvcTAiKTn, containing additional Sdeetionsfromtlie Works of Crabbe, 
Scott. Coleridge, Pringle, Cbarlotte Smith, and Mrs. Barbauld. Medium Svo. 
18s. cloth. 

Aikin's Poetry for Children. 

Poetry for Children ; consisting of Selections of easy and interesting Pieces from 
the beat Poets, interspersed with Original Piecea. By Miss Aiux. New Edit, 
considerably improved, 18mo. with Frontispiece, Ss. doth. 

BuUar's Questions on the Scriptures. 

Questions on the Holy Scriptures, to be answered in Writing, aa Exercises at 
School, or in the course of Private Instruction. By Jobk Bvllam. New Edit. 
18mo. is. 6d. doth. 
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